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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 59 ]. This is test number [ 129 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed
Rubi % 100. ( 59) %0.(0)
Mathematica | % 89.83 (53 ) | % 10.17 (6)
Maple % 69.49 (41) | % 30.51 (18)
Maxima % 42.37 (25) | % 57.63 (34 )
Fricas % 69.49 (41) | % 30.51 (18)
Sympy %3.39 (2) | %96.61 (57)
Giac % 64.41 (38) | % 35.59 (21)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 61.02 16.95 11.86 10.17
Maple 42.37 27.12 0. 30.51
Maxima 20.34 22.03 0. 57.63
Fricas 30.51 38.98 0. 30.51
Sympy 3.39 0. 0. 96.61
Giac 49.15 15.25 0. 35.59




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

mA
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C
mF

Rubi Mathematica Maple FriCAS Giac/Xcas Maxima Sympy



The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.

Median size

Normalized median

System Mean time (sec) | Mean size | Normalized mean

Rubi 0.14 113.1 0.95 69. 1.
Mathematica 0.8 95.75 1.29 76. 1.06
Maple 0.11 248.15 2.98 100. 1.53
Maxima 1.16 148.56 3.03 128. 2.51

Fricas 0.5 627.49 8.81 520. 9.

Sympy 0. 0. 0. 0. 0.
Giac 141 172.45 2.62 110. 2.05
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1.4 list of integrals that has no closed form an-
tiderivative

(57,58, 59)

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

WoOoNOLHWNE



Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each

2.1.1 Rubi

A grvte (1AAABRAAATM 18, [9) 20, 21,22 23,23
[45}[46}[47, [48} 49} [0} [p1}[52} 53
[56,[57},[58}[59] }

B grade: { }

C grade: { }

F grade: { }

2.1.2 Mathematica

A grade: {[36)[7}[8} 01 [L0L[L1} 12} 13] 14} 15|16} 17 [I8) 28} 20} B0} 3T} [82} [8%} [40} {41} [42} 43} 1 } A5}
[46} 47, [48, 49,50, 51,53, 57,58, 59}

B grade: { [T} 314} 5} 1920, B6} 37} (38} 62 }

C grade: {2122} 23|[24 p5 26,27}

F grade: { 333435, 64 55,56}

2.1.3 Maple

A grade: {[1}(2}B1 [ 516} [7)[L1} (L2 36} 37} [B8) B9} [£0} (41} 42} 43} [14} 43 461 2 [63, BT B8} 69 }

15
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B grade: {[8}[0}[10}[13}[14} 15} 16} 17} 18} 19} [20} 47} 48} [49} [50} 5] }

C grade: { }

F grade: { 212223 04} p5| 06|27, 28} [29}[30} 31} 82} 33} 34 35 54,59} }

21.4 Maxima

A grade: [ Y5, 80) 57 68 52 F3, 57 BB 9
B grade: { [1)2)B) 7 BBV IO 1) (2 3, ) 5,7

C grade: { }

F grade: {[T8 10, 20,7122 23,1 27 26,27 25 20,0 ) 52 5 7 5, 80 10| L 2 13,
5} 20y 7 45 149,50, 57} 54,5550

21.5 FriCAS

A grade: {[}[6,[7}/8 O} L0} 16} [43} 14} 45} [46) [47] [48, 52 3} 57,58} 59 }
B grade: {[T[2) 3} 4 [I1} 12} 13} 14} 15} 117} 18} 19} 20} 36} 37} |38} [89} 40} A 1} 42} 49} 50} [51] }

C grade: { }

F grade: { 21}22}23) 04} p5| 06|27, [28} 29} 30} 31} 32} 33} 34, 35} 54,55} 5G] }

2.1.6 Sympy
A grade: {[57,[58]}

B grade: { }

C grade: { }

F grade: { 1)) 1,56\ 7 B0 10} 1) 2 13} 145} 16} 718} 19} 20} 21} 22) 23) 27) 27 2
llllmmMmmmmmmuumumm@mm@mmmﬂ@

66,59}

2.1.7 Giac

gde (L1248} 44 6} 61 7 8} 04 [LOK L1} [12}[39) (40} 41} 42} 43} [44 [45} [46} [47} |48} |49} 5} 52} 53} 57

umwnnnnnmmmn}

C grade: { }

F grade: {[16,[19}20,p1} p2}[03} o4} [25| (26} 27 [28) 2030} 31} 32} 83} B4} 85} b4} o5} 56} }
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is
given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — — :
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 55 55 113 89 162 537 0 130
normalized size | 1 1. 2.05 1.62 2.95 9.76 0. 2.36
time (sec) N/A 0.071 0.765 0.033 0994  0.497 0. 1.463
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 44 44 83 67 131 433 0 99
normalized size | 1 1. 1.89 1.52 2.98 9.84 0. 2.25
time (sec) N/A 0.066 0.325 0.033 0991  0.488 0. 1.395
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 27 27 63 45 92 301 0 72
normalized size | 1 1. 2.33 1.67 3.41 11.15 0. 2.67
time (sec) N/A 0.087 0.164 0.028  1.031  0.487 0. 1.348
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 20 20 44 24 42 204 0 32
normalized size | 1 1. 2.2 1.2 2.1 10.2 0. 1.6
time (sec) N/A 0.056 0.053 0.027 0.97 0.481 0. 1.369
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Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 12 12 26 14 22 68 0 18
normalized size | 1 1. 217 1.17 1.83 5.67 0. 1.5
time (sec) N/A 0.02 0.024 0.024 1.02 0.444 0. 1.337
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 28 28 47 41 68 142 0 43
normalized size | 1 1. 1.68 1.46 243 5.07 0. 1.54
time (sec) N/A 0.013 0.089 0.042 1.471  0.467 0. 1.277
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 25 25 32 40 105 122 0 59
normalized size | 1 1. 1.28 1.6 4.2 4.88 0. 2.36
time (sec) N/A 0.047 0.078 0.043 1.458  0.473 0. 1.33
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 40 40 42 100 173 166 0 76
normalized size | 1 1. 1.05 2.5 4.32 4.15 0. 1.9
time (sec) N/A 0.061 0.13 0.042 1.459  0.474 0. 1.368
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 53 53 49 121 243 211 0 90
normalized size | 1 1. 0.92 2.28 4.58 3.98 0. 1.7
time (sec) N/A 0.067 0.164 0.047  1.464  0.483 0. 1.277
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 66 66 57 185 311 259 0 123
normalized size | 1 1. 0.86 2.8 4.71 3.92 0. 1.86
time (sec) N/A 0.073 0.209 0.046 1.472  0.485 0. 1.392
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 57 57 108 83 192 306 0 81
normalized size | 1 1. 1.89 1.46 3.37 5.37 0. 1.42
time (sec) N/A 0.066 0.325 0.063 1.47 0.481 0. 1.33
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 88 88 123 125 308 475 0 116
normalized size | 1 1. 1.4 1.42 3.5 54 0. 1.32
time (sec) N/A 0.11 0.944 0.079 1.509  0.486 0. 1.251
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 65 65 80 535 563 900 0 339
normalized size | 1 1. 1.23 8.23 8.66 13.85 0. 5.22
time (sec) N/A 0.091 1.63 0.21 1.5683  0.515 0. 2.242
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 44 44 69 273 270 666 0 263
normalized size | 1 1. 1.57 6.2 6.14 15.14 0. 5.98
time (sec) N/A 0.03 0.085 0.16 1.543  0.502 0. 2.074
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Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 26 26 32 199 200 377 0 477
normalized size | 1 1. 1.23 7.65 7.69 14.5 0. 18.35
time (sec) N/A 0.016 0.052 0.151 1.582  0.489 0. 2.038
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 62 62 54 221 112 668 0 0
normalized size | 1 1. 0.87 3.56 1.81 10.77 0. 0.
time (sec) N/A 0.058 0.126 0.139 1.577  0.506 0. 0.
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 81 81 129 1141 203 1299 0 410
normalized size | 1 1. 1.59 14.09 2.51 16.04 0. 5.06
time (sec) N/A 0.102 0.411 0.184 1.544 0.532 0. 2.973
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 100 100 139 1961 0 1677 0 470
normalized size | 1 1. 1.39 19.61 0. 16.77 0. 4.7
time (sec) N/A 0.148 0.503 0.148 0. 0.546 0. 2.529
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 37 37 108 114 0 755 0 0
normalized size | 1 1. 2.92 3.08 0. 20.41 0. 0.
time (sec) N/A 0.059 0.408 0.359 0. 0.535 0. 0.
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Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 38 38 101 117 0 764 0 0
normalized size | 1 1. 2.66 3.08 0. 20.11 0. 0.
time (sec) N/A 0.071 0.775 0.333 0. 0.53 0. 0.
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 254 254 102 0 0 0 0 0
normalized size | 1 1. 0.4 0. 0. 0. 0. 0.
time (sec) N/A 0.281 0.382 0.384 0. 0. 0. 0.
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 213 213 46 0 0 0 0 0
normalized size | 1 1. 0.22 0. 0. 0. 0. 0.
time (sec) N/A 0.128 0.223 0.645 0. 0. 0. 0.
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 254 254 110 0 0 0 0 0
normalized size | 1 1. 0.43 0. 0. 0. 0. 0.
time (sec) N/A 0.145 0.447 0.448 0. 0. 0. 0.
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 514 514 120 0 0 0 0 0
normalized size | 1 1. 0.23 0. 0. 0. 0. 0.
time (sec) N/A 0.299 1.187 0.335 0. 0. 0. 0.
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Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 470 470 109 0 0 0 0 0
normalized size | 1 1. 0.23 0. 0. 0. 0. 0.
time (sec) N/A 0.253 0.985 0.325 0. 0. 0. 0.
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 508 508 46 0 0 0 0 0
normalized size | 1 1. 0.09 0. 0. 0. 0. 0.
time (sec) N/A 0.275 0.755 0.44 0. 0. 0. 0.
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 552 552 72 0 0 0 0 0
normalized size | 1 1. 0.13 0. 0. 0. 0. 0.
time (sec) N/A 0.307 1.201 0.323 0. 0. 0. 0.
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 48 48 48 0 0 0 0 0
normalized size | 1 1. 1. 0. 0. 0. 0. 0.
time (sec) N/A 0.058 0.169 0.401 0. 0. 0. 0.
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 69 69 73 0 0 0 0 0
normalized size | 1 1. 1.06 0. 0. 0. 0. 0.
time (sec) N/A 0.07 0.913 0.484 0. 0. 0. 0.




23

Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 156 156 199 0 0 0 0 0
normalized size | 1 1. 1.28 0. 0. 0. 0. 0.
time (sec) N/A 0.19 0.726 0.609 0. 0. 0. 0.
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 109 109 131 0 0 0 0 0
normalized size | 1 1. 1.2 0. 0. 0. 0. 0.
time (sec) N/A 0.103 0.431 0.448 0. 0. 0. 0.
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 74 74 60 0 0 0 0 0
normalized size | 1 1. 0.81 0. 0. 0. 0. 0.
time (sec) N/A 0.056 0.202 0.429 0. 0. 0. 0.
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 84 84 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.057 0.595 0.287 0. 0. 0. 0.
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 83 83 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.09 3.647 0.678 0. 0. 0. 0.
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Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 84 84 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.105 7.648 0.882 0. 0. 0. 0.
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 107 107 568 139 169 524 0 277
normalized size | 1 1. 5.31 1.3 1.58 4.9 0. 2.59
time (sec) N/A 0.11 6.238 0.05 1.006  0.524 0. 1.598
Problem 37, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 73 73 152 99 128 383 0 181
normalized size | 1 1. 2.08 1.36 1.75 5.25 0. 2.48
time (sec) N/A 0.047 0.648 0.044 1.004  0.511 0. 1.473
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 34 34 76 52 58 209 0 100
normalized size | 1 1. 2.24 1.53 1.71 6.15 0. 2.94
time (sec) N/A 0.026 0.182 0.029 0996  0.504 0. 1.428
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 112 112 125 162 0 1378 0 262
normalized size | 1 1. 1.12 1.45 0. 12.3 0. 2.34
time (sec) N/A 0.407 1.631 0.05 0. 0.898 0. 1.387
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Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 84 84 144 112 0 1146 0 190
normalized size | 1 1. 1.71 1.33 0. 13.64 0. 2.26
time (sec) N/A 0.252 0.487 0.045 0. 0.879 0. 1.445
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 62 62 106 77 0 768 0 132
normalized size | 1 1. 1.71 1.24 0. 12.39 0. 213
time (sec) N/A 0.155 0.204 0.049 0. 0.624 0. 1.285
Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 53 53 62 53 0 595 0 85
normalized size | 1 1. 1.17 1. 0. 11.23 0. 1.6
time (sec) N/A 0.113 0.061 0.045 0. 0.612 0. 1.583
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 40 40 40 39 0 360 0 65
normalized size | 1 1. 1. 0.98 0. 9. 0. 1.62
time (sec) N/A 0.07 0.024 0.042 0. 0.497 0. 1.432
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 57 57 59 70 0 525 0 104
normalized size | 1 1. 1.04 1.23 0. 9.21 0. 1.82
time (sec) N/A 0.065 0.107 0.056 0. 0.521 0. 1.455
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Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 61 61 56 72 0 520 0 104
normalized size | 1 1. 0.92 1.18 0. 8.52 0. 1.7
time (sec) N/A 0.107 0.099 0.061 0. 0.532 0. 1.456
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 82 82 78 142 0 644 0 151
normalized size | 1 1. 0.95 1.73 0. 7.85 0. 1.84
time (sec) N/A 0.261 0.119 0.072 0. 0.54 0. 1.381
Problem 47, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 110 110 98 213 0 744 0 201
normalized size | 1 1. 0.89 1.94 0. 6.76 0. 1.83
time (sec) N/A 0.398 0.238 0.066 0. 0.552 0. 1.437
Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 144 144 129 405 0 909 0 340
normalized size | 1 1. 0.9 2.81 0. 6.31 0. 2.36
time (sec) N/A 0.588 0.315 0.079 0. 0.581 0. 1.388
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 108 108 139 247 0 1076 0 213
normalized size | 1 1. 1.29 2.29 0. 9.96 0. 1.97
time (sec) N/A 0.171 0.456 0.093 0. 0.563 0. 1.384
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Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 170 170 216 796 0 1994 0 401
normalized size | 1 1. 1.27 4.68 0. 11.73 0. 2.36
time (sec) N/A 0.319 1.103 0.115 0. 0.645 0. 1.181
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 239 239 279 1912 0 3389 0 722
normalized size | 1 1. 1.17 8. 0. 14.18 0. 3.02
time (sec) N/A 0.504 2.095 0.147 0. 0.778 0. 1.39
Problem 52 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 31 31 66 36 66 89 0 66
normalized size | 1 1. 213 1.16 213 2.87 0. 2.13
time (sec) N/A 0.029 0.048 0.039 1474  0.492 0. 1.443
Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 68 68 67 53 96 144 0 61
normalized size | 1 1. 0.99 0.78 1.41 2.12 0. 0.9
time (sec) N/A 0.039 0.047 0.045  1.463  0.496 0. 1.374
Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 274 274 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.343 4.181 0.309 0. 0. 0. 0.
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Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 220 220 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.226 2.718 0.247 0. 0. 0. 0.
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 104 104 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.074 1.913 0.511 0. 0. 0. 0.
Problem 57, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 14 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.01 1.546 0.333 0. 0. 0. 0.
Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 21 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.032 6.055 0.257 0. 0. 0. 0.
Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.04 5.904 0.567 0. 0. 0. 0.
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules

column is the number of unique rules used. The integrand size column is the leaf size of
number of rules

the integrand. Finally the ratio is given. The larger this ratio is, the harder the

integrand size

integral was to solve. In this test, problem number [39] had the largest ratio of [ 0.6923 ]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ——
# grade steps unique antideri\./ative leaf size intogrand leaf size
used rules leaf size

1 A 6 5 1. 13 0.385

2 A 6 6 1. 13 0.462

3 A 4 4 1. 13 0.308

4 A 3 3 1. 13 0.231

5 A 1 1 1. 11 0.091

6 A 2 2 1. 12 0.167

7 A 4 4 1. 11 0.364

8 A 5 5 1. 13 0.385

9 A 6 5 1. 13 0.385
10 A 7 5 1. 13 0.385
11 A 3 3 1. 12 0.25
12 A 4 4 1. 12 0.333
13 A 5 5 1. 10 0.5

14 A 4 4 1. 10 0.4

15 A 2 2 1. 10 0.2

16 A 5 4 1. 10 0.4

17 A 6 5 1. 10 0.5

18 A 7 6 1. 10 0.6

19 A 2 2 1. 25 0.08
20 A 2 2 1. 28 0.071
21 A 4 4 1. 25 0.16
22 A 3 3 1. 25 0.12
23 A 4 4 1. 25 0.16

Continued on next page




Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative 1?;2?22? %
used rules leaf size

24 A 6 6 1. 25 0.24
25 A 5 5 1. 25 0.2
26 A 6 6 1. 25 0.24
27 A 7 6 1. 25 0.24
28 A 2 2 1. 23 0.087
29 A 3 3 1. 24 0.125
30 A 5 5 1. 21 0.238
31 A 4 4 1. 21 0.19
32 A 3 3 1. 19 0.158
33 A 3 3 1. 12 0.25
34 A 3 3 1. 19 0.158
35 A 3 3 1. 21 0.143
36 A 6 5 1. 12 0.417
37 A 5 4 1. 12 0.333
38 A 4 4 1. 12 0.333
39 A 9 9 1. 13 0.692
40 A 8 8 1. 13 0.615
41 A 7 7 1. 13 0.538
42 A 6 6 1. 13 0.462
43 A 4 4 1. 11 0.364
44 A 4 4 1. 12 0.333
45 A 6 6 1. 11 0.546
46 A 7 7 1. 13 0.538
47 A 8 7 1. 13 0.538
48 A 9 7 1. 13 0.538
49 A 6 6 1. 12 0.5
50 A 7 7 1. 12 0.583
51 A 8 7 1. 12 0.583
52 A 2 2 1. 12 0.167
53 A 5 4 1. 12 0.333
54 A 8 5 1. 21 0.238
55 A 7 4 1. 21 0.19

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative 1?;:?2?;; %
used rules leaf size
56 A 3 3 1. 19 0.158
57 A 0 0 0. 0 0.
58 A 0 0 0. 0 0.
59 A 0 0 0 0 0.
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Chapter 3

Listing of integrals

31 [0 gy

a+a csc(x)

Optimal. Leaf size=55

4cotd(x)  4cot(x) N Btanh_l(cos(x)) N cot(x) csc3(x) N 3 cot(x) csc(x)
3a a 2a acsc(x) +a 2a

[Out] (3*ArcTanh[Cos[x]])/(2*a) - (4*Cot[x])/a - (4*Cot[x]~3)/(3*a) + (3*Cot[x]*C
scl[x])/(2*xa) + (Cot[x]*Csc[x]~3)/(a + ax*Cscl[x])

Rubi [A] time = 0.0714401, antiderivative size = 55, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 5, integrand size = 13, number of rules _

0.385, Rules used = {3818, 3787, 3768, 3770, 3767}

integrand size

4 cot3(x) _ 4cot(x) N 3tanh_1(cos(x)) N cot(x) csc3(x) N 3 cot(x) csc(x)
3a a 2a acsc(x) +a 2a

Antiderivative was successfully verified.

[In] Int[Cscl[x]"5/(a + axCsc[x]),x]

[Out] (3*ArcTanh[Cos[x]])/(2*a) - (4xCot[x])/a - (4xCot[x]~3)/(3*a) + (3*Cot[x]*C
scl[x])/(2*xa) + (Cot[x]*Csc[x]~3)/(a + axCscl[x])

Rule 3818
33
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Int[(cscl(e_.) + (f_D)*x(x)I*(@_.))"(m )/(cscl(e_.) + (f_)*x(x)I*x(M_.) + (
a_)), x_Symbol] :> Simp[(d~2*Cot[e + f*x]*(dxCscle + fxx])"(n - 2))/(f*(a +
b*Cscle + f*x])), x] - Dist[d~2/(axb), Int[(d*Cscle + fx*x])"(n - 2)*x(b*x(n
- 2) - ax(n - 1)xCscle + fxx]), x], x] /; FreeQ[{a, b, d, e, f}, x] && EqQ[
a~2 - b"2, 0] && GtQ[n, 1]

Rule 3787

Int[(cscl(e_.) + (f_D)*(x_)]*x(d_.))"(n_.)*(cscl(e_.) + (£_)*(x )]1*(b_.) +
(a_)), x_Symbol] :> Distl[a, Int[(d*Cscle + f*x])"n, x], x] + Dist[b/d, Int[
(d*Cscle + f*x])"(n + 1), x], x] /; FreeQl[{a, b, d, e, f, n}, x]

Rule 3768

Int[(cscl(c_.) + (d_)*(x_)I*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
Jx(b*Csclc + d*x])"(n - 1))/(d*x(n - 1)), x] + Dist[(b™2x(n - 2))/(n - 1), I
nt[(b*Csc[c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &&
IntegerQ[2+*n]

Rule 3770

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Rule 3767

Int[csc[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d”(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cot[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rubi steps

f csc(x) gy — cot(x) csc3(x) ~ f csc3(x)(3a — 4a csc(x)) dx

a+acsc(x)  a+acsc(x) a2
_ cot(x)esc®(x) 3 [ esc3(x) dx . 4 [ esct(x) dx
a + acsc(x) a a
_ 3cot(x) cse(x) .\ cot(x)esc®(x) 3 [ esc(x) dx 4 Subst ( il (1 + xz) dx, x, cot(x))
2a a + acsc(x) 2a a

3 3tanh_1(cos(x)) 4cot(x) 4cot3(x) N 3 cot(x) csc(x) N cot(x) csc3(x)
B 2a a 3a 2a a + acsc(x)




Mathematica [B] time = 0.764763, size = 113, normalized size = 2.05

X

20 tan (g) — 20 cot (;—C) + 3 csc? (;f) - 3sec? (g) -36log (sin (g)) +36log (cos (;—C)) + %
2 2

)

35

+8sin? ()—ZC) csc(

24a

Antiderivative was successfully verified.

[In] Integrate[Csc[x]"5/(a + a*Csc[x]),x]

[Out] (-20%Cot[x/2] + 3*Csc[x/2]72 + 36*Log[Cos[x/2]] - 36*Log[Sin[x/2]] - 3x*Secl[
x/2]172 + 8*Csc[x]~3*Sin[x/2]"4 + (48%Sin[x/2])/(Cos[x/2] + Sin[x/2]) - (Csc

[x/2] 4%Sin[x])/2 + 20xTan([x/2])/(24x*a)

Maple [A] time = 0.033, size = 89, normalized size = 1.6

() g (o () &5 G2y ma (2 G) s (G

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~5/(ata*csc(x)),x)

)

[Out] 1/24/a*tan(1/2%x)"3-1/8/axtan(1/2*x) " 2+7/8/axtan(1/2*x)-2/a/(tan(1/2*x)+1)—-
1/24/a/tan(1/2*x)"3+1/8/a/tan(1/2*x)~2-7/8/a/tan(1/2*x)-3/2/a*x1ln(tan(1/2*x)

)

Maxima [B] time = 0.993993, size = 162, normalized size = 2.95

21sin(x) 3 sin(x)? sin(x)® 2sin(x)  18sin()? 69 sin(x)® sin(x)
- 2t 3 - 2 3 3 1o
cos(x)+1  (cos(x)+1) (cos(x)+1) 4 cos(¥)+l  (cos(x)+1)*  (cos(x)+1) cos(x)+1
24 a a sin(x)3 a sin(x)4 2a
24 5 + 1
(cos(x)+1) (cos(x)+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~5/(ataxcsc(x)),x, algorithm="maxima"

[Out] 1/24%(21*sin(x)/(cos(x) + 1) - 3*sin(x)"2/(cos(x) + 1)72 + sin(x)~3/(cos(x)
+ 1)73)/a + 1/24x(2*sin(x)/(cos(x) + 1) - 18*sin(x)"2/(cos(x) + 1)72 - 69%
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sin(x)~3/(cos(x) + 1)73 - 1)/(a*sin(x)~3/(cos(x) + 1)73 + a*sin(x)~4/(cos(x
) + 1)74) - 3/2*log(sin(x)/(cos(x) + 1))/a

Fricas [B] time = 0.497218, size = 537, normalized size = 9.76

32 cos (x)4 + 14 cos (x)3 —48 cos (x)2 +9 (COS (x)4 -2 cos (x)2 - (COS (x)3 + cos (x)2 —cos (x) — 1) sin (x) + 1) log (% <

12 (acos(x
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(x)~5/(ata*csc(x)),x, algorithm="fricas")
[Out] 1/12%(32*cos(x)"4 + 14*cos(x)~3 - 48xcos(x)”2 + 9*(cos(x)"4 - 2*cos(x)"2 -
(cos(x)73 + cos(x)72 - cos(x) - 1)*sin(x) + 1)*log(1l/2*cos(x) + 1/2) - 9*(c
0os(x)”4 - 2%cos(x)72 - (cos(x)73 + cos(x)”2 - cos(x) - 1)*sin(x) + 1)*log(-
1/2%cos(x) + 1/2) + 2x(16*cos(x)~3 + 9*cos(x)”"2 - 15*cos(x) - 6)*sin(x) - 1
8xcos(x) + 12)/(a*xcos(x)~4 - 2*a*cos(x)"2 - (a*cos(x)”3 + a*cos(x)”2 - axco
s(x) - a)*sin(x) + a)
Sympy [F] time = 0., size = 0, normalized size = 0.
csc® (x)
fcsc(x)+1 dx
a
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(x)**5/(ata*csc(x)),x)
[Out] Integral(csc(x)*x5/(csc(x) + 1), x)/a
Giac [A] time = 1.46273, size = 130, normalized size = 2.36
3 log ([tan (> 2 tan (L 1) —3atan (L) +21 a2 tan ] 66 tan (L x) - 21 tan (!
og|an5x|+aan5x—aan§x+aanEx 2 . an|zx| — an | 3

2 24 g3 1
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)”5/(at+a*csc(x)),x, algorithm="giac")

[Out] -3/2xlog(abs(tan(1/2*x)))/a + 1/24x(a"2xtan(1/2*x)~3 - 3xa~2*tan(1/2%x)72 +
21*%a"2*tan(1/2*x))/a"3 - 2/(ax(tan(1/2*x) + 1)) + 1/24*x(66*tan(1/2*x)"3 -
21*tan(1/2*x) "2 + 3*tan(1/2*x) - 1)/(a*xtan(1/2xx)~3)
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32 [0 gy

a+a csc(x)

Optimal. Leaf size=44

2 cot(x) Btanh_l(cos(x)) cot(x) csc?(x) 3 cot(x) csc(x)
a 2a - acsc(x) +a - 2a

[Out] (-3xArcTanh[Cos[x]])/(2*xa) + (2xCot[x])/a - (3*Cot[x]*Csc[x])/(2xa) + (Cotl[
x]*Csc[x]~2)/(a + axCsc[x])

Rubi [A] time = 0.0659157, antiderivative size = 44, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 13, i L

0.462, Rules used = {3818, 3787, 3767, 8, 3768, 3770}

integrand size

2 cot(x) 3tanh_1(cos(x)) cot(x) csc®(x) 3 cot(x) csc(x)
a 2a - acsc(x)+a - 2a

Antiderivative was successfully verified.

[In] Int[Csc[x]"4/(a + a*Csc[x]),x]

[Out] (-3*ArcTanh[Cos[x]])/(2*xa) + (2xCot[x])/a - (3*Cot[x]*Cscl[x])/(2xa) + (Cot[
x]*Csc[x]~2)/(a + axCsc[x])

Rule 3818

Int[(cscl(e_.) + (£_.)*(x_)]1*(@d_.))"(n_)/(cscl(e_.) + (£_.)*x(x_)]*(b_.) + (
a_)), x_Symbol] :> Simp[(d~2*Cot[e + f*x]*(d*Cscle + f*x])~(n - 2))/(f*x(a +
b*xCscl[e + f*x])), x] - Dist[d"2/(a*b), Int[(d*Cscle + f*x])"(n - 2)*(b*x(n
- 2) - ax(n - 1)xCscle + fxx]), x], x] /; FreeQ[{a, b, d, e, f}, x] && EqQL
a~2 - b"2, 0] && GtQ[n, 1]

Rule 3787

Int[(cscl(e_.) + (£_.)*x(x_)1*(d_.))"(n_.)*x(cscl(e_.) + (f_.)*(x_)]1*(b_.) +
(a_)), x_Symbol] :> Dist[a, Int[(d*Cscl[e + f*x])"n, x], x] + Dist[b/d, Int[
(dxCscle + fxx])~(n + 1), x], x] /; FreeQ[{a, b, d, e, f, n}, x]

Rule 3767

Int[csc[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d”(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
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d}, x] && IGtQ[n/2, 0]

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3768

Int[(cscl(c_.) + (d_)*(x_)]*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
Jx(b*Csclc + d*x])"(n - 1))/(d*x(n - 1)), x] + Dist[(b™2x(n - 2))/(n - 1), I
nt[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &&
IntegerQ[2*n]

Rule 3770
Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]1/d, x]

/; FreeQ[{c, d}, x]

Rubi steps

f csct(x) . cot(x) csc?(x) ~ f csc?(x)(2a — 3a csc(x)) dx

a+acsc(x)  a+acsc(x) a2
_ cot(x)esci(x) 2 [ esc?(x) dx . 3 [ esc3(x) dx
a + acsc(x) a a
_ _3 cot(x) csc(x) N cot(x) csc?(x) N 3 f csc(x) dx . 2 Subst( f 1dx, x, cot(x))
2a a + acsc(x) 2a a

3 tanh_l(cos(x)) 2cot(x) 3cot(x)csc(x)  cot(x)csc?(x)
T 2a " a 2a " a + acsc(x)

Mathematica [A] time = 0.324768, size = 83, normalized size = 1.89

—4tan (g) + 4 cot (g) — csc? (;—C) + sec? (32—() +12log (sin (E)) -12log (Cos (g)) - 16sin(3)

sin(§)+cos()2—()

8a
Antiderivative was successfully verified.

[In] Integrate[Csc[x]"4/(a + a*Csc[x]),x]
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[Out] (4xCot[x/2] - Cscl[x/2]72 - 12xLogl[Cos[x/2]] + 12%Log[Sin[x/2]] + Sec[x/2]72
- (16%Sin[x/2])/(Cos[x/2] + Sin[x/2]) - 4xTan[x/2])/(8%*a)

Maple [A] time = 0.033, size = 67, normalized size = 1.5

s (3 250 G) 2w e (0 B)# 25 (o0 G)) 5 (n )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~4/(ataxcsc(x)),x)

[Out] 1/8/axtan(1/2*x)"2-1/2/axtan(1/2*x)+2/a/(tan(1/2*x)+1)-1/8/a/tan(1/2*x) "2+1
/2/a/tan(1/2*x)+3/2/a*x1n(tan(1/2%*x))

Maxima [B] time = 0.991286, size = 131, normalized size = 2.98

4 sin(x) _ sin(x)2 3 sin(x) 20 sin(x)2 _1 1 ( sin(x) )
_cos(@+1 (cos(x)+1)” cos()+1  (cos(x)+1)? cos(x)+1
8a 3 ( asin(x)? ~+ asin(x)® i ) 2a
(cos(x)+1) (cos(x)+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~4/(ata*xcsc(x)),x, algorithm="maxima")

[Out] -1/8*(4*sin(x)/(cos(x) + 1) - sin(x)"2/(cos(x) + 1)72)/a + 1/8*(3*sin(x)/(c
os(x) + 1) + 20*sin(x)"2/(cos(x) + 1)72 - 1)/(a*sin(x)"2/(cos(x) + 1)"2 + a
*sin(x) "3/ (cos(x) + 1)73) + 3/2*log(sin(x)/(cos(x) + 1))/a

Fricas [B] time = 0.488282, size = 433, normalized size = 9.84

8 cos (x)3 + 6 cos (x)2 -3 (cos (x)3 + cos (x)2 + (cos (x)2 - 1) sin (x) — cos (x) — 1) log (% cos (x) + %) +3 (cos (x)3 + C

4 (a cos (x)3 + a.cos (x)2 —acos (a

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csc(x)~4/(a+a*csc(x)),x, algorithm="fricas")

[Out] 1/4%(8*cos(x)”3 + 6%xcos(x)”2 - 3*(cos(x)"3 + cos(x)72 + (cos(x)"2 - 1)*sin(
x) - cos(x) - 1)*log(l/2*cos(x) + 1/2) + 3*(cos(x)"3 + cos(x)"2 + (cos(x)"2
- Dx*sin(x) - cos(x) - 1)*log(-1/2*cos(x) + 1/2) - 2*(4*cos(x)"2 + cos(x)
- 2)*sin(x) - 6xcos(x) - 4)/(axcos(x)”3 + a*cos(x)"2 - axcos(x) + (a*cos(x)

“2 - a)*sin(x) - a)

Sympy [F] time = 0., size = 0, normalized size = 0.

csct (x)
f csc (x)+1 dx

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**4/(ata*xcsc(x)),x)

[Out] Integral(csc(x)**4/(csc(x) + 1), x)/a

Giac [A] time = 1.39513, size = 99, normalized size = 2.25

3 log (|tan (2 tan (2 x) — 4atan? 18 tan (1) — 4 tan(x)+1
og|an§x| atan|sx) —4atan(;x 5 an|zx| —4tan|;x)+
2a * 842 + 1 a 1 \2

a(tan (5 x) + 1) 8atan (E x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~4/(ataxcsc(x)),x, algorithm="giac")

[Out] 3/2*log(abs(tan(1/2*x)))/a + 1/8%(axtan(1/2%x)"2 - 4*axtan(1/2*x))/a"2 + 2/
(ax(tan(1/2*x) + 1)) - 1/8x(18*tan(1/2*x)"2 - 4*tan(1/2xx) + 1)/(axtan(1l/2%

x)"2)
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33 [0 gy

a+a csc(x)

Optimal. Leaf size=27

cot(x) tanh_l(cos(x)) cot(x)
a " a _acsc(x)+a

[Out] ArcTanh[Cos[x]]/a - Cotl[x]/a - Cot[x]/(a + a*Csc[x])

Rubi [A] time = 0.0867268, antiderivative size = 27, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 13, number of rules _

integrand size
0.308, Rules used = {3790, 3789, 3770, 3794}

cot(x) tanh_l(cos(x)) cot(x)
o - a _acsc(x)+a

Antiderivative was successfully verified.

[In] Int[Csc[x]~3/(a + a*Csc[x]),x]

[Out] ArcTanh([Cos[x]]/a - Cotl[x]/a - Cot[x]/(a + a*Csc[x])

Rule 3790

Int[cscl(e_.) + (£_.)*(x_)173/(cscl(e_.) + (£_)*(x)]1*(_.) + (a_)), x_Sym
bol] :> -Simp[Cot[e + f*x]/(b*f), x] - Dist[a/b, Int[Cscle + f*x]~2/(a + bx
Cscle + f*xx]), x], x] /; FreeQ[{a, b, e, f}, x]

Rule 3789

Int[cscl(e_.) + (f_.)*(x_)]172/(cscl(e_.) + (£_)*(x_)1*(b_.) + (a_)), x_Sym
bol] :> Dist[1/b, Int[Cscle + f*x], x], x] - Dist[a/b, Int[Cscle + fxx]/(a
+ bxCscle + f*x]), x], x] /; FreeQ[{a, b, e, £}, x]

Rule 3770
Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rule 3794



43

Int[cscl(e_.) + (£f_.)*x(x_)1/(cscl(e_.) + (£_.)*x(x_)1*(b_.) + (a_)), x_Symbo
1] :> -Simp[Cot[e + f*x]/(f*(b + a*Cscle + f*x])), x] /; FreeQ[{a, b, e, £}

, x] &% EqQ[a"2 - b2, 0]

Rubi steps

3 2
f csc’(x) gy — _cot(x) _ f csce(x) .

a+acsc(x) a a + acsc(x)
_ cot(x) f csc(x) dx cse(x)
T4 a +fa+acsc(x)dx
3 tanh_l(cos(x)) cot(x) cot(x)
- a a4 a+a csc(x)

Mathematica [B] time = 0.164203, size = 63, normalized size = 2.33

4sin(§)

tan (g) - cot (g) —2log (sin (g)) +2log (cos (g)) + sm(§)+T(")

2
2a

Antiderivative was successfully verified.

[In] Integrate[Csc[x]"3/(a + a*Csc[x]),x]

[Out] (-Cot[x/2] + 2xLogl[Cos[x/2]] - 2*Log[Sin[x/2]] + (4%Sin[x/2])/(Cos[x/2] + S
in[x/2]) + Tan[x/2])/(2*a)

Maple [A] time = 0.028, size = 45, normalized size = 1.7

20 (3) 2 s 2 (@ () -5l )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~3/(a+a*csc(x)),x)

[Out] 1/2/axtan(1/2x*x)-2/a/(tan(1/2*xx)+1)-1/2/a/tan(1/2*x)-1/a*x1ln(tan(1/2*x))
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Maxima [B] time = 1.0311, size = 92, normalized size = 3.41

5 sin(x) sin(x) ) )
_ cos(x)+1 +1 _ 0 (cos(x)+1 Sin (x)
( asin(x) asin(x)2 ) a 2 ﬂ(COS (x) + 1)
cos(x)+1 (cos(x)+1)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~3/(ata*csc(x)),x, algorithm="maxima"

[Out] -1/2%(5*sin(x)/(cos(x) + 1) + 1)/(a*sin(x)/(cos(x) + 1) + axsin(x)~2/(cos(x
) + 1)72) - log(sin(x)/(cos(x) + 1))/a + 1/2*sin(x)/(a*(cos(x) + 1))

Fricas [B] time = 0.486788, size = 301, normalized size = 11.15

4 cos (x)2 + (cos (x)2 —(cos(x) +1)sin (x) - 1) log (% cos (x) + %) - (cos (x)2 —(cos(x) +1)sin (x) — 1) log (—% cos (a

2 (a cos (x)2 —(acos(x)+ a)sin (x) - a)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~3/(ata*csc(x)),x, algorithm="fricas")

[Out] 1/2%(4*cos(x)”2 + (cos(x)72 - (cos(x) + 1)*sin(x) - 1)*log(l/2*cos(x) + 1/2
) = (cos(x)72 - (cos(x) + D*sin(x) - 1)*log(-1/2*%cos(x) + 1/2) + 2% (2*cos(
x) + D*sin(x) + 2xcos(x) - 2)/(a*cos(x)"2 - (a*cos(x) + a)*sin(x) - a)

Sympy [F] time = 0., size = 0, normalized size = 0.

csc® (x)
f csc (x)+1 dx

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**3/(ata*csc(x)),x)

[Out] Integral(csc(x)**3/(csc(x) + 1), x)/a
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Giac [A] time = 1.34789, size = 72, normalized size = 2.67

2
log (|tan(%x)|) tan (% x) tan (% x) -4 tan (% x) -1
- + + 5
? 24 Z(tan(lx) +tan(1x))a
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~3/(ata*csc(x)),x, algorithm="giac")

[Out] -log(abs(tan(1/2*x)))/a + 1/2*%tan(1/2x*x)/a + 1/2x(tan(1/2xx)"2 - 4xtan(1/2x%
x) - 1)/((tan(1/2*x) "2 + tan(1/2%x))*a)
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3.4 [0 gy

a+a csc(x)

Optimal. Leaf size=20

cot(x) tanh_l(cos(x))
acsc(x) +a - a

[Out] -(ArcTanh[Cos[x]]/a) + Cot[x]/(a + a*Csc[x])

Rubi [A] time = 0.0560358, antiderivative size = 20, normalized size of antiderivative =
1., number of steps used = 3, number of rules used = 3, integrand size = 13, number of rules _

integrand size
0.231, Rules used = {3789, 3770, 3794}

cot(x) tanh_l(cos(x))
acsc(x) +a - a

Antiderivative was successfully verified.

[In] Int[Csc[x]~2/(a + a*Csc[x]),x]
[Out] -(ArcTanh[Cos[x]]/a) + Cot[x]/(a + ax*Csc[x])

Rule 3789

Int[cscl(e_.) + (f_)*(x_)]172/(cscl(e_.) + (£_)*(x)]1*(_.) + (a_)), x_Sym
bol] :> Dist[1/b, Int[Cscle + fx*x], x], x] - Dist[a/b, Int[Cscle + fxx]/(a
+ bxCscle + f*x]), x], x] /; FreeQ[{a, b, e, f}, x]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 3794

Int[csc[(e_.) + (£_.)*(x_)]/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> -Simp[Cotle + f*x]/(f*x(b + a*Cscle + f*x])), x] /; FreeQ[{a, b, e, f}
, x] && EqQ [a”2 - b"2, 0]

Rubi steps
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f csc2(x) e f csc(x)dx_ f csc(x)

a + acsc(x) a a + acsc(x)
_tanh_l(cos(x)) N cot(x)
B a a + acsc(x)

Mathematica [B] time = 0.0528889, size = 44, normalized size = 2.2

g (s () 108 (05 2)) - i)

2 2

a

Antiderivative was successfully verified.

[In] Integrate[Csc[x]~2/(a + axCsc[x]),x]

[Out] (-LoglCos[x/2]] + Logl[Sin[x/2]] - (2#Sin([x/2])/(Cos[x/2] + Sin[x/2]))/a

Maple [A] time = 0.027, size = 24, normalized size = 1.2

2 L (tan (ch/2) )" %m (tan (;))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~2/(ata*csc(x)),x)

[Out] 2/a/(tan(1/2*x)+1)+1/a*1n(tan(1/2%*x))

Maxima [A] time = 0.969735, size = 42, normalized size = 2.1

sin(x)
10g (cos(x)+1 ) 2
+

asin(x)
cos(x)+1

a

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csc(x)~2/(ata*csc(x)),x, algorithm="maxima")

[Out] log(sin(x)/(cos(x) + 1))/a + 2/(a + a*sin(x)/(cos(x) + 1))

Fricas [B] time = 0.480746, size = 204, normalized size = 10.2

(cos (x) + sin (x) + 1) log (% cos (x) + %) — (cos (x) + sin (x) + 1) log (—% cos (x) + %) —2 cos(x) +2 sin (x) -2

2 (acos (x) + asin (x) + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)"2/(at+axcsc(x)),x, algorithm="fricas")

[Out] -1/2%((cos(x) + sin(x) + 1)*log(1/2*cos(x) + 1/2) - (cos(x) + sin(x) + 1)x1
og(-1/2*xcos(x) + 1/2) - 2%cos(x) + 2xsin(x) - 2)/(a*cos(x) + a*sin(x) + a)

Sympy [F] time = 0., size = 0, normalized size = 0.

csc? (x)
f csc (x)+1 dx

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**2/(ata*xcsc(x)),x)

[Out] Integral(csc(x)**2/(csc(x) + 1), x)/a

Giac [A] time = 1.36932, size = 32, normalized size = 1.6

celfr(id)

o dfan (1) 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~2/(ata*csc(x)),x, algorithm="giac")



[Out] log(abs(tan(1/2*x)))/a + 2/(ax(tan(1/2*x) + 1))

49
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35 [ gy

a+a csc(x)

Optimal. Leaf size=12

cot(x)
4 csc(x) +a

[Out] -(Cot[x]/(a + a*Csc[x]))

Rubi [A] time = 0.0198414, antiderivative size = 12, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 1, number of rules used = 1, integrand size = 11, e e =

0.091, Rules used = {3794}

integrand size

cot(x)
acsc(x) +a

Antiderivative was successfully verified.

[In] Int[Csc[x]/(a + axCsc[x]),x]

[Out] -(Cot[x]/(a + axCsc[x]))

Rule 3794

Int[csc[(e_.) + (f£_.)*(x_)]/(cscl(e_.) + (f_.)*(x_)]*(b_.) + (a_)), x_Symbo

1] :> -Simp[Cot[e + f*x]/(f*(b + a*Cscle + f*x])), x] /; FreeQ[{a, b, e, £}
, x] && EqQ [a”2 - b"2, 0]

Rubi steps

f csc(x) gy = cot(x)

a+acsc(x) “a+a csc(x)

Mathematica [B] time = 0.0239544, size = 26, normalized size = 2.17

2sin (g)

a (sin (;) + cos (g))
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Antiderivative was successfully verified.

[In] Integrate[Csc[x]/(a + a*Csc[x]),x]

[Out] (2*Sin[x/2])/(a*x(Cos[x/2] + Sin[x/2]))

Maple [A] time = 0.024, size = 14, normalized size = 1.2

1
2 a(tan (x/2) +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)/(a+ta*csc(x)),x)

[Out] -2/a/(tan(1/2*x)+1)

Maxima [A] time = 1.01956, size = 22, normalized size = 1.83

2

asin(x)
cos(x)+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(ata*csc(x)),x, algorithm="maxima"

[Out] -2/(a + a*sin(x)/(cos(x) + 1))

Fricas [A] time = 0.444167, size = 68, normalized size = 5.67

cos (x) —sin (x) + 1
acos(x) +asin(x) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(ata*csc(x)),x, algorithm="fricas")



[Out] -(cos(x) - sin(x) + 1)/(a*cos(x) + a*sin(x) + a)

52

Sympy [F] time = 0., size = 0, normalized size = 0.

csc (x)
f csc (x)+1 dx

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(ataxcsc(x)),x)

[Out] Integral(csc(x)/(csc(x) + 1), x)/a

Giac [A] time = 1.3368, size = 18, normalized size = 1.5
2

(o (3 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(ata*csc(x)),x, algorithm="giac")

[Out] -2/(ax(tan(1/2%x) + 1))
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36 [————dx

a+a csc(c+dx)

Optimal. Leaf size=28

cot(c + dx) x
dacsc(c+dx)+a) a

[Out] x/a + Cotl[c + d*x]/(d*x(a + a*Csc[c + d*x]))

Rubi [A] time = 0.0126391, antiderivative size = 28, normalized size of antiderivative =
number of rules

1., number of steps used = 2, number of rules used = 2, integrand size = 12, “ntegrand size
0.167, Rules used = {3777, 8}
cot(c + dx) X

d(acsc(c + dx) + a) a

Antiderivative was successfully verified.

[In] Int[(a + ax*Cscl[c + d*x])~(-1),x]

[Out] x/a + Cotl[c + d*x]/(dx(a + a*Cscl[c + d*x]))

Rule 3777

Int[(cscl(c_.) + (d_)*xx_)I*(b_.) + (a_))"(n_), x_Symbol] :> -Simp[(Cotl[c
+ d*x]*(a + b*Cscl[c + d*x])"™n)/(d*(2*n + 1)), x] + Dist[1/(a"2%(2*n + 1)),
Int[(a + b*Csclc + d*x])"(n + 1)*x(a*x(2*n + 1) - bx(n + 1)*Csclc + d*x]), x]
, x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b72, 0] && LeQ[n, -1] && Intege
rQ[2+n]

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps
f 1 B cot(c + dx) N f adx
a+ acsc(c + dx) *= d(a + acsc(c + dx)) a2
X cot(c + dx)

a d(a + a csc(c + dx))
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Mathematica [A] time = 0.0894926, size = 47, normalized size = 1.68

2 sin(%(c+dx))

sin(%(c+dx))+cos(%(c+dx)) totdx

ad

Antiderivative was successfully verified.

[In] Integratel[(a + a*Cscl[c + d*x])~(-1),x]

[Out] (c + d*x - (2*Sin[(c + d*x)/2])/(Cos[(c + d*x)/2] + Sin[(c + d*x)/2]))/(ax*xd
)

Maple [A] time = 0.042, size = 41, normalized size = 1.5

5 arctan (tan (1/2dx + ¢/2)) P 1
ad ad (tan (1/2dx + ¢/2) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+a*csc(d*x+c)),x)

[Out] 2/a/d*arctan(tan(1/2*d*xx+1/2%c))+2/a/d/(tan(1/2*d*xx+1/2*c)+1)

Maxima [A] time = 1.47103, size = 68, normalized size = 2.43

1
asin(dx+c)
cos(dx+c)+1

sin(dx+c) )

arctan( cos(dx+c)+1

2

a

d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+a*csc(d*x+c)),x, algorithm="maxima")

[Out] 2*(arctan(sin(d*x + c)/(cos(d*x + c) + 1))/a + 1/(a + ax*sin(d*x + c¢)/(cos(d

xx + ¢c) + 1)))/d
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Fricas [A] time = 0.467268, size = 142, normalized size = 5.07

dx + (dx +1)cos(dx +c)+ (dx—1)sin(dx +¢) +1
ad cos (dx + ¢) + ad sin (dx + ¢) + ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(at+a*csc(d*x+c)),x, algorithm="fricas")

[Out] (d*x + (d*x + 1)*cos(d*x + c) + (d*x - 1)*sin(d*x + c) + 1)/(a*d*xcos(d*x +

c) + axd*sin(d*x + c) + axd)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
f csc (c+dx)+1 dx
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ata*csc(d*x+c)),x)

[Out] Integral(1l/(csc(c + dx*x) + 1), x)/a

Giac [A] time = 1.2772, size = 43, normalized size = 1.54

dx+c 2
a tan( 2 dxts c)+1
altan 7 X 2C

d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(ata*csc(d*x+c)),x, algorithm="giac")

[Out] ((d*x + c)/a + 2/(a*(tan(1/2xd*x + 1/2%c) + 1)))/d
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3.7 fL(x) dx

a+a csc(x)

Optimal. Leaf size=25

x  2cos(x) cos(x)
a a acsc(x) +a

[Out] -(x/a) - (2xCos[x])/a + Cos[x]/(a + a*Csc[x])

Rubi [A] time = 0.0468814, antiderivative size = 25, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 11, e e =

0.364, Rules used = {3819, 3787, 2638, 8}

integrand size

kN 2 cos(x) cos(x)

a a acsc(x) +a

Antiderivative was successfully verified.

[In] Int[Sin[x]/(a + ax*Csc[x]),x]

[Out] -(x/a) - (2*Cos[x])/a + Cos[x]/(a + a*xCsc[x])

Rule 3819

Int[(cscl(e_.) + (f_Dx(x)I*(d_.))"(n_ )/(cscl(e_.) + (f_)x(x)I*(_.) + (
a_)), x_Symbol] :> Simp[(Cot[e + f*x]*(d*Cscl[e + f*x])"n)/(fx(a + b*Cscle +
fxx])), x] - Dist[1/a"2, Int[(d*Cscle + f*x]) n*(a*x(n - 1) - b*n*Cscl[e + f
xx]), x], x] /; FreeQ[{a, b, d, e, f}, x] && EqQ[a"2 - b~2, 0] && LtQ[n, O]

Rule 3787

Int[(cscl(e_.) + (f_.)x(x_)1*(d_.)) " (n_.)*x(cscl(e_.) + (f_.)*(x_)]1*(b_.) +
(a_)), x_Symbol] :> Distl[a, Int[(d*Cscle + f*x])"n, x], x] + Dist[b/d, Int[
(dxCscle + f*x])"(n + 1), x], x] /; FreeQ[{a, b, d, e, f, n}, x]

Rule 2638
Int[sinl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ

[{c, d}, xI]

Rule 8
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Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQ[a, x]

Rubi steps

sin(x) _ cos(x) f (—2a + a csc(x)) sin(x) dx
f a+acsc(x) a4+ acsc(x) - a2
_ cos(x) f ldx 2 f sin(x) dx
_a+acsc(x)_ a " a
x  2cos(x) cos(x)
=——- +
a a a + a csc(x)

Mathematica [A] time = 0.077861, size = 32, normalized size = 1.28

2 sin(%)
sin(%)+cos(’2—()

X + cos(x) —

a

Antiderivative was successfully verified.

[In] Integrate[Sin[x]/(a + a*Csc[x]),x]

[Out] -((x + Cos[x] - (2*Sin[x/2])/(Cos[x/2] + Sin[x/2]))/a)

Maple [A] time = 0.043, size = 40, normalized size = 1.6

1 arctan (tan (x/2)) _, 1

a((tan (2 +1) a a(tan (v/2) +1)

Verification of antiderivative is not currently implemented for this CAS.
[In] int(sin(x)/(at+a*csc(x)),x)

[Out] -2/a/(tan(1/2*x)"2+1)-2/a*xarctan(tan(1/2*x))-2/a/(tan(1/2*x)+1)
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Maxima [B] time = 1.45752, size = 105, normalized size = 4.2

sin(x) sin(x)2 ) sin(x) )
(cos(x)+1 + (cos(x)+1)? +2 3 2 arctan (Cos(x)+1
asin(x) a sin(x)2 a sin(x)3 a

cos(x)+1 ((:os(x)+l)2 (cos(x)+1)3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(at+a*csc(x)),x, algorithm="maxima")
g g

[Out] -2*(sin(x)/(cos(x) + 1) + sin(x)"2/(cos(x) + 1)72 + 2)/(a + a*sin(x)/(cos(x
) + 1) + axsin(x)"2/(cos(x) + 1)72 + axsin(x)~3/(cos(x) + 1)73) - 2xarctan(

sin(x)/(cos(x) + 1))/a

Fricas [A] time = 0.472957, size = 122, normalized size = 4.88

(x +2) cos (x) + cos (x)2 + (x+cos(x)—1)sin(x) +x+1
- acos (x) +asin (x) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(ata*csc(x)),x, algorithm="fricas")

[Out] -((x + 2)*cos(x) + cos(x)"2 + (x + cos(x) - 1)*sin(x) + x + 1)/(axcos(x) +

axsin(x) + a)

Sympy [F] time = 0., size = 0, normalized size = 0.

sin (x)
f csc (x)+1 dx

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(ata*csc(x)),x)

[Out] Integral(sin(x)/(csc(x) + 1), x)/a
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Giac [A] time = 1.33014, size = 59, normalized size = 2.36

1 \? 1
2 tan(—x) +tan(—x)+2
x 2 2

a 1\° 1 \? 1
(tan(ix) +tan(5x) +tan(5x)+1)a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(ata*csc(x)),x, algorithm="giac")

[Out] -x/a - 2*%(tan(1/2*x)"2 + tan(1/2*x) + 2)/((tan(1/2*x)"3 + tan(1/2*x)"2 + ta
n(1/2%x) + 1)*a)
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38 | LRGN

a+a csc(x)

Optimal. Leaf size=40

3x N 2cos(x) 3sin(x)cos(x) sin(x)cos(x)
2a a 2a acsc(x)+a

[Out] (3*x)/(2%a) + (2xCos[x])/a - (3*Cos[x]*Sin[x])/(2*a) + (Cos[x]*Sin[x])/(a +
axCsc[x])

Rubi [A] time = 0.0612801, antiderivative size = 40, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 13, e o e

0.385, Rules used = {3819, 3787, 2635, 8, 2638}

integrand size

3x N 2cos(x) 3sin(x)cos(x)  sin(x)cos(x)
2a a 2a acsc(x) +a

Antiderivative was successfully verified.

[In] Int[Sin[x]~2/(a + a*Csc[x]),x]

[Out] (3*x)/(2*%a) + (2xCos[x])/a - (3*Cos[x]*Sin[x])/(2*a) + (Cos[x]*Sin[x])/(a +
axCsc[x])

Rule 3819

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.)) " (n_)/(cscl(e_.) + (£_.)*x(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[(Cot[e + f*x]*(d*Cscl[e + f*x])"n)/(fx(a + b*Cscle +
fxx])), x] - Dist[1/a"2, Int[(d*Cscle + f*xx]) n*x(ax(n - 1) - b*n*Cscl[e + f
xx]), x], x] /; FreeQ[{a, b, d, e, f}, x] && EqQ[a"2 - b~2, 0] && LtQ[n, O]

Rule 3787

Int[(cscl(e_.) + (£_.)*(x_)]1*(@d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)]*(b_.) +
(a_)), x_Symbol] :> Distl[a, Int[(d*Cscle + f*x])"n, x], x] + Dist[b/d, Int[
(d*Cscle + f*x])"(n + 1), x], x] /; FreeQ[{a, b, d, e, f, n}, x]

Rule 2635

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
J*(b*Sinfc + d*x])"(n - 1))/(d*n), x] + Dist[(b"2*(n - 1))/n, Int[(b*Sin[c
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+ d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2xn
]

Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQ[a, x]
Rule 2638
Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ

[{c, d}, x]

Rubi steps

f sin’(x) = cos(x)sin(x) f (-3a + 2a csc(x)) sin(x) dx

a+acsc(x)  a+acsc(x) a2
_ cos(x) sin(x) ~ 2 f sin(x) dx N 3 f sinz(x) dx
a + acsc(x) a a
_ 2cos(x) 3 cos(x)sin(x) N cos(x) sin(x) N 3 f 1dx
a 2a a + acsc(x) 2a

_3x N 2 cos(x) _ 3 cos(x)sin(x)  cos(x)sin(x)

" 24 a 2a a + acsc(x)

Mathematica [A] time = 0.129952, size = 42, normalized size = 1.05

] - A 88111()2—()
—6x + sin(2x) — 4 cos(x) + W

4q

Antiderivative was successfully verified.

[In] Integrate[Sin[x]~2/(a + ax*xCsc[x]),x]

[Out] -(-6xx - 4*xCos[x] + (8*Sin[x/2])/(Cos[x/2] + Sin[x/2]) + Sin[2x*x])/(4x*a)

Maple [B] time = 0.042, size = 100, normalized size = 2.5

-2

2 -2
o o )2 e
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~2/(at+a*csc(x)),x)

[Out] 1/a/(tan(1/2*x)"2+1) " 2%tan(1/2*x) "3+2/a/(tan(1/2*x)"2+1) "2xtan(1/2*x)"2-1/a
/(tan(1/2*x) "2+1) " 2xtan(1/2*x)+2/a/(tan(1/2*x) "2+1) "2+3/a*arctan(tan(1/2*x)
Y+2/a/(tan(1/2*x)+1)

Maxima [B] time = 1.45891, size = 173, normalized size = 4.32

sin(x) 5 sin(x)2 3 sin(x)3 3 sin(x)4 ( sin(x) )
: 3 3 ry 3 arctan
cos(x)+1  (cos(x)+1) (cos(x)+1) (cos(x)+1) cos(x)+1
asin(x) 2a sin(x)2 2a sin(x)3 a sin(x)4 a sin(x)5 a

cos()+1  (cos(x)+1)?  (cos()+1)®  (cos()+1)*  (cos(x)+1)°
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~2/(ata*csc(x)),x, algorithm="maxima")

[Out] (sin(x)/(cos(x) + 1) + 5*sin(x)"2/(cos(x) + 1)72 + 3*sin(x)"3/(cos(x) + 1)~
3 + 3*sin(x)"4/(cos(x) + 1)74 + 4)/(a + a*sin(x)/(cos(x) + 1) + 2¥a*sin(x)”
2/(cos(x) + 1)72 + 2*a*sin(x)”3/(cos(x) + 1)73 + a*sin(x)~4/(cos(x) + 1)74

+ a*sin(x)~5/(cos(x) + 1)75) + 3*arctan(sin(x)/(cos(x) + 1))/a

Fricas [A] time = 0.474, size = 166, normalized size = 4.15

cos (x)3 +3(x+1)cos(x)+2 cos (x)2 - (cos (x)2 —3x—cos(x)+ 2) sin(x) +3x+2
2 (acos(x) + asin (x) + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~2/(ata*csc(x)),x, algorithm="fricas")

[Out] 1/2*%(cos(x)"3 + 3*x(x + 1)*cos(x) + 2*cos(x)"2 - (cos(x)"2 - 3*x - cos(x) +
2)*sin(x) + 3*x + 2)/(a*cos(x) + a*sin(x) + a)
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Sympy [F] time = 0., size = 0, normalized size = 0.

sin® (x)
f csc (x)+1 dx

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)**2/(ata*csc(x)),x)

[Out] Integral(sin(x)**2/(csc(x) + 1), x)/a

Giac [A] time = 1.36766, size = 76, normalized size = 1.9
tan (2x) +2 tan (1) — tan(tx)+2
3y an(ix) + an(ix —tan| ;x| + 2
+ +

ER PN A NS

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~2/(ata*csc(x)),x, algorithm="giac")

[Out] 3/2*x/a + (tan(1/2*x)"3 + 2xtan(1/2*x)"2 - tan(1/2*x) + 2)/((tan(1/2*x)"2 +
1)7"2*xa) + 2/(a*x(tan(1/2*x) + 1))
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39 [0 gy

a+a csc(x)

Optimal. Leaf size=53

3x  4cos?(x) 4cos(x) N 3 sin(x) cos(x) sinz(x) cos(x)
2a 3a a 2a acsc(x) +a

[Out] (-3*x)/(2*%a) - (4xCos[x])/a + (4%Cos[x]~3)/(3*%a) + (3*Cos[x]*Sin[x])/(2x*a)
+ (Cos[x]*Sin[x]~2)/(a + ax*Csc[x])

Rubi [A] time = 0.0670422, antiderivative size = 53, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 13, T o M -

0.385, Rules used = {3819, 3787, 2633, 2635, 8}

integrand size

3x N 4cos?(x) 4cos(x) N 3 sin(x) cos(x) sinz(x) cos(x)
2a 3a a 2a acsc(x) +a

Antiderivative was successfully verified.

[In] Int[Sin([x]~3/(a + a*Csc[x]),x]

[Out] (-3%x)/(2*%a) - (4xCos[x])/a + (4*Cos[x]~3)/(3*a) + (3*Cos[x]*Sin[x])/(2x*a)
+ (Cos[x]*Sin[x]~2)/(a + a*Csc[x])

Rule 3819

Int[(cscl(e_.) + (f_.)*(x_)]1*(@d_.))"(n_)/(cscl(e_.) + (£_)*x(x_)]*x(b_.) + (
a_)), x_Symbol] :> Simp[(Cot[e + fx*x]*(d*Cscle + f*x])"n)/(f*(a + b*Cscle +
f*x])), x] - Dist[1/a"2, Int[(d*Cscle + f*x]) n*x(a*x(n - 1) - b*n*Cscle + f
*x]), x], x] /; FreeQ[{a, b, d, e, f}, x] && EqQ[a"2 - b~2, 0] && LtQ[n, O]

Rule 3787

Int[(cscl(e_.) + (£_.)*x(x_)1*(d_.))"(n_.)*x(cscl(e_.) + (f_.)*(x_)]1*(b_.) +
(a_)), x_Symbol] :> Dist[a, Int[(d*Cscl[e + f*x])"n, x], x] + Dist[b/d, Int[
(dxCscle + fxx])~(n + 1), x], x] /; FreeQ[{a, b, d, e, f, n}, x]

Rule 2633

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
nd[(1 - x*2)"((n - 1)/2), %], x], x, Coslc + d*x]], x] /; FreeQl{c, d}, x]
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&% IGtQ[(n - 1)/2, 0]

Rule 2635

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
J*(b*Sinf[c + d*x])"(n - 1))/(d*n), x] + Dist[(b"2*x(n - 1))/n, Int[(b*Sin[c
+ d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2*n
]

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps

f sin’(x) = cos(x) sin’(x) ~ f (—4a + 3a csc(x)) sin® (x) dx

a+acsc(x) ~ a+acsc(x) a2
_ cos(x) sin®(x) ~ 3 f sin®(x) dx . 4 f sin®(x) dx
a + acsc(x) a a
_ 3 cos(x) sin(x) N cos(x) sin®(x) ~ 3 fl dx ~ 4 Subst (f (1 - xz) dx, x, cos(x))
2a a + acsc(x) 2a a

3 _3x _ 4 cos(x) N 4 cos®(x) N 3 cos(x)sin(x)  cos(x) sinz(x)

2a a 3a 2a a + acsc(x)

Mathematica [A] time = 0.16353, size = 49, normalized size = 0.92

8sin(§)
X X

=21 cos(x) + cos(3x) + 3| —6x + sin(2x) + ——+=
SIH(E)-FCOS(E)

12a
Antiderivative was successfully verified.

[In] Integrate[Sin[x]~3/(a + ax*xCsc[x]),x]

[Out] (-21*%Cos[x] + Cos[3*x] + 3*%(-6*xx + (8*Sin[x/2])/(Cos[x/2] + Sin[x/2]) + Sin
[2*x]))/(12*a)
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Maple [B] time = 0.047, size = 121, normalized size = 2.3

-3 -3

4 2
o (o ) o )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~3/(ata*csc(x)),x)

[Out] -1/a/(tan(1/2*x)"2+1) "3*xtan(1/2*x) "5-2/a/(tan(1/2*x) ~2+1) "3*tan(1/2*x) ~4-8/
a/(tan(1/2*x)"2+1) "3*xtan(1/2*x) ~2+1/a/(tan(1/2*x) ~2+1) "3*xtan(1/2*x)-10/3/a/
(tan(1/2%x)"2+1) "3-3/a*arctan(tan(1/2*x))-2/a/(tan(1/2*x)+1)

Maxima [B] time = 1.46401, size = 243, normalized size = 4.58

7 sin(x) 39 Sin(x)2 24 sin(x)3 24 sin(x)4 9 sin(x)5 9 sin(x)6 ( sin(x) )
+ + + + +16
_ cos(x)+1 (cos(x)+1)2 (cos(x)+1)3 (<:0s(x)+1)4 (cos(x)+1)5 ((:os(x)+1)6 _ 3 arctan cos(x)+1
3 ( asin(x) 3a sin(x)2 3a sin(x)3 3a sim(x)4 3a sin(x)5 a sin(x)6 a sin(x)7 ) a
cos(x)+1 (cos(x)+1)2 (cos(x)+1)3 (cos(x)+1)4 (cos(x)+1)5 (cos(x)+1)6 (cos(x)+1)7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~3/(ata*csc(x)),x, algorithm="maxima")

[Out] -1/3*(7*sin(x)/(cos(x) + 1) + 39*sin(x)"2/(cos(x) + 1)72 + 24*sin(x)~3/(cos
(x) + 1)73 + 24*sin(x)"4/(cos(x) + 1)74 + 9*sin(x)"5/(cos(x) + 1)°5 + 9%*sin
(x)76/(cos(x) + 1)76 + 16)/(a + a*sin(x)/(cos(x) + 1) + 3*a*sin(x)~2/(cos(x

) + 1)72 + 3*ax*sin(x)~3/(cos(x) + 1)73 + 3*a*sin(x)"4/(cos(x) + 1)74 + 3xax
sin(x)~5/(cos(x) + 1)75 + axsin(x)"6/(cos(x) + 1)76 + a*xsin(x)~7/(cos(x) +

1)77) - 3*arctan(sin(x)/(cos(x) + 1))/a

Fricas [A] time = 0.482549, size = 211, normalized size = 3.98

2 coS (x)4 — Ccos (x)3 -3@Bx+5)cos(x)—12 cos (x)2 + (2 cos (x)3 + 3 cos (x)2 -9x-9 cos(x) + 6) sin(x)—9x-6

6 (a cos (x) + asin (x) + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~3/(a+a*csc(x)),x, algorithm="fricas")
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[Out] 1/6%(2*cos(x)"4 - cos(x)"3 - 3%(3*x + b5)*cos(x) - 12*cos(x)”"2 + (2*%cos(x)”3
+ 3%cos(x)"2 - 9%x - 9*cos(x) + 6)*sin(x) - 9*x - 6)/(a*xcos(x) + axsin(x)

+ a)

Sympy [F] time = 0., size = 0, normalized size = 0.

sin® (x)
f csc (x)+1 dx

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)**3/(ata*csc(x)),x)

[Out] Integral(sin(x)**3/(csc(x) + 1), x)/a

Giac [A] time = 1.27658, size = 90, normalized size = 1.7
4 1 \? 1

3x ) +24_tan(5x) —3tan(§x)+10
Ty 3

20 ofean (22 1) 3(1an (2) +1)

Verification of antiderivative is not currently implemented for this CAS.

1\° 1
3tan(§x) +6tan(5x)

[In] integrate(sin(x)~3/(ata*csc(x)),x, algorithm="giac")

[Out] -3/2*x/a - 2/(ax(tan(1/2*x) + 1)) - 1/3*x(3*xtan(1/2*x)"5 + 6xtan(1/2*x)"4 +
24xtan(1/2%x) "2 - 3*xtan(1/2*xx) + 10)/((tan(1/2%x)~2 + 1) 3%a)
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310  [-n0 g

a-+a csc(x)

Optimal. Leaf size=66

15x 4 cos’(x) N 4cos(x) 5sin’(x)cos(x) 15sin(x)cos(x)  sin’(x)cos(x)
8a 3a a 4a 8a acsc(x) +a

[Out] (15%x)/(8%a) + (4x%Cos[x])/a - (4*Cos[x]~3)/(3*%a) - (15*Cos[x]*Sin[x])/(8*a)
- (5%Cos[x]*Sin[x]~3)/(4*a) + (Cos[x]*Sin[x]~3)/(a + a*Csc[x])

Rubi [A] time = 0.0733532, antiderivative size = 66, normalized size of antiderivative =

. . b f rul
1., number of steps used = 7, number of rules used = 5, integrand size = 13, e L

0.385, Rules used = {3819, 3787, 2635, 8, 2633}

integrand size

15x 4 cos3(x) N 4 cos(x) 581n3(x) cos(x) 15sin(x) cos(x) sin3(x) cos(x)
8a 3a a 4a 8a acsc(x) +a

Antiderivative was successfully verified.

[In] Int[Sin([x]~4/(a + a*Csc[x]),x]

[Out] (15%x)/(8%a) + (4*xCos[x])/a - (4%Cos[x]~3)/(3*a) - (15%Cos[x]*Sin[x])/(8*a)
- (5%Cos[x]*Sin[x]~3)/(4*a) + (Cos[x]*Sin[x]"3)/(a + a*Csc[x])

Rule 3819

Int[(cscl(e_.) + (f_.)*(x_)]1*(@d_.))"(n_)/(cscl(e_.) + (£_)*x(x_)]*x(b_.) + (
a_)), x_Symbol] :> Simp[(Cot[e + fx*x]*(d*Cscle + f*x])"n)/(f*(a + b*Cscle +
f*x])), x] - Dist[1/a"2, Int[(d*Cscle + f*x]) n*x(a*x(n - 1) - b*n*Cscle + f
*x]), x], x] /; FreeQ[{a, b, d, e, f}, x] && EqQ[a"2 - b~2, 0] && LtQ[n, O]

Rule 3787

Int[(cscl(e_.) + (£_.)*x(x_)1*(d_.))"(n_.)*x(cscl(e_.) + (f_.)*(x_)]1*(b_.) +
(a_)), x_Symbol] :> Dist[a, Int[(d*Cscl[e + f*x])"n, x], x] + Dist[b/d, Int[
(dxCscle + fxx])~(n + 1), x], x] /; FreeQ[{a, b, d, e, f, n}, x]

Rule 2635

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> -Simp[(bxCos[c + d*x
J*x(b*Sin[c + d*x])"(n - 1))/(d*n), x] + Dist[(b"2*%(n - 1))/n, Int[(b*Sin[c
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+ d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2xn
]

Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQ[a, x]

Rule 2633

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
nd[(1 - x”2)"((n - 1)/2), x], x], x, Coslc + d*x]]1, x] /; FreeQ[{c, d}, x]
&& IGtQ[(n - 1)/2, 0]

Rubi steps

f sin(x) gy = cos(x) sin®(x) ~ f (~5a + 4a csc(x)) sin® (x) dx

a + acsc(x) a + acsc(x) a2
_ cos(x) sin®(x) 4 f sin®(x) dx N 5 f sin*(x) dx
a + acsc(x) a a
_ _5cos(x) sin®(x) N cos(x) sin’(x) N 15 f sin(x) dx . 4 Subst ( f (l - xz) dx, x, cos(x))
4a a + acsc(x) 4a a
_ 4cos(x) 4 cos3(x) _ 15cos(x)sin(x) ~ 5cos(x) sin’(x) N cos(x)sin®(x) 15 f ldx
a 3a 8a 4a a + acsc(x) 8a

15x N 4 cos(x) _ 4 cos®(x) 15 cos(x) sin(x) _ 5cos(x)sin®(x)  cos(x) sin®(x)

8a a 3a 8a 4a a + acsc(x)

Mathematica [A] time = 0.20905, size = 57, normalized size = 0.86

] ) 64sin(3)
168 cos(x) — 8 cos(3x) + 3| 60x — 16 sin(2x) + sin(4x) — W
Sin E COS E

96a
Antiderivative was successfully verified.

[In] Integrate[Sin[x]~4/(a + axCsc[x]),x]

[Out] (168*Cos[x] - 8*Cos[3*x] + 3*(60*x - (64*Sin[x/2])/(Cos[x/2] + Sin[x/2]) -
16%Sin[2*x] + Sin[4*x]))/(96%a)
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Maple [B] time = 0.046, size = 185, normalized size = 2.8

-4 -4

6 4
2 o () ) o2 2 ) ) ro

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~4/(a+a*csc(x)),x)

[Out] 7/4/a/(tan(1/2*x)~2+1) “4xtan(1/2*x) " 7+2/a/(tan(1/2*x) "2+1) “4*tan(1/2*x) ~6+1
5/4/a/(tan(1/2*x) "2+1) “4xtan(1/2*x) ~5+10/a/(tan(1/2*x) "2+1) “4*tan (1/2*x) ~4-
15/4/a/ (tan(1/2*x) "2+1) "4*xtan(1/2*x) ~3+34/3/a/ (tan(1/2*x) ~2+1) “4*tan(1/2*x)
~2-7/4/a/(tan(1/2*x) "2+1) “4xtan(1/2*x)+10/3/a/(tan(1/2*x) ~2+1) ~4+15/4/a*arc
tan(tan(1/2*x))+2/a/(tan(1/2*x)+1)

Maxima [B] time = 1.47195, size = 311, normalized size = 4.71

19 sin(x) 211 sin(x)2 91 sin(x)3 219 sin(x)4 165 sin(x)5 165 sin(x)6 45 sin(x)7 45 sin(x)8
2 3 + 4 + 5 + 6 + 7 + 8

cos(x)+1 (cos(x)+1) (cos(x)+1) (cos(x)+1) (cos(x)+1) (cos(x)+1) (cos(x)+1) (cos(x)+1)

asin(x) 4a sin(x)2 4a sin()c)3 6a sin(x)4 6a sin(x)5 4a sin(x)6 4a sin(x)7 a sin(x)8 a sin(x)9 )

cos(x)+1 (cos(x)+1)2 (cos.(x)+1)3 (cos(x)+1)4 (cos(x)+1)5 (cos(x)+1)6 (cos(x)+1)7 (cos(x)+1)8 (cos(x)+l)9

+ 64 15

12 (a +
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~4/(at+axcsc(x)),x, algorithm="maxima")

[Out] 1/12*(19*sin(x)/(cos(x) + 1) + 211*sin(x)"2/(cos(x) + 1)72 + 91*sin(x)~3/(c
os(x) + 1)73 + 219*sin(x)~4/(cos(x) + 1)74 + 165*sin(x)"5/(cos(x) + 1)75 +
165*sin(x) "6/ (cos(x) + 1)76 + 45xsin(x)~7/(cos(x) + 1)°7 + 45*sin(x)~8/(cos

(x) + 1)78 + 64)/(a + a*sin(x)/(cos(x) + 1) + 4*a*sin(x)~2/(cos(x) + 1)72 +
4xaxsin(x) "3/ (cos(x) + 1)73 + 6*a*sin(x)~4/(cos(x) + 1)74 + 6*a*sin(x)”5/(
cos(x) + 1)75 + 4*xa*xsin(x)"6/(cos(x) + 1)76 + 4*a*sin(x)"7/(cos(x) + 1)°7 +
a*sin(x) "8/ (cos(x) + 1)78 + a*sin(x)"9/(cos(x) + 1)79) + 15/4*arctan(sin(x

)/ (cos(x) + 1))/a

Fricas [A] time = 0.485014, size = 259, normalized size = 3.92

6 cos (x)5 + 8 cos (x)4 — 25 cos (x)3 —45(x + 1) cos (x) — 48 cos (x)2 - (6 coS (x)4 -2 cos (x)3 — 27 cos (x)2 +45x +

24 (acos (x) + asin (x) + a)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~4/(at+axcsc(x)),x, algorithm="fricas")

[Out] -1/24%(6*cos(x)"5 + 8%cos(x)”™4 - 25%cos(x)”3 - 45%(x + 1)*cos(x) - 48xcos(x
)72 - (B*cos(x)"4 - 2*%cos(x)”3 - 27*xcos(x)”2 + 45*xx + 21*cos(x) - 24)*sin(x
) - 45xx - 24)/(axcos(x) + axsin(x) + a)

Sympy [F] time = 0., size = 0, normalized size = 0.

sin* (x)
f csc (x)+1 dx

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)**4/(ata*csc(x)),x)

[Out] Integral(sin(x)**4/(csc(x) + 1), x)/a

Giac [A] time = 1.39204, size = 123, normalized size = 1.86

6 4

7 5 3
15x ) ) 21 tan(%x) +24 tan(%x) +45 tan(% x) +120 tan(%x) —45 tan(% x) +136 tan
4

807 ftan (L) 1) 12(tan (1) +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~4/(ata*csc(x)),x, algorithm="giac")

[Out] 15/8*x/a + 2/(a*x(tan(1/2*xx) + 1)) + 1/12x(21xtan(1/2*x)"7 + 24xtan(1/2*x)"6
+ 45xtan(1/2*x)”"5 + 120*%tan(1/2*x)"4 - 45xtan(1/2%x)"3 + 136*tan(1/2*x) "2
- 21xtan(1/2*x) + 40)/((tan(1/2*x)"2 + 1) 4%a)
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311 [ ————dx

(a+a csc(c+dx))?

Optimal. Leaf size=57

4 cot(c + dx) X cot(c + dx)

3a2d(csc(c +dx) +1) a2 3d(acsc(c + dx) + a)?

[Out] x/a"2 + (4xCot[c + dxx])/(3*%a~2%d*(1 + Csclc + d*x])) + Cotlc + d*x]/(3*dx*(
a + a*Csclc + d*xx])~2)

Rubi [A] time = 0.066061, antiderivative size = 57, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 12, e e =

0.25, Rules used = {3777, 3919, 3794}

integrand size

4 cot(c + dx) X cot(c + dx)

3a2d(csc(c +dx) +1)  a?2  3d(acsc(c + dx) + a)?

Antiderivative was successfully verified.

[In] Int[(a + a*Cscl[c + d*xx])~(-2),x]

[Out] x/a"2 + (4*xCot[c + d*x])/(3*a"2xd*(1 + Csclc + d*x])) + Cotlc + dx*x]/(3*dx*(
a + axCsclc + d*x])"2)

Rule 3777

Int[(cscl(c_.) + (d_)*(x_)I*(b_.) + (a_))"(n_), x_Symbol] :> -Simp[(Cotl[c
+ d*x]*(a + b*Cscl[c + d*x])"n)/(d*(2*n + 1)), x] + Dist[1/(a"2%(2*n + 1)),
Int[(a + b*Csclc + d*x])"(n + 1)*x(a*x(2%n + 1) - bx(n + 1)*Csclc + d*x]), x]
, x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b72, 0] && LeQ[n, -1] && Intege
rQ[2+n]

Rule 3919

Int[(cscl(e_.) + (f_.)x(x_)]*(d_.) + (c_))/(cscl(e_.) + (£_.)*x(x_)1*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - axd)/a, Int[Cscl[e + f*x
1/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 3794



73

Int[csc[(e_.) + (£_.)*(x_)]/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> -Simp[Cot[e + f*x]/(f*(b + a*Cscle + f*x])), x] /; FreeQ[{a, b, e, £}

, x] &% EqQ[a"2 - b2, 0]

Rubi steps

f —3a-+a csc(c+dx)

cot(c + dx) a+a csc(c+dx)

1
f (a + acsc(c + dx))? *= 3d(a + acsc(c + dx)2 342
csc(c+dx)
_ i COt(C + dx) B f a+a csc(c+dx)
a2 3d(a + acsc(c + dx))? 3a
X cot(c + dx) 4 cot(c + dx)

==+
a2 3d(a+acsc(c+dx))? 34 (az + a2 cse(c + dx))

Mathematica [A] time = 0.324959, size = 108, normalized size = 1.89

3(3c + 3dx — 4) cos (%(c + dx)) + (=3¢ — 3dx + 10) cos (g(c + dx)) + 65sin (%(c + dx)) ((c + dx) cos(c + dx) + 2c + 2dx

602 (sin (3(c + ) + cos 3c + d")))3

Antiderivative was successfully verified.

[In] Integratel[(a + a*Csclc + d*x])~(-2),x]

[Out] (3*(-4 + 3%c + 3*d*x)*Cos[(c + d*x)/2] + (10 - 3%c - 3*xd*x)*Cos[(3*(c + d*x
))/2] + 6%(=3 + 2%c + 2xd*x + (c + d*x)*Cos[c + d*x])*Sin[(c + dx*x)/2])/(6%

a"2*d*x(Cos[(c + d*xx)/2] + Sin[(c + dxx)/2])73)

Maple [A] time = 0.063, size = 83, normalized size = 1.5

arctan (tan (1/2 dx + ¢/2)) 4 dx ¢ -3 1 1
2 > - s(tan{—+5)+1] +2 5 +2—
da 3da 2 2 da? (tan (1/2 dx + C/Z) + 1) da (tan (1/2 dx + c/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(ata*csc(d*x+c))”2,x)



74

[Out] 2/d/a"2*arctan(tan(1/2*xd*x+1/2*c))-4/3/d/a"~2/(tan(1/2*d*xx+1/2*%c)+1) " 3+2/d/a
~2/(tan(1/2*xd*xx+1/2*c)+1)"2+2/d/a" 2/ (tan(1/2*d*x+1/2*c)+1)

Maxima [B] time = 1.47041, size = 192, normalized size = 3.37

2

9 sin(dx+c) 3 sin(dx+c) +4 sin(dx+c)
cos(@xtO+1  (cog(dy+c)+1)? 5 arCtan( COS(dx+c)+1)
2 + 2

2,3 a2 sin(dx+c) 3 a2 sin(a’x+c)2 " a2 sin(dx+c)3
cos(dx+c)+l (Cos(dx+c)+1)2 (cos(dx+c)+1)3

3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ata*csc(d*x+c))”2,x, algorithm="maxima")

[Out] 2/3*((9*sin(d*x + c)/(cos(d*x + ¢c) + 1) + 3*sin(d*x + ¢)~2/(cos(d*x + c) +
1)72 + 4)/(a”2 + 3*a"2*sin(d*x + c)/(cos(d*x + c) + 1) + 3*a"2*sin(d*x + c)
“2/(cos(d*x + ¢c) + 1)72 + a"2*sin(d*x + c)~3/(cos(d*x + c) + 1)73) + 3x*arct
an(sin(d*x + c)/(cos(d*x + c) + 1))/a~2)/d

Fricas [B] time = 0.480864, size = 306, normalized size = 5.37

(3dx —5) cos (dx + c)2 —6dx—(Bdx+4)cos(dx+c)—(6dx+ Bdx+5)cos(dx+c)+1)sin(dx+c)+1
3 (azd cos (dx + ¢)? — a2d cos (dx + ¢) — 2 a2d — (azd cos (dx +¢) +2 azd) sin (dx + c))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ataxcsc(d*x+c))”~2,x, algorithm="fricas")

[Out] 1/3%((3%d*x - 5)*cos(d*x + c)~2 - 6*xd*x - (3*d*x + 4)*cos(d*x + c) - (6*d*x
+ (3%d*x + 5)*cos(d*x + c) + 1)*sin(d*x + c) + 1)/(a"2*xd*cos(d*x + c)~2 -
a~2xd*cos(d*x + c) - 2*%a"2xd - (a"2*xd*cos(d*x + c) + 2*%a~2xd)*sin(d*x + c))

Sympy [F] time = 0., size = 0, normalized size = 0.

1
f csc? (c+dx)+2 csc (c+dx)+1 dx
a2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ataxcsc(d*x+c))**2,x)

[Out] Integral(l/(csc(c + d*x)**2 + 2xcsc(c + d*x) + 1), x)/a*x*2

Giac [A] time = 1.33023, size = 81, normalized size = 1.42

2(3 tan( dv+ 2 2+9t Lixelo)ea
3(dx+c) an 2 X 2C an 3 X 2C

-— +
a

3
az(tan(% dx+% c)+1)

3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ata*csc(d*x+c))”~2,x, algorithm="giac")

[Out] 1/3%(3%x(d*x + c)/a"2 + 2% (3*xtan(1/2*%d*x + 1/2%c)”2 + 9xtan(1/2*d*xx + 1/2%c)
+ 4)/(a"2x(tan(1/2xd*xx + 1/2%c) + 1)73))/d
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312 [ ————dx

(a+a csc(c+dx))3

Optimal. Leaf size=88

22 cot(c + dx) X 7 cot(c + dx) cot(c + dx)

15d (a3 cse(c + dx) + a3) a3  15ad(acsc(c +dx) +a)?  5d(acsc(c + dx) + a)3

[Out] x/a”3 + Cot[c + d*xx]/(5xdx(a + a*Cscl[c + d*x])~3) + (7*Cot[c + d*xx])/(15xax
dx(a + axCscl[c + d*x])"2) + (22*Cot[c + d*xx])/(15%d*x(a”"3 + a~3*Cscl[c + dx*x]
))

Rubi [A] time = 0.109679, antiderivative size = 88, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 12, e .

0.333, Rules used = {3777, 3922, 3919, 3794}

integrand size

22 cot(c + dx) X 7 cot(c + dx) N cot(c + dx)
15d (a3 cse(c + dx) + a3) a3 15ad(acsc(c +dx) +a)? ~ 5d(acsc(c + dx) + a)3

Antiderivative was successfully verified.

[In] Int[(a + ax*Cscl[c + d*x])~(-3),x]

[Out] x/a"3 + Cotl[c + d*x]/(6*%d*(a + a*Csc[c + dxx])~3) + (7*Cot[c + dxx])/(15*xa*
dx(a + a*Csclc + dxx])"2) + (22%Cot[c + d*x])/(15xd*x(a"3 + a~3*Csclc + d*x]
))

Rule 3777

Int[(cscl(c_.) + (d_)*x_)I*(_.) + (a_))"(n_), x_Symbol] :> -Simp[(Cotl[c
+ d*x]*(a + b*Cscl[c + d*x])™n)/(d*(2%n + 1)), x] + Dist[1/(a"2%(2*n + 1)),
Int[(a + b*Csc[c + d*x])"(n + 1)*(ax(2*n + 1) - bx(n + 1)*Cscl[c + d*xx]), x]
, x] /; FreeQ[{a, b, c, d}, x] & EqQ[a"2 - b~2, 0] && LeQ[n, -1] && Intege
rQ[2*n]

Rule 3922

Int[(cscl(e_.) + (£_.)*(x_)]1*x(b_.) + (a_)) " (m_)*(cscl(e_.) + (f_.)*(x_)]x(d
_.) + (c)), x_Symbol] :> -Simp[((b*c - a*d)*Cot[e + f*x]*(a + b*Cscle + fx
x])"m)/ (bxf*x(2*m + 1)), x] + Dist[1/(a"2*x(2*m + 1)), Int[(a + b*Cscl[e + f*x
)" (m + 1)*Simp[axc*(2*m + 1) - (b*xc - a*xd)*(m + 1)*Cscle + f*x], x], x], x
1 /; FreeQ[{a, b, c, 4, e, f}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && EqQ
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[a”2 - b~2, 0] &% IntegerQ[2*m]

Rule 3919

Int[(cscl(e_.) + (f_.)*(x_)1*(@d_.) + (c_))/(cscl(e_.) + (£_)*x(x_)I*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - a*d)/a, Int[Cscl[e + fx*x
1/(a + b*Csc[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 3794

Int[cscl(e_.) + (f_)x(x_)]1/(cscl(e_.) + (£_.)*(x_)]*(b_.) + (a_)), x_Symbo
1] :> -Simp[Cot[e + f*x]/(f*(b + a*Csc[e + f*x])), x] /; FreeQ[{a, b, e, f}
, x] && EqQ [a”2 - b"2, 0]

Rubi steps
—5a+2a csc(c+dx)
f 1 = cot(c + dx) ~ f “(a+acsc(ctdx)? dx
(a + acsc(c + dx))3 5d(a + a csc(c + dx))3 5a2
1542742 csc(c+dx)
3 cot(c + dx) 7 cot(c + dx) f a+acsc(crdx)
~ 5d(a + acsc(c +dx))®  15ad(a + a csc(c + dx))? 1544
) csc(c+dx)
X N cot(c + dx) 7 cot(c + dx) f a+a csc(c+dx)
a3 5d(a+acsc(c+dx))  15ad(a + acsc(c + dx))2 1542
X cot(c + dx) 7 cot(c + dx) 22 cot(c + dx)

a7 5d(a + acsc(c +dx))®  15ad(a + acsc(c + dx))®2 154 (QB + a3 cse(c + dx))

Mathematica [A] time = 0.94444, size = 123, normalized size = 1.4

2 sin(% (c+dx))(—51 sin(c+dx)+16 cos(2(c+dx))—38) 13 3 15 154
- + + +
(sin(%(c+dx))+cos(%(c+dx)))5 (sin(%(C+dx))+cos(%(c+dx)))2 (sin(%(c+dx))+cos(%(c+dx)))4 ‘ !

15a3d

Antiderivative was successfully verified.

[In] Integrate[(a + a*Csclc + d*x])~(-3),x]

[Out] (15%c + 1b6%d*x + 3/(Cos[(c + d*x)/2] + Sin[(c + d*x)/2]1)"4 - 13/(Cos[(c + d
*x)/2] + Sin[(c + d*x)/2])72 + (2%Sin[(c + d*x)/2]*(-38 + 16*Cos[2*(c + d*x
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)] - 51%8in[c + d*x]))/(Cos[(c + d*x)/2] + Sin[(c + d*x)/2])75)/(15*a"3*d)

Maple [A] time = 0.079, size = 125, normalized size = 1.4

arctan (tan (1/2 dx + ¢/2)) 1 8 dx ¢ - 4 dx ¢
2 3 -4 7+ 3(tan| =+ 5| +1| + 3 (tan| =+ 5] +1
da dad (tan (1/2dx + ¢/2) + 1)*  5da 2 2 3da

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+a*csc(d*x+c))”~3,x)

[Out] 2/d/a"3*arctan(tan(1/2*xd*x+1/2*c))-4/d/a"3/(tan(1/2*d*x+1/2*c)+1)"4+8/5/d/a
~3/(tan(1/2*d*x+1/2%c)+1)"5+4/3/d/a"3/ (tan(1/2*d*x+1/2*c)+1) ~3+2/d/a"3/(tan
(1/2*d*x+1/2%c)+1)"2+2/d/a"~3/ (tan(1/2*d*x+1/2%c)+1)

Maxima [B] time = 1.50908, size = 308, normalized size = 3.5

95 sin(dx+c) 145 sin(dx+c)2 + 75 sin(dx-%—c)3 + 15 sin(dx+c)4

Cos@x+O+]  (cosrto+1)? (cos(dx+a)+])®  (cos(dxro)+D)d
2 3

+22 15 arctan(

sin(dx+c) )
+

cos(dx+c)+1
a3

2

5

3, 543 sin(dx+c) Lo a3 sin(dx+c)
cos(dx+c)+l ('3(>s(abc-¢—c)+1)2 (cos(dx+c)+1)3 (cos(dx+c)+1)

15d

1083 sin(dx+e)®  5a3sin(dx+o? a3 sin(dx+e)
+ + +

4 (Cos(dx+c)+1)5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ata*csc(d*x+c))”3,x, algorithm="maxima")

[Out] 2/15%((95*sin(d*x + c)/(cos(d*x + c) + 1) + 145*xsin(d*x + ¢)~2/(cos(d*x + ¢
) + 1)72 + 75*sin(d*x + c¢)~3/(cos(d*x + ¢c) + 1)73 + 156*xsin(d*x + c¢)~4/(cos(

d*x + ¢c) + 1)74 + 22)/(a"3 + b*a"3*sin(d*x + c)/(cos(d*x + ¢c) + 1) + 10*a”3
*sin(d*x + ¢)72/(cos(d*x + c) + 1)72 + 10*a~3*sin(d*x + c)~3/(cos(d*x + c)

+ 1)73 + 5*a~3*sin(d*x + c)~4/(cos(d*x + ¢c) + 1)74 + a~3*sin(d*x + c)~5/(co
s(d*x + ¢) + 1)75) + 1b*xarctan(sin(d*x + c)/(cos(d*x + ¢c) + 1))/a"3)/d

Fricas [B] time = 0.486009, size = 475, normalized size = 5.4

(15dx + 32) cos (dx + ¢)* + (45 dx — 19) cos (dx + ¢)* — 60 dx — 6 (5dx + 9) cos (dx + ¢) + ((15dx — 32) cos (dx + ¢)” - ¢

15 (a%d cos (dx + ¢)° + 3 a3d cos (dx + c)* — 2a%d cos (dx + ¢) — 4a%d + (a3d cos (dx + c)” - 2a%d ¢
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ataxcsc(d*x+c))~3,x, algorithm="fricas")

[Out] 1/15%((15*%d*x + 32)*cos(d*x + c)~3 + (45*xd*x — 19)*cos(d*x + c)72 - 60*d*x
- 6%(5xd*x + 9)*cos(d*x + c) + ((15%d*x - 32)*cos(d*x + c)”2 - 60*d*x - 3x*(
10%d*x + 17)*cos(d*x + c) + 3)*sin(d*x + c) - 3)/(a"3*d*cos(d*x + c)~3 + 3%
a"3xdxcos(d*x + c)~2 - 2xa~3*xd*xcos(d*x + c) - 4*a"3%d + (a~3*d*xcos(d*x + c)

~2 - 2%a"3xd*cos(d*x + c) - 4*xa~3*d)*sin(d*x + c))

Sympy [F] time = 0., size = 0, normalized size = 0.

1
f csc3 (c+dx)+3 csc? (c+dx)+3 csc (c+dx)+1
3
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ataxcsc(d*x+c))**3,x)

[Out] Integral(l/(csc(c + d*x)**3 + 3xcsc(c + d*xx)**2 + 3xcsc(c + d*x) + 1), x)/a

*%3

Giac [A] time = 1.25117, size = 116, normalized size = 1.32

2(15 tan(L a2 ) +75 tan(2 dee ¢) +145 tan( L dv+ 2 o) +95 tan(L dxsl )22
15 (dx+c) an|z dxty c) #/o tan(z dxty c) Hlas tan(z dxky ) +9> tan g dxtp o
ﬂs +

a3(tan(% dx+% c)+1)5
15d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(ata*csc(d*x+c))”3,x, algorithm="giac")

[Out] 1/15%(15%(d*x + c)/a"3 + 2% (15xtan(1/2*d*x + 1/2%c)”~4 + 75xtan(1/2*d*x + 1/
2%c) "3 + 145xtan(1/2*d*x + 1/2%c)”2 + 95xtan(1/2xd*x + 1/2*c) + 22)/(a"3*(t
an(1/2xd*x + 1/2xc) + 1)75))/d
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3.13 f(a + acsc(x))? dx

Optimal. Leaf size=65

1443 cot 2 t
ot _ —a? cot(x)va csc(x) + a — 2a°? tan_l( Va cotx) )

_3\/51 cse(x)+a 3 Vacsc(x) +a

[Out] -2xa~(5/2)*ArcTan[(Sqrt[al*Cot[x])/Sqrtla + a*Csc[x]]] - (14*a~3*Cot[x])/(3
xSqrt[a + a*Csc[x]]) - (2%a"2xCot[x]*Sqrtl[a + a*Csc[x]])/3

Rubi [A] time = 0.0913834, antiderivative size = 65, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 10, L

integrand size
0.5, Rules used = {3775, 3915, 3774, 203, 3792}

1443 cot(x 2
0 _ ~a? cot(x)vacsc(x) + a — 2a%2 tan™

_ ( \a cot(x) )
3vacsc(x)+a 3

Vacsc(x) +a

Antiderivative was successfully verified.

[In] Int[(a + a*Csc[x])~(5/2),x]

[Out] -2xa~(5/2)*ArcTan[(Sqrt[al*Cot[x])/Sqrtla + a*Csc[x]]] - (14*a~3*Cot[x])/(3
xSqrt[a + axCsc[x]]) - (2%a"2xCot[x]*Sqrt[a + a*Csc[x]])/3

Rule 3775

Int[(cscl(c_.) + (d_)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> -Simp[(b~2*Co
tlc + dxx]*(a + b*Csclc + d*x])"(n - 2))/(d*(n - 1)), x] + Distla/(n - 1),

Int[(a + b*Csclc + d*x])"(n - 2)*x(ax(n - 1) + b*(3*n - 4)*Csclc + dx*x]), x]
, x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b~2, 0] && GtQ[n, 1] && Integer
Q[2*n]

Rule 3915

Int[Sqrtlcscl(e_.) + (f_.)*x(x_ )]*x(b_.) + (a_)]l*(cscl(e_.) + (£_.)*(x_)]=*(d_
.) + (c_)), x_Symbol] :> Dist[c, Int[Sqrt[a + bxCscl[e + fx*x]], x], x] + Dis
t[d, Int[Sqrtl[a + b*Cscle + f*x]]*Cscle + f*x], x], x] /; FreeQ[{a, b, ¢, d
, e, £}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b~2, 0]

Rule 3774
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Int[Sqrtlecscl(c_.) + (A_.)*(x_)]1*(_.) + (a_)], x_Symbol] :> Dist[(-2*b)/d,
Subst[Int[1/(a + x72), x], x, (bxCot[c + dxx])/Sqrtla + b*Csclc + d*x]]],
x] /; FreeQ[{a, b, ¢, d}, x] && EqQ[a"2 - b~2, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rt[a, 2]1*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 3792

Int[csc[(e_.) + (f_.)*(x_)]*Sqrtlcscl(e_.) + (f_.)*x(x)]1*(b_.) + (a_)], x_S
ymbol] :> Simp[(-2*b*Cot[e + fx*x])/(f*Sqrt[a + bxCscle + f*x]]), x] /; Free
Ql{a, b, e, f}, x] && EqQ[a"2 - b~2, 0]

Rubi steps

f(a +acsc(x))2dx = —%az cot(x)v/a + acsc(x) + %(Za) f \a + acsc(x) (%ﬂ + ;a csc(x)) dx
= —%az cot(x)v/a + a csc(x) + a? f Va + acsc(x)dx + % (7a2) fcsc(x)\/a + a csc(x) dx

_ Mdlcot(x) 2, 3 1 a cot(x)
= —m - ga cot(x)va + acsc(x) — (Za )Subst (f P dx, x, m)

P S \a cot(x) ) ~ 1443 cot(x) 2,
2a°% tan ( —— ) WA ) 3a cot(x)va + acsc(x)

Mathematica [A] time = 1.62999, size = 80, normalized size = 1.23

2a?+/a(csc(x) + 1) (cos (g) —sin (;—C)) (\/csc(x) —T1(csc(x) + 8) + 3tan™? (\/CSC(X) - 1))
3+/csc(x) -1 (sin (g) + cos (g))

Antiderivative was successfully verified.

[In] Integratel[(a + a*Csc[x])~(5/2),x]

[Out] (-2*a~2*Sqrt[ax(1 + Csc[x])]1*(3*ArcTan[Sqrt[-1 + Csc[x]]] + Sqrt[-1 + Csc[x
11*%(8 + Csc[x]))*(Cos[x/2] - Sin[x/2]))/(3*Sqrt[-1 + Csc[x]]*(Cos[x/2] + Si
n(x/2]))
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Maple [B] time = 0.21, size = 535, normalized size = 8.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*csc(x))~(5/2),x%)

[Out] 1/6*%27(1/2)*(-12*sin(x)*cos(x)*arctan(2”(1/2)*(-(-1+cos(x))/sin(x))~(1/2)-1
Yx(=(-1+cos(x))/sin(x))~(3/2)-3*sin(x) *cos (x)*1n(- (2" (1/2)*(-(-1+cos(x))/si
n(x))~(1/2)*sin(x)-sin(x)+cos (x)-1) /(2" (1/2) *(-(-1+cos(x)) /sin(x) ) ~(1/2) *si
n(x)+sin(x)-cos(x)+1))*(-(-1+cos(x))/sin(x))~(3/2)-3*sin(x)*cos(x)*1n(-(27(
1/2)*(=(-1+cos(x))/sin(x)) " (1/2)*sin(x)+sin(x)-cos(x)+1) /(27 (1/2) *(-(-1+cos
(x))/sin(x)) " (1/2)*sin(x)-sin(x)+cos(x)-1) ) *(-(-1+cos(x))/sin(x))~(3/2)-12%
sin(x)*cos(x)*arctan(2”(1/2)*(-(-1+cos(x))/sin(x)) " (1/2)+1)*(-(-1+cos(x)) /s
in(x))~(3/2)-12*xsin(x)*arctan(2”(1/2)*(-(-1+cos(x))/sin(x))~(1/2)-1)*(-(-1+
cos(x))/sin(x))~(3/2)-3*sin(x)*1n(- (2" (1/2)*(-(-1+cos(x))/sin(x)) ~(1/2) *sin
(x)-sin(x)+cos (x)-1)/(27(1/2) *(=(-1+cos(x)) /sin(x) )~ (1/2)*sin(x) +sin(x)-cos
(x)+1))*(-(-1+cos(x))/sin(x))~(3/2)-3*sin(x) *In(- (2" (1/2) * (- (-1+cos (%)) /sin
(x))~(1/2)*sin(x)+sin(x) —cos(x)+1) /(27 (1/2) * (- (-1+cos(x) ) /sin(x) )~ (1/2) *sin
(x)-sin(x)+cos(x)-1))*(-(-1+cos(x))/sin(x)) " (3/2)-12*sin(x)*arctan(2” (1/2)*
(-(-1+cos(x))/sin(x)) " (1/2)+1)* (- (-1+cos(x)) /sin(x) ) ~(3/2) +16*sin(x) *cos (x)
*¥27(1/2)-16%cos(x) "2*27(1/2)-14*xsin(x) *2" (1/2) +2*xcos (x) *2~(1/2)+14x2~(1/2))
*g3in(x)*(a*x(sin(x)+1)/sin(x))~(5/2) /(cos(x) "2*sin(x)-cos(x) ~3+2xcos (x) *sin(
x)+3*cos(x) "2-4*sin(x)+2*cos(x)-4)

Maxima [B] time = 1.58343, size = 563, normalized size = 8.66

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*csc(x))~(5/2),x, algorithm="maxima"

[Out] 1/22xsqrt(2)*a~(5/2)*(sin(x)/(cos(x) + 1))~(11/2) + 5/18*sqrt(2)*a”~(5/2)*(s
in(x)/(cos(x) + 1))7(9/2) + 9/14xsqrt(2)*a~(5/2)*(sin(x)/(cos(x) + 1))~ (7/2
) + 1/2*%sqrt(2)*a~(5/2)*(sin(x)/(cos(x) + 1))7(5/2) - 2/3*sqrt(2)*a~(5/2)*(
sin(x)/(cos(x) + 1))7(3/2) + sqrt(2)*(sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2) +
2xsqrt(sin(x)/(cos(x) + 1)))) + sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2) - 2xs
gqrt(sin(x)/(cos(x) + 1)))))*a~(5/2) - 2*sqrt(2)*a~(5/2)*sqrt(sin(x)/(cos(x)
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+ 1)) - 1/1386%(693*sqrt(2)*a~(5/2)*sin(x)/(cos(x) + 1) + 11565*sqrt(2)*a”(

5/2)*sin(x) "2/ (cos(x) + 1)72 + 1386*sqrt(2)*a~(5/2)*sin(x)~3/(cos(x) + 1)73
+ 990*sqrt(2)*a”~(5/2)*sin(x) "4/ (cos(x) + 1)74 + 385*sqrt(2)*a”(5/2)*sin(x)
~5/(cos(x) + 1)75 + 63*sqrt(2)*a~(5/2)*sin(x) "6/ (cos(x) + 1)76)/sqrt(sin(x)
/(cos(x) + 1)) - 1/42%(7*sqrt(2)*a~(5/2)*sin(x)/(cos(x) + 1) + 105xsqrt(2)*
a~(5/2)*sin(x)”2/(cos(x) + 1)72 - 210*sqrt(2)*a~(5/2)*sin(x)~3/(cos(x) + 1)
"3 - 70xsqrt(2)*a~(5/2)*sin(x)"4/(cos(x) + 1)74 - 21xsqrt(2)*a”(5/2)*sin(x)
“5/(cos(x) + 1)75 - 3*sqrt(2)*a”(5/2)*sin(x)~6/(cos(x) + 1)76)/(sin(x)/(cos
(x) + 1))7(5/2)

Fricas [B] time = 0.514679, size = 900, normalized size = 13.85

asin(x)+a
sin(x)

24 cos(x)’—2 (cos(x)2+(cos(x)+1) sin(x)—l)\/—_a +a cos(x)—(2 a cos(x)+

3 (a2 cos (x)? — a2 - (a2 cos (x) + az) sin (x))\/—_alog

cos(x)+sin(x)+1

3 (COS (x)2 —(cos (x) + 1) sin (x) -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(x))~(5/2),x, algorithm="fricas")

[Out] [1/3*(3*(a"2xcos(x)72 - a2 - (a"2*cos(x) + a"2)*sin(x))*sqrt(-a)*log((2*xax*
cos(x)72 - 2x(cos(x)”2 + (cos(x) + 1)*sin(x) - 1)*sqrt(-a)*sqrt((a*xsin(x) +
a)/sin(x)) + axcos(x) - (2*a*cos(x) + a)*sin(x) - a)/(cos(x) + sin(x) + 1)

) + 2% (8*a"2*cos(x)72 + a"2*cos(x) - 7*a"2 + (8*a"2*cos(x) + 7*a"2)*sin(x))

xsqrt ((a*sin(x) + a)/sin(x)))/(cos(x)”"2 - (cos(x) + 1)*sin(x) - 1), 2/3*(3x
(a™2%cos(x)72 - a”2 - (a™2*xcos(x) + a~2)xsin(x))*sqrt(a)*arctan(-sqrt(a)*sq
rt((a*xsin(x) + a)/sin(x))*(cos(x) - sin(x) + 1)/(axcos(x) + ax*sin(x) + a))

+ (8*xa"2*xcos(x)72 + a"2*cos(x) - 7*a”2 + (8*a"2xcos(x) + 7*a~2)*sin(x))*sqr
t((a*sin(x) + a)/sin(x)))/(cos(x)"2 - (cos(x) + 1)*sin(x) - 1)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(x))**(5/2),%)
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[Out] Timed out

Giac [B] time = 2.24225, size = 339, normalized size = 5.22

VA2V + 2 fatan (3.

1 1 1 5 1 3
—\/E atan|=x|a®tan| = x +—\/§ atan|—-x u2+(112 |a|+a|a|2)arctan +(a
6 2 2 2 2 2 /4]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*csc(x))~(5/2),x, algorithm="giac")

[Out] 1/6*sqrt(2)*sqrt(axtan(1/2*x))*a”2xtan(1/2*x) + 5/2*xsqrt(2)*sqrt(a*xtan(1/2x%
x))*a”2 + (a"2xsqrt(abs(a)) + axabs(a)”(3/2))*arctan(1/2*sqrt(2)*(sqrt(2)*s
grt(abs(a)) + 2*sqrt(a*tan(1/2x*x)))/sqrt(abs(a))) + (a"2xsqrt(abs(a)) + axa
bs(a)~(3/2))*arctan(-1/2*sqrt(2) *(sqrt(2) *sqrt(abs(a)) - 2*sqrt(axtan(1/2x*x
)))/sqrt(abs(a))) + 1/2x(a"2*sqrt(abs(a)) - axabs(a)”~(3/2))*log(axtan(1l/2*x

) + sqrt(2)*sqrt(a*tan(1/2*x))*sqrt(abs(a)) + abs(a)) - 1/2*(a"2+*sqrt(abs(a

)) - axabs(a)”(3/2))*log(axtan(1/2*x) - sqrt(2)*sqrt(a*xtan(1/2*x))*sqrt(abs

(a)) + abs(a)) - 1/6%sqrt(2)*(16%xa~4*xtan(1/2*x) + a~4)/(sqrt(axtan(1/2*x))*
axtan(1/2%x))
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3.14 f (a + a csc(x))¥? dx

Optimal. Leaf size=44

242 cot(x) 02 tan-) ( \a cot(x) )

vacsc(x) +a vacsc(x) +a

[Out] -2xa~(3/2)*ArcTan[(Sqrt[al*Cot[x])/Sqrtla + axCsc[x]]] - (2xa~2xCot[x])/Sqr
tla + axCsc[x]]

Rubi [A] time = 0.0304638, antiderivative size = 44, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 10, LT

integrand size
0.4, Rules used = {3775, 21, 3774, 203}

242 cot(x) o o] ( \a cot(x) )
vacsc(x) +a vacsc(x) +a

Antiderivative was successfully verified.

[In] Int[(a + a*Csc[x])~(3/2),x]

[Out] -2*%a~(3/2)*ArcTan[(Sqrt[al*Cot[x])/Sqrt[a + a*xCsc[x]]] - (2*a~2*Cot[x])/Sqr
tla + a*Csc[x]]

Rule 3775

Int[(cscl(c_.) + (d_)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> -Simp[(b~2*Co
tlc + dxx]*(a + b*Csclc + d*x])"(n - 2))/(d*(n - 1)), x] + Distla/(n - 1),
Int[(a + b*Csclc + d*x])"(n - 2)*(a*x(n - 1) + b*(3*n - 4)*Csclc + dx*x]), x]
, x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b~2, 0] && GtQ[n, 1] && Integer
Q[2*n]

Rule 21

Int[(u_.)*((a)) + (b_)*(v_)) " (m_.)*x((c_) + (d_.)*x(v_))"(n_.), x_Symbol] :>
Dist[(b/d) "m, Int[ux(c + d*v)"(m + n), x], x] /; FreeQ[{a, b, c, d, n}, x]
&& EqQ[bxc - axd, 0] && IntegerQ[m] && ( !'IntegerQ[n] || SimplerQ[c + dx*x,
a + bxx])

Rule 3774
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Int[Sqrtlecscl(c_.) + (d_)*(x_)]1*(_.) + (a_)], x_Symbol] :> Dist[(-2%b)/d,
Subst[Int[1/(a + x72), x], x, (bxCot[c + dxx])/Sqrtla + b*Csclc + d*x]]],
x] /; FreeQ[{a, b, ¢, d}, x] && EqQ[a"2 - b~2, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
2g2 cot(x) 24 acsc(x)
+ 2 dx = f
f (a-+acscydy = s + m

2a? cot(x) f

=——— "2 Lo | o+ acsc(x)dx
Voo 1) Yrac
2a? cot(x) ( 1 a cot(x) )

:_——ZZSbtf dx, x,
Viraeem S| e e

= 032 tan! ( Va cot(x) ) 2% cot(x)
vVa+acsc(x)) +a+acsc(x)

Mathematica [A] time = 0.0853796, size = 69, normalized size = 1.57

20aesc) + 1) (cos (3) - sin (3)) (Vese@ 1 + tan” (vese@ 1)
Vesc() =1 (sin () + cos (3))

Antiderivative was successfully verified.

[In] Integrate[(a + a*Csc[x])~(3/2),x]

[Out] (-2*a*x(ArcTan[Sqrt[-1 + Csc[x]]] + Sqrt[-1 + Csc[x]])*Sqrtla*x(1 + Csc[x])]x*
(Cos[x/2] - Sin[x/2]1))/(Sqrt[-1 + Csc[x]]*(Cos[x/2] + Sin[x/2]))

Maple [B] time = 0.16, size = 273, normalized size = 6.2

sin (x) V2 . -1 + cos (x) -1 + cos (x)
- . 5 . sin (x) 4[-——— In| - V24 -————gin (%) + 5
2 cos(x)sin (x) + 2 (cos(x))” —4 sin (x) + 2 cos (x) — 4 sin (x) sin (x)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*csc(x))~(3/2),x)

[Out] -1/2*27(1/2)*(sin(x)*(-(-1+cos(x))/sin(x))~(1/2)*1n(- (2" (1/2) *(-(-1+cos(x))
/sin(x)) "~ (1/2)*sin(x)+sin(x)-cos(x)+1)/(2°(1/2)*(-(-1+cos(x))/sin(x)) ~(1/2)
*¥sin(x)-sin(x)+cos(x)-1))+4*sin(x) *(-(-1+cos(x))/sin(x)) " (1/2)*arctan(2~(1/
2)*%(-(-1+cos(x))/sin(x) )~ (1/2)+1)+4*sin(x) * (- (-1+cos(x) ) /sin(x) )~ (1/2) *arct

an (27 (1/2)*(-(-1+cos(x))/sin(x))~(1/2)-1)+sin(x) * (- (-1+cos(x)) /sin(x)) ~(1/2
Y*1n(-(27(1/2) * (- (-1+cos(x))/sin(x) )~ (1/2) *sin(x) -sin(x) +cos(x)-1) /(27 (1/2)
*(-(-1+cos(x))/sin(x)) "~ (1/2)*sin(x)+sin(x) -cos(x)+1))—2*sin(x)*2~(1/2) -2*co
s(x)*27(1/2)+2%2~(1/2) ) *sin(x)*(a*x(sin(x)+1)/sin(x)) ~(3/2)/(cos(x) *sin(x)+c

0s(x) "2-2*sin(x)+cos(x)-2)

Maxima [B] time = 1.54284, size = 270, normalized size = 6.14

V2| V2 arctan —\/_ V242 _sin(0) + V2 arctan _1\/5 V2 -2 sin (x) a;—l\/i a;( sin(x)—
cos (1) +1 2 cos (x) +1 5 cos (x) +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*xcsc(x))~(3/2),x, algorithm="maxima")

[Out] sqrt(2)*(sqrt(2)*arctan(l/2*sqrt(2)*(sqrt(2) + 2*sqrt(sin(x)/(cos(x) + 1)))
) + sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2) - 2*sqrt(sin(x)/(cos(x) + 1)))))*a
~(3/2) - 1/5*sqrt(2)*(a~(3/2)*(sin(x)/(cos(x) + 1))~(5/2) + 5*xa”~(3/2)*(sin(
x)/(cos(x) + 1))7(3/2) + 10%a~(3/2)*sqrt(sin(x)/(cos(x) + 1))) - 1/5%(5*sqr
t(2)*a~(3/2)*sin(x)/(cos(x) + 1) - 16*sqrt(2)*a~(3/2)*sin(x)~2/(cos(x) + 1)

72 - bxsqrt(2)*a~(3/2)*sin(x) "3/ (cos(x) + 1)73 - sqrt(2)*a~(3/2)*sin(x)~4/(
cos(x) + 1)74)/(sin(x)/(cos(x) + 1))~(3/2)
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Fricas [B] time = 0.501578, size = 666, normalized size = 15.14

2a cos(x)2—2 (cos(x)2+(cos(x)+1) sin(x)—l)ﬁ 2 S:EI(;;);” +a cos(x)—(2 a cos(x)+a) sin(x)—a

(acos (x) + asin (x) + a)y-alog cos()+ein(0)+1

—2(acos(

cos (x) +sin (x) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*xcsc(x))~(3/2),x, algorithm="fricas")

[Out] [((a*cos(x) + axsin(x) + a)*sqrt(-a)*log((2*a*xcos(x)”2 - 2*x(cos(x)"2 + (cos
(x) + D*sin(x) - 1)*sqrt(-a)*sqrt((a*sin(x) + a)/sin(x)) + axcos(x) - (2*a
xcos(x) + a)*sin(x) - a)/(cos(x) + sin(x) + 1)) - 2*(a*xcos(x) - a*sin(x) +
a)*sqrt((axsin(x) + a)/sin(x)))/(cos(x) + sin(x) + 1), 2x((a*cos(x) + a*sin
(x) + a)x*sqrt(a)*arctan(-sqrt(a)*sqrt((a*sin(x) + a)/sin(x))*(cos(x) - sin(
x) + 1)/(a*xcos(x) + axsin(x) + a)) - (a*xcos(x) - axsin(x) + a)*sqrt((axsin(

x) + a)/sin(x)))/(cos(x) + sin(x) + 1)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a csc (x) + a)g dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+taxcsc(x))**(3/2),%)

[Out] Integral((a*csc(x) + a)**x(3/2), x)

Giac [B] time = 2.07439, size = 263, normalized size = 5.98

V2a? \/5(\/5\/@+2 atan(%x))

1 3
V2 atan(— x)a -_—— + (a |la] + |a|2) arctan
2 1 2\/|Cl|
A /atan (E x)

Verification of antiderivative is not currently implemented for this CAS.

3
+ (a la] + |a|§) arctan | —-
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[In] integrate((a+a*csc(x))~(3/2),x, algorithm="giac")

[Out] sqrt(2)*sqrt(axtan(1/2*x))*a - sqrt(2)*a~2/sqrt(a*tan(1/2xx)) + (a*sqrt(abs
(a)) + abs(a)~(3/2))*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(abs(a)) + 2xsqrt(axta
n(1/2*x)))/sqrt(abs(a))) + (a*xsqrt(abs(a)) + abs(a)”(3/2))*arctan(-1/2*sqrt
(2)*(sqrt(2)*sqrt(abs(a)) - 2xsqrt(axtan(1/2*x)))/sqrt(abs(a))) + 1/2*x(a*sq
rt(abs(a)) - abs(a)~(3/2))*log(a*xtan(1/2xx) + sqrt(2)*sqrt(axtan(1/2*x))*sq
rt(abs(a)) + abs(a)) - 1/2x(a*sqrt(abs(a)) - abs(a)~(3/2))*log(axtan(l/2+*x)

- sqrt(2)*sqrt(a*xtan(1/2*x))*sqrt(abs(a)) + abs(a))
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3.15 f Va + acsc(x) dx

Optimal. Leaf size=26

_ 1 Aacot(x)
2yatan (\/acsc(x)+a)

[Out] -2xSqrt[al*ArcTan[(Sqrt[a]*Cot[x])/Sqrt[a + a*Csc[x]]]

Rubi [A] time = 0.0155253, antiderivative size = 26, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 10, e -

integrand size
0.2, Rules used = {3774, 203}

~ 1 acot(x)
2atan ( Vacsc(x) + a)

Antiderivative was successfully verified.

[In] Int[Sqrt[a + axCsc[x]],x]
[Out] -2%Sqrt[a]*ArcTan[(Sqrt[al*Cot[x])/Sqrt[a + a*Csc[x]]]

Rule 3774

Int[Sqrtlecscl(c_.) + (A_.)*(x_)]1*(_.) + (a_)], x_Symbol] :> Dist[(-2*b)/d,
Subst[Int[1/(a + x72), x], x, (b*Cot[c + d*x])/Sqrtl[a + b*Cscl[c + d*x]]],
x] /; FreeQ[{a, b, ¢, d}, x] && EqQ[a~2 - b~2, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 0] || GtQ[b, 01)

Rubi steps

- 1 _acot
S s = @ subs [ L)

o [ Vacot(x)
= ~2Vatan (\/a +a csc(x))
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Mathematica [A] time = 0.0518105, size = 32, normalized size = 1.23

2a cot(x) tan™! (\/csc(x) - 1)
- vese(x) — 14/a(ese(x) +1)

Antiderivative was successfully verified.

[In] Integrate[Sqrtl[a + a*Csc[x]],x]

[Out] (-2*axArcTan[Sqrt[-1 + Csc[x]]]*Cot[x])/(Sqrt[-1 + Csc[x]]*Sqrt[ax(1l + Cscl[
x]1)1)

Maple [B] time = 0.151, size = 199, normalized size = 7.7

sin (x) V2 a(sin(x)+1) | =1+ cos(x) -1 + cos (x) ,
7 2 cos () 72 5im (x)\/ S \/— e [ [ [\/_W /_—sm( ) sin (x) + sin (x) — cos (x) +1] (\/

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*csc(x))~(1/2),x)

[Out] 1/2%27(1/2)*(a*x(sin(x)+1)/sin(x))~(1/2)*sin(x)*(-(-1+cos(x))/sin(x))~(1/2)*
(In(-(27(1/2)*(-(-1+cos(x)) /sin(x)) "~ (1/2) *sin(x) +sin(x) —cos (x)+1) /(27 (1/2) *
(=(-1+cos(x))/sin(x))~(1/2)*sin(x)-sin(x)+cos(x)-1) ) +4*arctan(2”(1/2)* (- (-1
+cos(x))/sin(x))~(1/2)+1)+4*arctan(2”(1/2) *(-(-1+cos (%)) /sin(x)) ~(1/2)-1)+1
n(-(27(1/2)*(-(-1+cos (%)) /sin(x)) " (1/2)*sin(x)-sin(x)+cos(x)-1) /(2" (1/2) * (-
(-1+cos(x))/sin(x)) " (1/2)*sin(x)+sin(x)-cos(x)+1)))/(1-cos(x)+sin(x))

Maxima [B] time = 1.58212, size = 200, normalized size = 7.69
sin (x) : sin (x) 1 sin (x)
__\/_\/—( S+ 1) \/—(\/—arctan(—\/—{\/— wacos(x)+1]]+\/Earctan[—i\/E[\/_—Zw/—cos(x)_kl]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(x))~(1/2),x, algorithm="maxima")
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[Out] -2/3x*sqrt(2)*sqrt(a)*(sin(x)/(cos(x) + 1))7(3/2) + sqrt(2)*(sqrt(2)*arctan(
1/2%sqrt (2)*(sqrt (2) + 2xsqrt(sin(x)/(cos(x) + 1)))) + sqrt(2)*arctan(-1/2x%
sqrt(2)*x(sqrt(2) - 2*sqrt(sin(x)/(cos(x) + 1)))))*sqrt(a) - 2*sqrt(2)*sqrt(
a)*sqrt(sin(x)/(cos(x) + 1)) + 2/3*%(3*sqrt(2)*sqrt(a)*sin(x)/(cos(x) + 1) +

sqrt (2)*sqrt(a)*sin(x) "2/ (cos(x) + 1)72)/sqrt(sin(x)/(cos(x) + 1))

Fricas [B] time = 0.488618, size = 377, normalized size = 14.5

2acos (x)2 -2 (cos (x)2 + (cos (x) + 1) sin (x) — 1)\/—_51 s o (x) = (2acos (x) + a)sin (x) —a

sin(x)

—-al
V-alog cos (x) +sin (x) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*csc(x))~(1/2),x, algorithm="fricas")

[Out] [sqrt(-a)*log((2*a*xcos(x)"2 - 2x(cos(x)”2 + (cos(x) + 1)*sin(x) - 1)*sqrt(-
a)*sqrt((a*sin(x) + a)/sin(x)) + a*cos(x) - (2xa*xcos(x) + a)*sin(x) - a)/(c
os(x) + sin(x) + 1)), 2*sqrt(a)*arctan(-sqrt(a)*sqrt((a*sin(x) + a)/sin(x))
*(cos(x) - sin(x) + 1)/(a*cos(x) + a*sin(x) + a))]

Sympy [F] time = 0., size = 0, normalized size = 0.

f Vacsc(x) +adx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(x))**x(1/2),x)

[Out] Integral(sqrt(a*csc(x) + a), x)

Giac [B] time = 2.0381, size = 477, normalized size = 18.35

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((ata*csc(x))~(1/2),x, algorithm="giac")

[Out] 1/4*sqrt(2)*(2xsqrt(2)*(a*sqrt(abs(a))*sgn(tan(1/2%x)~3 + tan(1/2*x)"2 + ta
n(1/2*x) + 1) + abs(a)”~(3/2)*sgn(tan(1/2%x)~3 + tan(1/2*x)"2 + tan(1/2xx) +
1)) *arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(abs(a)) + 2*sqrt(axtan(1/2+*x)))/sqrt(
abs(a)))/a + 2xsqrt(2)*(a*sqrt(abs(a))*sgn(tan(1/2*x)"3 + tan(1/2*x)72 + ta
n(1/2xx) + 1) + abs(a)”~(3/2)*sgn(tan(1/2%x)~3 + tan(1/2*x)"2 + tan(1/2x*x) +
1)) *arctan(-1/2*xsqrt (2) *(sqrt(2)*sqrt(abs(a)) - 2*sqrt(a*tan(1/2xx)))/sqrt
(abs(a)))/a + sqrt(2)*(a*sqrt(abs(a))*sgn(tan(1/2*x)~3 + tan(1/2*x)"2 + tan
(1/2%x) + 1) - abs(a)~(3/2)*sgn(tan(1/2*x)~3 + tan(1/2*x)"2 + tan(1/2*x) +
1))*log(axtan(1/2*x) + sqrt(2)*sqrt(axtan(1/2*x))*sqrt(abs(a)) + abs(a))/a
- sqrt(2)*(a*xsqrt(abs(a))*sgn(tan(1/2*x)~3 + tan(1/2*x)~2 + tan(1/2*x) + 1)
- abs(a)~(3/2)*sgn(tan(1/2%x)~3 + tan(1/2*x)~2 + tan(1/2*x) + 1))*log(a*ta
n(1/2xx) - sqrt(2)*sqrt(axtan(1/2*x))*sqrt(abs(a)) + abs(a))/a)*sgn(sin(x))
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1
3.16 f m dx

Optimal. Leaf size=62

1 \a cot(x) _1{ +acot(x) )
\/E tan ( \/E\/a csc(x)+a ) _ 2tan ( Vacsc(x)+a

va va

[Out] (-2*ArcTan[(Sqrt[al*Cot[x])/Sqrtla + a*Csc[x]]])/Sqrtlal + (Sqrt[2]*ArcTan[
(8grt [al*Cot [x])/(Sqrt [2]*Sqrt[a + a*Csc[x]1]1)])/Sqrt[a]

Rubi [A] time = 0.0575193, antiderivative size = 62, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 10, e -

integrand size
0.4, Rules used = {3776, 3774, 203, 3795}
1 +a cot(x) _1{ +acot(x)
\/Etan (\/Ex/a csc(x)+a) _ 2tan (\/a csc(x)+a)
Va Va

Antiderivative was successfully verified.

[In] Int[1/Sqrtl[a + a*Csc[x]],x]

[Out] (-2*ArcTan[(Sqrt[a]*Cot[x])/Sqrtla + a*Csc[x]1])/Sqrtl[al + (Sqrt[2]*ArcTan[
(Sqgrt[a]*Cot [x])/(Sqrt [2]*Sqrt[a + a*Csc[x]]1)])/Sqrt[a]

Rule 3776

Int[1/Sqrtlcscl(c_.) + (d_.)*(x_)I*(b_.) + (a_)], x_Symbol] :> Dist[1/a, In
t[Sqrt[a + b*Csc[c + d*x]], x], x] - Dist[b/a, Int[Csclc + dxx]/Sqrtl[a + bx
Csclc + d*x]], x], x] /; FreeQ[{a, b, c, d}, x] &% EqQ[a”2 - b~2, 0]

Rule 3774

Int[Sqrtlcscl(c_.) + (d_.)*(x )]1*(_.) + (a_)], x_Symbol] :> Dist[(-2xb)/d,
Subst[Int[1/(a + x72), x], x, (bxCot[c + dxx])/Sqrtla + b*Csclc + d*x]]],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b~2, 0]

Rule 203

Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
(a, 2]11)/(Rt[a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
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, 01 |l GtQ[b, 01)

Rule 3795

Int[cscl(e_.) + (f_.)*(x_)]1/Sqrtlcscl(e_.) + (f_.)*(x)I*(b_.) + (a )], x_S
ymbol] :> Dist[-2/f, Subst[Int[1/(2xa + x72), x], x, (b*Cot[e + f*x])/Sqrtl[
a + bxCscle + fxx]]], x] /; FreeQ[{a, b, e, f}, x] && EqQ[a”2 - b~2, 0]

Rubi steps

f 1 = f\/a + a csc(x) dx ~ f csc(x) i
Va + acsc(x) - a Va + acsc(x)
_ 1 a cot(x) 1 a cot(x)
(2 Subst (f v dx, x, —_———— csc(x))) + 2 Subst (f 2 dx, x, NIRRT G
Ztan_l( a cot(x) ) \/—tan_l( +a cot(x) )

_ Va+acsc(x) + \/_\/a+a csc(x)
va v

Mathematica [A] time = 0.12595, size = 54, normalized size = 0.87

cot(x) (\/_ta _1(@) 2tan”! (W))

vese(x) — 14/a(ese(x) +1)

Antiderivative was successfully verified.

[In] Integrate[1/Sqrtl[a + a*xCsc[x]],x]

[Out] ((-2%ArcTan[Sqrt[-1 + Csc[x]]] + Sqrt[2]*ArcTan[Sqrt[-1 + Csc[x]]/Sqrt[2]])
*Cot [x])/(Sqrt[-1 + Csc[x]]1*Sqrtlax(1 + Csc[x])])

Maple [B] time = 0.139, size = 221, normalized size = 3.6

—\/5(1 — COS,(X) +sin (x)) 442 arctan [1 /——_1 + cos (x)] —In _[‘/51 /——_1 + c0s (x) sin (x) + sin (x) — cos (x) + 1
4 sin (x) sin (x) sin (x)

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(1/(a+a*csc(x))~(1/2),x)

[Out] -1/4*27(1/2)*(4x2~(1/2)*arctan((-(-1+cos(x))/sin(x))~(1/2))-1n(-(2"(1/2)* (-
(-1+cos(x))/sin(x))~(1/2)*sin(x)+sin(x)-cos(x)+1) /(2" (1/2)*(-(-1+cos(x))/si
n(x))"(1/2)*sin(x)-sin(x)+cos(x)-1))-4*arctan(2”(1/2) *(-(-1+cos(x))/sin(x))
~(1/2)+1)-4*arctan(2”(1/2)*(-(-1+cos(x)) /sin(x) )~ (1/2)-1)-1n(- (2" (1/2) * (- (-
1+cos(x))/sin(x))~(1/2)*sin(x)-sin(x)+cos(x)-1)/(2"(1/2)*(-(-1+cos(x))/sin(
x))"(1/2)*sin(x)+sin(x)-cos(x)+1)))*(1-cos(x)+sin(x))/(a*(sin(x)+1)/sin(x))
~(1/2)/sin(x) /(- (-1+cos(x))/sin(x)) ~(1/2)

Maxima [A] time = 1.57662, size = 112, normalized size = 1.81

1 sin(x) 1 sin(x) sin(x)
\/5(\/5 arctan (E \/5(\/5 +2 m)) + \/Earctan (—5 \/E(\/E -2, /m))) 2 \/Earctan (1 /m)

Va Va

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ataxcsc(x))~(1/2),x, algorithm="maxima")

[Out] sqrt(2)*(sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2) + 2*sqrt(sin(x)/(cos(x) + 1)))
) + sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2) - 2*sqrt(sin(x)/(cos(x) + 1)))))/s
grt(a) - 2xsqrt(2)*arctan(sqrt(sin(x)/(cos(x) + 1)))/sqrt(a)

Fricas [A] time = 0.506052, size = 668, normalized size = 10.77

sin(x)
cos(x)+sin(x)+1

V24 —i log

sin(x)+1

V2 2sinix)+a Esin(xﬂcos(x) ] [2 a cos(x)2+2 (cos(x)2+(cos(x)+1) sin(x)—l)\/—_a % +a cos(x)—(2 a cos(x)+a
—+/—alog

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ata*csc(x))~(1/2),x, algorithm="fricas")

[Out] [(sqrt(2)*a*xsqrt(-1/a)*log((sqrt(2)*sqrt((a*sin(x) + a)/sin(x))*sqrt(-1/a)*
sin(x) + cos(x))/(sin(x) + 1)) - sqrt(-a)*log((2*a*xcos(x)”2 + 2x(cos(x)"2 +
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(cos(x) + 1)*sin(x) - 1)x*sqrt(-a)*sqrt((a*sin(x) + a)/sin(x)) + axcos(x) -
(2*a*xcos(x) + a)*sin(x) - a)/(cos(x) + sin(x) + 1)))/a, -2*(sqrt(2)*sqrt(a
)*arctan(sqrt(2)*sqrt((a*sin(x) + a)/sin(x))*sin(x)/(sqrt(a)*(cos(x) + sin(
x) + 1))) - sqrt(a)*arctan(-sqrt(a)*sqrt((a*sin(x) + a)/sin(x))*(cos(x) - s
in(x) + 1)/(a*cos(x) + a*sin(x) + a)))/al

Sympy [F] time = 0., size = 0, normalized size = 0.

1
f Vacsc(x) +a ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atax*csc(x))**(1/2),x)

[Out] Integral(l/sqrt(a*csc(x) + a), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1
f vacsc(x)+a ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ata*csc(x))~(1/2),x, algorithm="giac")

[Out] integrate(1l/sqrt(axcsc(x) + a), x)
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317 [ ———dx

(a+a csc(x))3/?

Optimal. Leaf size=81

Ztan_l( Vacot(x) ) 5tan_1( Vacot )

_ Vacsc(x)+a " V2+/acsc(x)+a cot(x)
a%? 2+/24312 2(a csc(x) + a)3?

[Out] (-2*%ArcTan[(Sqrt[a]l*Cot[x])/Sqrtla + a*Csc[x]]])/a~(3/2) + (6xArcTan[(Sqrtl[
al]*Cot [x])/(8Sqrt[2]*Sqrt[a + a*Csc[x]])])/(2*Sqrt[2]*a~(3/2)) + Cot[x]/(2*(
a + ax*Csc([x])7(3/2))

Rubi [A] time = 0.101898, antiderivative size = 81, normalized size of antiderivative =

. . b f rul
1., number of steps used = 6, number of rules used = 5, integrand size = 10, e e e

0.5, Rules used = {3777, 3920, 3774, 203, 3795}

Ztan_l( Va cot() ) 5tan_1( VA cot) )

integrand size

vacsc(x)+a + V2+facsc(x)+a COt(x)
a3/2 2+/243/2 2(a csc(x) + a)3?

Antiderivative was successfully verified.

[In] Int[(a + a*Csc[x])~(-3/2),x]

[Out] (-2*ArcTan[(Sqrt[al*Cot[x])/Sqrtla + a*Csc[x]]1])/a~(3/2) + (5xArcTan[(Sqrt[
a]*Cot [x])/(Sqrt[2]*Sqrt[a + a*Csc[x]])])/(2*xSqrt[2]*a~(3/2)) + Cot[x]/(2%(
a + a*Csc([x])7(3/2))

Rule 3777

Int[(cscl(c_.) + (d_D*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> -Simp[(Cotl[c
+ d*x]*(a + b*Cscl[c + d*x])"n)/(d*(2*n + 1)), x] + Dist[1/(a"2*(2*n + 1)),
Int[(a + b*Csclc + d*x])"(n + 1)*x(ax(2*xn + 1) - bx(n + 1)*Csclc + d*x]), x]
, x] /; FreeQ[{a, b, c, d}, x] & EqQ[a"2 - b~2, 0] && LeQ[n, -1] && Intege
rQ[2#n]

Rule 3920

Int[(cscl(e_.) + (f_.)*x(x_)1*(d_.) + (c_))/Sqrtlecscl(e_.) + (f_.)*(x_)1*(b_
.) + (a_)], x_Symbol]l :> Distl[c/a, Int[Sqrtl[a + b*Cscle + f*x]], x], x] - D
ist[(b*c - a*d)/a, Int[Csc[e + f*x]/Sqrtla + b*Cscle + f*x]], x], x] /; Fre
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eQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*xd, 0] && EqQ[a”2 - b~2, 0]

Rule 3774

Int[Sqrtlcscl(c_.) + (d_.)*(x )]1*(_.) + (a_)], x_Symbol] :> Dist[(-2*b)/d,
Subst[Int[1/(a + x72), x], x, (b*Cot[c + d*x])/Sqrtl[a + b*Cscl[c + d*x]]1],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b~2, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1]1)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 3795

Int[cscl(e_.) + (f_.)*(x_)]/Sqrtlcscl(e_.) + (f_)*x(x)]1*(_.) + (a_)], x_S
ymbol] :> Dist[-2/f, Subst[Int[1/(2*a + x72), x], x, (b*Cotl[e + f*x])/Sqrtl
a + bxCscle + £*x]1], x] /; FreeQ[{a, b, e, £}, x] && EqQ[a"2 - 72, 0]

Rubi steps
f —2a+%u csc(x)
f ; x = COt(x) _ Va+a csc(x)
(a + acsc(x))3/2 2(a + a csc(x))3/2 242
5 f csc(x) dx
B cot(x) N f Va + acsc(x)dx _ Varacse®
2(a + a csc(x))¥? a2 4a
1 acot(x) 1 acot(x)
ot 2Subst ( [ dxx, ——Hmcm) ° Subst ( [ s dx,x, m)
"~ 2(a + acsc(x))3? a 2a
_1( +acot(x) -1 \a cot(x) )
— 2tan (V‘Hﬂ CSC(X)) + >tan (\/Ex/aﬂz csc(x) cot(x)
- a3 2+/24312 2(a + a csc(x))32

Mathematica [A] time = 0.410785, size = 129, normalized size = 1.59

(COS (g) —sin (g)) (_2 csc(x) + 8v/esc(x) — 1(ese(x) + 1) tan™ (W) ~5v2v/esc(x) ~Tese(x) (Sin (;) + o
4a(csc(x) — 1)va(esc(x) +1) (Sin (g) +Cos (g))

Antiderivative was successfully verified.
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[In] Integrate[(a + a*Csc[x])~(-3/2),x]

[Out] -((Cos[x/2] - Sin[x/2])*(2 - 2+Csc[x] + 8*ArcTan[Sqrt[-1 + Csc[x]]]*Sqrt[-1
+ Csc[x]]*(1 + Csc[x]) - 5*Sqrt[2]*ArcTan[Sqrt[-1 + Csc[x]]/Sqrt[2]]1*Sqrtl[

-1 + Csc[x]]*Csc[x]*(Cos[x/2] + Sin[x/2])72))/(4*a*x(-1 + Csc[x])*Sqrt[ax(1

+ Csc[x])]*(Cos[x/2] + Sin[x/2]1))

Maple [B] time = 0.184, size = 1141, normalized size = 14.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+a*csc(x))~(3/2),x)

[Out] 1/8*27(1/2)*(-1+cos(x))* (-2 (1/2)*(-(-1+cos(x))/sin(x))~(1/2)*sin(x)+sin(x)
*cos (x)*(-(-1+cos(x))/sin(x))~(3/2)*27(1/2)-sin(x) *cos (x) * (- (-1+cos(x))/sin
(x))~(1/2)*27(1/2)-10*sin(x) *cos (x) *arctan( (- (-1+cos(x) ) /sin(x) )~ (1/2))*27(
1/2)-4*xsin(x)*1n(- (27 (1/2) *(-(-1+cos(x) ) /sin(x)) "~ (1/2) *sin(x) -sin(x) +cos (x)
-1)/(2°(1/2)*(-(-1+cos(x)) /sin(x)) ~(1/2)*sin(x)+sin(x) -cos(x)+1) ) -4*sin(x)*
In(-(27(1/2)*(-(-1+cos(x) ) /sin(x) )~ (1/2) *sin(x) +sin(x) —cos(x)+1) /(27 (1/2) *(
-(-1+cos(x))/sin(x))~(1/2)*sin(x)-sin(x)+cos(x)-1))-16*xsin(x)*arctan(2”(1/2
Y*x(=(-1+cos(x))/sin(x)) " (1/2)+1)+8*cos (x) *arctan(2”(1/2) * (- (-1+cos (x)) /sin(
x))"(1/2)-1)+2*cos (x) *1In(- (27 (1/2) * (- (-1+cos(x) ) /sin(x)) ~(1/2) *sin(x)-sin(x
)Y+cos(x)-1)/(27(1/2)*(-(-1+cos(x))/sin(x))~(1/2)*sin(x)+sin(x)-cos(x)+1) ) +2
*xcos (x)*1n(-(2°(1/2)*(-(-1+cos(x))/sin(x) )~ (1/2)*sin(x)+sin(x)-cos (x)+1) /(2
“(1/2)*(-(-1+cos(x))/sin(x) )~ (1/2)*sin(x) -sin(x) +cos(x)-1) ) +8*cos (x) *arctan
(27(1/2) % (= (-1+cos(x)) /sin(x) ) ~(1/2)+1)+(-(-1+cos(x)) /sin(x)) ~(3/2) %27 (1/2)
-4*x1n(-(27(1/2) *(-(-1+cos(x) ) /sin(x)) " (1/2) *sin(x)-sin(x)+cos (x)-1) /(27 (1/2
¥ (=(-1+cos(x))/sin(x))~(1/2) *sin(x)+sin(x) -cos (x)+1) ) -4*x1n(- (2" (1/2) * (- (-1
+cos(x))/sin(x)) "~ (1/2)*sin(x)+sin(x)-cos(x)+1) /(2" (1/2) *(-(-1+cos(x))/sin(x
))"(1/2)*sin(x)-sin(x)+cos(x)-1))-16*arctan(2”(1/2) *(-(-1+cos(x))/sin(x)) ~(
1/2)+1)-16*arctan(2”(1/2) *(-(-1+cos(x))/sin(x))~(1/2)-1)+8*cos(x) "2*arctan(
27 (1/2) % (- (-1+cos(x) ) /sin(x) )~ (1/2)-1)+2*cos(x) "2*1In(- (2~ (1/2) * (- (-1+cos (x)
)/sin(x))~(1/2)*sin(x) -sin(x)+cos(x)-1) /(27 (1/2) *(-(-1+cos(x) ) /sin(x) )~ (1/2
)*sin(x)+sin(x)-cos(x)+1))+2%cos(x) "2*1n(-(2"(1/2)*(-(-1+cos(x)) /sin(x) )~ (1
/2)*sin(x)+sin(x)-cos(x)+1)/(2°(1/2)*(-(-1+cos(x))/sin(x) )~ (1/2)*sin(x)-sin
(x)+cos(x)-1))+8*cos(x) "2*arctan(2”(1/2) *(-(-1+cos(x))/sin(x) )~ (1/2)+1)-16*
sin(x)*arctan(27(1/2)*(-(-1+cos(x))/sin(x)) " (1/2)-1)-10*cos(x) "2*arctan ((-(
-1+cos(x))/sin(x))~(1/2))*2~(1/2)+20*sin(x) *arctan((-(-1+cos(x))/sin(x)) "~ (1
/2))*%27(1/2)-10*cos (x) *arctan ((-(-1+cos (x)) /sin(x) )~ (1/2))*2~(1/2)-2"(1/2) *
(-(-14cos(x))/sin(x))~(1/2)+20%2~ (1/2) *arctan((-(-1+cos(x)) /sin(x)) "~ (1/2))-
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cos(x) 2% (-(-1+cos(x))/sin(x))~(3/2)*2"(1/2)+sin(x) * (- (-1+cos(x)) /sin(x) )~ (
3/2)*27(1/2)+cos(x) "2% (- (-1+cos(x)) /sin(x) )~ (1/2)*2~(1/2)+8*sin(x) *cos (x) *a
rctan(27(1/2)*(-(-1+cos (%)) /sin(x)) " (1/2)-1)+2*sin(x)*cos (x) *1n (- (27 (1/2) *(
-(-1+cos(x))/sin(x))~(1/2)*sin(x)-sin(x)+cos(x)-1) /(2" (1/2)* (- (-1+cos(x)) /s
in(x))~(1/2)*sin(x)+sin(x)-cos(x)+1) ) +2*sin(x) *cos (x) *1n(- (27 (1/2) * (- (-1+co
s(x))/sin(x))~(1/2)*sin(x)+sin(x)-cos(x)+1) /(2" (1/2)*(-(-1+cos(x))/sin(x)) "~
(1/2)*sin(x)-sin(x)+cos(x)-1))+8xsin(x)*cos(x) *arctan(2”(1/2)*(-(-1+cos(x))
/sin(x))~(1/2)+1))/(a*x(sin(x)+1)/sin(x))~(3/2)/sin(x) "3/ (-(-1+cos(x))/sin(x
))~(3/2)

Maxima [B] time = 1.54373, size = 203, normalized size = 2.51

3

VA ()7 B [ B Varetan (£ VE(VE + 222+ VRaretan (-2 VE(VE-2 222
- + k

cos(x)+1 cos(x)+1 cos(x)+1
3 3 3 2 3
S 2 si 2 si
ol az + 242 sin(x) + a sm(x)2 a2
cos(x)+1 (cos(x)+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*csc(x))”~(3/2),x, algorithm="maxima")

[Out] -1/2%(sqrt(2)*(sin(x)/(cos(x) + 1))7(3/2) - sqrt(2)*sqrt(sin(x)/(cos(x) + 1
)))/(a~(3/2) + 2xa~(3/2)*sin(x)/(cos(x) + 1) + a~(3/2)*sin(x)"2/(cos(x) + 1

)72) + sqrt(2)*(sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2) + 2xsqrt(sin(x)/(cos(x)

+ 1)))) + sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2) - 2*sqrt(sin(x)/(cos(x) + 1
)))))/a~(3/2) - 5/2xsqrt(2)*arctan(sqrt(sin(x)/(cos(x) + 1)))/a~(3/2)

Fricas [B] time = 0.532199, size = 1299, normalized size = 16.04

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+a*csc(x))~(3/2),x, algorithm="fricas")

[Out] [-1/4*(5*xsqrt(2)*(cos(x)"2 - (cos(x) + 2)*sin(x) - cos(x) - 2)*sqrt(-a)*log
(-(sqrt(2)*sqrt(-a)*sqrt((a*sin(x) + a)/sin(x))*sin(x) - a*cos(x))/(sin(x)
+ 1)) + 4*x(cos(x)72 - (cos(x) + 2)*sin(x) - cos(x) - 2)*sqrt(-a)*log((2*axc
0s(x)72 + 2%(cos(x)"2 + (cos(x) + 1)*sin(x) - 1)*sqrt(-a)*sqrt((a*xsin(x) +
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a)/sin(x)) + a*cos(x) - (2*a*xcos(x) + a)*sin(x) - a)/(cos(x) + sin(x) + 1))
+ 2%(cos(x)72 + (cos(x) + 1)*sin(x) - 1)*sqrt((a*xsin(x) + a)/sin(x)))/(a"2
xcos(x)72 - a™2*cos(x) - 2%xa”2 - (a”2*cos(x) + 2*¥a"2)*sin(x)), 1/2x(5xsqrt(
2)*(cos(x)72 - (cos(x) + 2)*sin(x) - cos(x) - 2)*sqrt(a)*arctan(sqrt(2)*sqr
t(a)*sqrt((a*sin(x) + a)/sin(x))*(cos(x) + 1)/(a*cos(x) + a*sin(x) + a)) +
4% (cos(x)”"2 - (cos(x) + 2)*sin(x) - cos(x) - 2)*sqrt(a)*arctan(-sqrt(a)*sqr
t((a*sin(x) + a)/sin(x))*(cos(x) - sin(x) + 1)/(a*cos(x) + ax*sin(x) + a)) -
(cos(x)72 + (cos(x) + 1)*sin(x) - 1)*sqrt((a*sin(x) + a)/sin(x)))/(a"2*cos
(x)72 - a™2*cos(x) - 2¥a”2 - (a”2*cos(x) + 2*a"2)*sin(x))]

Sympy [F] time = 0., size = 0, normalized size = 0.

1
5 dx

(acsc(x)+a)?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+axcsc(x))**(3/2),x)

[Out] Integral((a*csc(x) + a)*x(-3/2), x)

Giac [B] time = 2.9728, size = 410, normalized size = 5.06

a tan(% x) 3 \/5(\/5\/@+2 AJa tan(% x)) 3
542 arctan | ———~ 2(a |a|+|a|5)arctan Z(a |a|+|a|5)arctan -
1 v 2
2| 3 1 - 3 1 - R 1
az2sgn |tan 53X +1 a’sgn | tan 5 X +1 a’sgn | tan 5 X +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ata*csc(x))”(3/2),x, algorithm="giac")

[Out] -1/2%(6*sqrt(2)*arctan(sqrt(a*tan(1/2x*x))/sqrt(a))/(a~(3/2)*sgn(tan(1/2*x)
+ 1)) - 2*(a*xsqrt(abs(a)) + abs(a)”~(3/2))*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(
abs(a)) + 2*sqrt(axtan(1/2*x)))/sqrt(abs(a)))/(a"3*sgn(tan(1/2*x) + 1)) - 2
*x(axsqrt(abs(a)) + abs(a)”(3/2))*arctan(-1/2xsqrt(2)*(sqrt(2)*sqrt(abs(a))

- 2xsqrt(axtan(1/2xx)))/sqrt(abs(a)))/(a"3*sgn(tan(1/2*x) + 1)) - (a*sqrt(a
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bs(a)) - abs(a)”~(3/2))*log(axtan(1/2*x) + sqrt(2)*sqrt(a*xtan(1/2*x))x*sqrt(a
bs(a)) + abs(a))/(a"3*sgn(tan(1/2*x) + 1)) + (a*sqrt(abs(a)) - abs(a)~(3/2)
)*log(axtan(1/2%x) - sqrt(2)*sqrt(a*xtan(1/2*x))*sqrt(abs(a)) + abs(a))/(a"3
xsgn(tan(1/2xx) + 1)) + sqrt(2)*(sqrt(axtan(1/2*x))*a*xtan(1/2xx) - sqrt(axt
an(1/2xx))*a)/((axtan(1/2*x) + a) " 2*a*xsgn(tan(1/2xx) + 1)))*sgn(tan(1/2*x))
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318 [ ———dx

(a+a csc(x))d/?

Optimal. Leaf size=100

2tan”! (—\/ECOt(x) ) 43 tan_l( Va cot) )

_ Vacsc(x)+a + V2+acsc(x)+a 11 cot(x) + cot(x)
ad? 162452 16a(a csc(x) +a)*2  4(acsc(x) + a)52

[Out] (-2*ArcTan[(Sqrt[al*Cot[x])/Sqrt[a + a*xCsc[x]]])/a~(56/2) + (43*ArcTan[(Sqrt
[a]*Cot [x])/(Sqrt[2]*Sqrt[a + a*Csc[x]])])/(16%Sqrt[2]*a~(5/2)) + Cot[x]/(4
x(a + axCsc[x])~(5/2)) + (11*Cot[x])/(16*a*x(a + a*Csc[x])~(3/2))

Rubi [A] time = 0.148174, antiderivative size = 100, normalized size of antiderivative =
1., number of steps used = 7, number of rules used = 6, integrand size = 10, number of rules _

0.6, Rules used = {3777, 3922, 3920, 3774, 203, 3795}

2tan_]( Va cotx) ) 43tan_1( Va cot) )

integrand size

Vacsc(x)+a + V2+/a csc(x)+a 11 cot(x) + cot(x)
ad/2 162452 16a(a csc(x) + a)¥2 ~ 4(a csc(x) + a)¥?

Antiderivative was successfully verified.

[In] Int[(a + a*Csc[x])~(-5/2),x]

[Out] (-2*ArcTan[(Sqrt[al*Cot[x])/Sqrtla + a*xCsc[x]]1])/a~(56/2) + (43*ArcTan[(Sqrt
[al*Cot [x])/(Sqrt[2]*Sqrt[a + a*Csc[x]]1)])/(16*Sqrt[2]*a~(5/2)) + Cot[x]/(4
x(a + axCsc[x])~(5/2)) + (11*Cot[x])/(16%a*x(a + axCsc[x])~(3/2))

Rule 3777

Int[(cscl(c_.) + (d_)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> -Simp[(Cotl[c
+ dxx]*(a + b*Cscl[c + d*x])"n)/(d*(2*n + 1)), x] + Dist[1/(a"2x(2*n + 1)),
Int[(a + b*Csclc + d*x])"(n + 1)*x(ax(2*xn + 1) - bx(n + 1)*Csclc + d*x]), x]
, x] /; FreeQ[{a, b, c, d}, x] & EqQ[a"2 - b~2, 0] && LeQ[n, -1] && Intege
rQ[2#n]

Rule 3922

Int[(cscl(e_.) + (f_.)*(x_)Ix(b_.) + (a_)) " (m_)*(cscl(e_.) + (f_.)*(x_)]1=*(d
_.) + (c)), x_Symbol] :> -Simp[((b*c - a*d)*Cot[e + f*x]*(a + b*Cscle + f*
x])"m)/(bxf*x(2*m + 1)), x] + Dist[1/(a"2*(2*m + 1)), Int[(a + b*Cscle + f*x
1)"(m + 1)*Simp[a*xc*(2*m + 1) - (bxc - axd)*(m + 1)*Cscle + f*xx], x], x], x
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1 /; FreeQ[{a, b, c, 4, e, f}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && EqQ
[a”2 - 72, 0] && IntegerQ[2*m]

Rule 3920

Int[(cscl(e_.) + (f_.)*x(x_)]*(d_.) + (c_))/Sqrtlescl(e_.) + (£_.)*(x_)]1*(b_
.) + (a_)], x_Symbol] :> Dist[c/a, Int[Sqrt[a + b*Cscle + f*x]], x], x] - D
ist[(bxc - a*d)/a, Int[Csc[e + f*x]/Sqrtl[a + bxCscle + f*x]], x], x] /; Fre
eQl{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b~2, 0]

Rule 3774

Int[Sqrtlcscl(c_.) + (d_.)*x(x_)]*(b_.) + (a_)], x_Symbol] :> Dist[(-2%b)/d,
Subst[Int[1/(a + x72), x], x, (b*Cot[c + d*x])/Sqrtl[a + b*Cscl[c + d*x]]],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 - b~2, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 3795

Intlcscl(e_.) + (f_.)*(x_)1/Sqrtlcscl(e_.) + (f£_.)*(x)1*(_.) + (a)], x_S
ymbol] :> Dist[-2/f, Subst[Int[1/(2*a + x72), x], x, (b*Cotl[e + f*x])/Sqrtl[
a + bxCscle + f*x]1]1, x] /; FreeQ[{a, b, e, £}, x] & EqQ[a"2 - b2, 0]

Rubi steps



106

f —4a+3a csc(x)

1 t —2 dx
f v = cot(x) Y (ata csc(x))3/2
(a + a csc(x))d2 4(a + a csc(x))>2 4q2
8a2—%a2 csc(x)
_ COt(x) 11 COt(x) f Va+acsc(x)
~ 4(a+acsc(x))2 " 16a(a + acsc(x))3? 8a4
43 f csc(x) d

3 cot(x) 11 cot(x) N f Va + acsc(x) dx Va+acsc(x) X
" 4(a+acsc(x))2 " 16a(a + acsc(x))3? a3 3242

1 a cot(x) ]
) cot(x) 11 cot(x) 2 Subst (fmdx,x, m) . 43 Subst (fz
"~ 4(a+acsc(x))®2  16a(a + a csc(x))32 a2 |

-1 \/Ecot(x) -1 \/Ecot(x) )
Ztan (\/u+a csc(x)) + 43 tan (\/Ex/aﬂz csc(x) COt(x) + 11 COt(x)
ad/? 162452 4(a + acsc(x))*2  16a(a + acsc(x))??2

Mathematica [A] time = 0.503013, size = 139, normalized size = 1.39

csc?(x) (sin (g) + cos (g)) (8 sin(x) + 15 cos(2x) — 64+/csc(x) — 1 (sin (g) + cos (;—C))4 tan™! (\/CSC(X) - 1) + 43\/5\/@

32(a(csc(x) +1))2/2 (COS (E) —sin (g))

Antiderivative was successfully verified.

[In] Integratel[(a + a*Csc[x])~(-5/2),x]

[Out] (Csclx]~2*(Cos[x/2] + Sin[x/2])*(7 + 15%Cos[2*x] - 64*ArcTan[Sqrt[-1 + Cscl[
x]11*Sqrt[-1 + Csc[x]]*(Cos[x/2] + Sin[x/2])~4 + 43xSqrt[2]*ArcTan[Sqrt[-1

+ Csclx]]/Sqrt[2]]1*Sqrt[-1 + Csc[x]]*(Cos[x/2] + Sin[x/2])74 + 8*Sin[x]))/(
32*%(ax(1 + Csc[x]))~(5/2)*(Cos[x/2] - Sin[x/2]))

Maple [B] time = 0.148, size = 1961, normalized size = 19.6

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(ata*csc(x))~(5/2),x)
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[Out] 1/128%27(1/2)*(-1+cos(x))~2x(11x27(1/2) *(-(-1+cos(x))/sin(x))~(1/2)*sin(x)+
38*sin(x)*cos(x)*(-(-1+cos(x))/sin(x)) " (3/2)*2~(1/2)+22*sin(x) *cos (x) * (- (-1
+cos(x))/sin(x))~(1/2)*27(1/2)+344*sin(x) *cos (x)*arctan((-(-1+cos(x))/sin(x
)" (1/2))*27(1/2)+128*sin(x) *1n (- (27 (1/2) * (- (-1+cos(x)) /sin(x) )~ (1/2) *sin(x
)-sin(x)+cos(x)-1)/(27(1/2)*(-(-1+cos (%)) /sin(x)) " (1/2) *sin(x) +sin(x)-cos (x
)+1))+128*sin(x) *1n(- (27 (1/2) *(-(-1+cos(x)) /sin(x) )~ (1/2)*sin(x)+sin(x)-cos
(x)+1)/(27(1/2)* (- (-1+cos(x))/sin(x))~(1/2) *sin(x) -sin(x)+cos(x)-1) ) +512%*si
n(x)*arctan(2”(1/2)*(-(-1+cos(x))/sin(x))~(1/2)+1)-256%*cos(x) *arctan(2”(1/2
Y*x(=(-1+cos(x))/sin(x)) " (1/2)-1)-64*cos (x) *1In(- (27 (1/2) *(-(-1+cos(x) ) /sin(x
)" (1/2)*sin(x)-sin(x)+cos(x)-1) /(27 (1/2) *(-(-1+cos(x)) /sin(x) )~ (1/2)*sin(x
)+sin(x)-cos(x)+1))-64*cos(x)*1n(-(2"(1/2) *(-(-1+cos(x))/sin(x) )~ (1/2) *sin(
x)+sin(x)-cos(x)+1) /(27 (1/2)*(-(-1+cos(x))/sin(x)) ~(1/2) *sin(x) -sin(x)+cos(
x)-1))-256*cos (x)*arctan(2”(1/2) *(-(-1+cos(x))/sin(x)) ~(1/2)+1)+19* (- (-1+co
s(x))/sin(x))~(3/2)*27(1/2)+11*cos(x) "2*sin(x) * (- (-1+cos(x))/sin(x)) ~(1/2) *
27 (1/2)+172*cos (x) "2*sin(x)*2~ (1/2) *arctan((-(-1+cos(x) ) /sin(x) )~ (1/2))-11%
cos(x)"2*sin(x)* (- (-1+cos(x))/sin(x))~(7/2)*27(1/2)-19*cos (x) "2*sin(x) * (- (-
1+cos(x))/sin(x)) " (5/2)*27(1/2)+19*cos (x) "2*sin(x) * (- (-1+cos(x)) /sin(x) )~ (3
/2)%27(1/2)-38*cos (x)*sin(x)* (- (-1+cos(x))/sin(x)) " (5/2)*2~(1/2)-22*cos (x) *
sin(x)*(-(-1+cos(x))/sin(x) )~ (7/2)*2~(1/2)+128*1n(- (2" (1/2)* (- (-1+cos(x)) /s
in(x))~(1/2)*sin(x)-sin(x)+cos(x)-1) /(2" (1/2) * (- (-1+cos(x) ) /sin(x) ) ~(1/2) *s
in(x)+sin(x)-cos(x)+1))+128*1n(-(2~(1/2) *(-(-1+cos(x))/sin(x)) "~ (1/2)*sin(x)
+sin(x)-cos(x)+1) /(27 (1/2)*(-(-1+cos(x))/sin(x) )~ (1/2)*sin(x) -sin(x)+cos (x)
-1))+b512*arctan(2”(1/2)*(-(-1+cos(x))/sin(x)) ~(1/2)+1)+512*arctan (2~ (1/2) *(
-(-1+cos(x))/sin(x))~(1/2)-1)-384*cos(x) "2*arctan(2”(1/2) *(-(-1+cos(x))/sin
(x))~(1/2)-1)-96*cos(x) " 2*x1In(- (2~ (1/2) * (- (-1+cos(x)) /sin(x) )~ (1/2) *sin(x) -s
in(x)+cos(x)-1)/(27(1/2)*(-(-1+cos(x))/sin(x)) " (1/2) *sin(x)+sin(x)-cos (x)+1
))-96%cos(x) "2*%1In(- (27 (1/2)*(-(-1+cos(x))/sin(x)) ~(1/2) *sin(x)+sin(x)-cos(x
)+1) /(27 (1/2)* (- (-1+cos(x) ) /sin(x)) ~(1/2) *sin(x)-sin(x)+cos(x)-1) ) -384x*cos(
x) " 2*xarctan(2”(1/2) *(-(-1+cos(x))/sin(x) )~ (1/2)+1)+512*sin(x) *arctan(2°(1/2
Y*x(=(-1+cos(x))/sin(x))~(1/2)-1)+32*cos (x) "3*1In(-(27(1/2) * (- (-1+cos (%)) /sin
(x))~(1/2)*sin(x) -sin(x)+cos(x)-1) /(27 (1/2) * (- (-1+cos(x) ) /sin(x) )~ (1/2) *sin
(x)+sin(x)-cos (x)+1))+32*cos (x) “3*1In(-(2"(1/2)* (- (-1+cos(x))/sin(x)) ~(1/2) *
sin(x)+sin(x)-cos(x)+1)/(2°(1/2)*(-(-1+cos(x))/sin(x)) ~(1/2)*sin(x)-sin(x)+
cos(x)-1))+128*cos(x) "3*arctan(2”(1/2)* (- (-1+cos(x))/sin(x) )~ (1/2)+1)+128%c
os(x) "3*arctan(2”(1/2)*(-(-1+cos (x))/sin(x)) ~(1/2)-1)-19* (- (-1+cos (x)) /sin(
x))"(5/2)%27(1/2)-11%(-(-1+cos(x) ) /sin(x)) ~(7/2)*2~ (1/2) +516*cos (x) "2*arcta
n((-(-1+cos(x))/sin(x)) " (1/2))*2"(1/2)-688*sin(x) *arctan((-(-1+cos(x))/sin(
x))7(1/2)) %27 (1/2)+344*cos (x) *arctan((-(-1+cos(x))/sin(x) )~ (1/2))*27(1/2)-1
72*cos(x) "3*27(1/2)*arctan((-(-1+cos(x))/sin(x))~(1/2))-11*cos(x) "3*(-(-1+c
08(x))/sin(x))~(1/2)*27(1/2)+19*cos (x) * (- (-1+cos(x))/sin(x))~(3/2)*2"(1/2)+
11*cos(x)*(-(-1+cos(x))/sin(x)) " (1/2)*27(1/2)-32*cos (x) "2*sin(x) *1n(-(2"(1/
2)*(-(-1+cos(x))/sin(x) )~ (1/2)*sin(x)-sin(x) +cos(x)-1)/ (2~ (1/2) * (- (-1+cos(x
))/sin(x))~(1/2)*sin(x)+sin(x)-cos(x)+1))-32*cos(x) "2*sin(x)*1n(- (27 (1/2) *(
-(-1+cos(x))/sin(x))~(1/2)*sin(x)+sin(x)-cos(x)+1)/ (2~ (1/2)*(-(-1+cos(x)) /s
in(x))~(1/2)*sin(x)-sin(x)+cos(x)-1))-128*cos(x) "2*sin(x) *arctan(2~(1/2)* (-
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(-1+cos(x))/sin(x) )~ (1/2)+1)-128*cos (x) "2*sin(x) *arctan(2”(1/2)* (- (-1+cos(x
))/sin(x))~(1/2)-1)+11*xcos(x) "3* (- (-1+cos(x))/sin(x) )~ (7/2)*2~(1/2)+11*cos(
x) "2x (= (=1+cos (%)) /sin(x)) " (7/2)*2~(1/2)+19*cos (x) "3* (- (-1+cos(x))/sin(x) )"~
(5/2)*27(1/2)-11*cos(x) *(=(-1+cos (%)) /sin(x)) ~(7/2)*2"(1/2)-11xsin(x) * (- (-1
+cos(x))/sin(x))~(7/2)*2~(1/2)+19%cos (x) ~2* (- (-1+cos(x))/sin(x) )~ (5/2)*2~ (1
/2)-19%cos (x) "3* (- (-1+cos(x))/sin(x))~(3/2)*27(1/2)-19*cos (x) * (- (-1+cos(x))
/sin(x)) "~ (5/2)*27(1/2)-19*sin(x) * (- (-1+cos(x) ) /sin(x)) ~(5/2)*2~(1/2) +11x2~(
1/2)*(=(-1+cos(x))/sin(x)) ~(1/2)-688*2~ (1/2) *arctan((-(-1+cos(x))/sin(x) )~ (
1/2))-19*cos (x) "2* (- (-1+cos(x))/sin(x) )~ (3/2)*2~(1/2)+19*sin(x) * (- (-1+cos (x
))/sin(x))~(3/2)*%27(1/2)-11*cos(x) "2* (- (-1+cos(x)) /sin(x)) " (1/2)*2~(1/2)-25
6*sin(x)*cos(x)*arctan(2”(1/2)*(-(-1+cos(x))/sin(x))~(1/2)-1)-64*sin(x)*cos
(x)*1In(-(27(1/2)* (- (-1+cos(x) ) /sin(x) ) ~(1/2) *sin(x) -sin(x)+cos(x)-1) /(27 (1/
2)*%(-(-1+cos(x))/sin(x))~(1/2)*sin(x)+sin(x) -cos(x)+1))-64*sin(x)*cos(x) *1n
(-(27(1/2)* (- (-1+cos(x) ) /sin(x) ) " (1/2) *sin(x) +sin(x) -cos (x)+1) /(27 (1/2) *x (- (
-1+cos(x))/sin(x)) " (1/2)*sin(x)-sin(x)+cos(x)-1))-256*sin(x)*cos (x)*arctan(
27(1/2) % (- (-1+cos(x)) /sin(x) ) ~(1/2)+1)) /(a*(sin(x)+1) /sin(x)) ~(5/2) /sin(x) "~
5/(-(-1+cos(x))/sin(x))~(5/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
dx

(acsc(x) + a)g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ataxcsc(x))~(5/2),x, algorithm="maxima")

[Out] integrate((a*csc(x) + a)~(-5/2), x)

Fricas [B] time = 0.546279, size = 1677, normalized size = 16.77
result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ataxcsc(x))~(5/2),x, algorithm="fricas")

[Out] [-1/32%(43*sqrt(2)*(cos(x)~3 + 3*cos(x)"2 + (cos(x)"2 - 2*cos(x) - 4)*sin(x
) - 2xcos(x) - 4)*sqrt(-a)*log(-(sqrt(2)*sqrt(-a)*sqrt((a*sin(x) + a)/sin(x
))*sin(x) - axcos(x))/(sin(x) + 1)) + 32%(cos(x)"3 + 3*cos(x)"2 + (cos(x)"2
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- 2%cos(x) - 4)*sin(x) - 2*cos(x) - 4)*sqrt(-a)*log((2*xa*xcos(x)~2 + 2x*(cos
(x)72 + (cos(x) + 1)*sin(x) - 1)*sqrt(-a)*sqrt((axsin(x) + a)/sin(x)) + ax*c
os(x) - (2xa*xcos(x) + a)*sin(x) - a)/(cos(x) + sin(x) + 1)) - 2x(15*cos(x)”
3 + 4xcos(x)72 - (16xcos(x)72 + 1lxcos(x) - 4)*sin(x) - 15*cos(x) - 4)*sqrt
((a*sin(x) + a)/sin(x)))/(a"3*cos(x)”~3 + 3*xa~3*cos(x)”2 - 2*a~3*cos(x) - 4%
a”3 + (a"3*xcos(x)”2 - 2xa”3%cos(x) - 4*a~3)*sin(x)), 1/16%(43*sqrt(2)*(cos(
x)73 + 3*xcos(x)72 + (cos(x)"2 - 2xcos(x) - 4)*sin(x) - 2*cos(x) - 4)xsqrt(a
)*arctan(sqrt (2)*sqrt(a)*sqrt((a*sin(x) + a)/sin(x))*(cos(x) + 1)/(a*cos(x)

+ a*xsin(x) + a)) + 32x(cos(x)”3 + 3*cos(x)”2 + (cos(x)72 - 2%cos(x) - 4)*s
in(x) - 2xcos(x) - 4)x*sqrt(a)*arctan(-sqrt(a)*sqrt((a*sin(x) + a)/sin(x))*(
cos(x) - sin(x) + 1)/(a*cos(x) + a*sin(x) + a)) + (15*cos(x)”3 + 4xcos(x)"2

- (15%cos(x)72 + 11*cos(x) - 4)*sin(x) - 15*cos(x) - 4)*sqrt((a*sin(x) + a
)/sin(x)))/(a"3*cos(x) "3 + 3*a”"3xcos(x)”2 - 2*xa”3*cos(x) - 4*a”3 + (a"3*cos
(x)72 - 2%a”3*cos(x) - 4*a”3)*sin(x))]

Sympy [F] time = 0., size = 0, normalized size = 0.

1
dx

(acsc(x) + a)g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+a*xcsc(x))**(5/2),%)

[Out] Integral((a*csc(x) + a)*x(-5/2), x)

Giac [B] time = 2.52895, size = 470, normalized size = 4.7

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ata*csc(x))~(5/2),x, algorithm="giac")

[Out] -1/16%(43xsqrt(2)*arctan(sqrt(axtan(1/2*x))/sqrt(a))/(a~(56/2)*sgn(tan(1/2*x
) + 1)) - 16%(a*xsqrt(abs(a)) + abs(a)”(3/2))*arctan(1/2*sqrt(2)*(sqrt(2)*sq
rt(abs(a)) + 2*sqrt(a*xtan(1/2*x)))/sqrt(abs(a)))/(a~4xsgn(tan(1/2*x) + 1))

- 16*x(axsqrt(abs(a)) + abs(a)~(3/2))*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(abs(

a)) - 2xsqrt(axtan(1/2*x)))/sqrt(abs(a)))/(a"4xsgn(tan(1/2*x) + 1)) - 8*(ax*
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sqrt(abs(a)) - abs(a)~(3/2))*log(a*tan(1/2*x) + sqrt(2)*sqrt(a*tan(1/2*x))*
sqrt(abs(a)) + abs(a))/(a~4*sgn(tan(1/2xx) + 1)) + 8*(axsqrt(abs(a)) - abs(
a)~(3/2))*log(a*xtan(1/2*x) - sqrt(2)*sqrt(axtan(1/2*x))*sqrt(abs(a)) + abs(
a))/(a"4*xsgn(tan(1/2*x) + 1)) + sqrt(2)*(11lxsqrt(axtan(1/2*x))*a”~3*xtan(1/2x*
x)73 + 19*xsqrt(axtan(1/2*x))*a"3*tan(1/2%x) "2 - 19xsqrt(a*xtan(1/2*x))*a”~3*t
an(1/2%x) - 1l*sqrt(axtan(1/2*x))*a”~3)/((a*tan(1/2%x) + a) 4*a”2+*sgn(tan(1/
2*xx) + 1)))*sgn(tan(1/2%x))
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3.19 [ Vescle + fx)y/a+acsce + fx)dx

Optimal. Leaf size=37

| \/Ecot(e+fx)
2\/5 sinh ( yacscle+fx)+a )

f

[Out] (-2*Sqrt[al*ArcSinh[(Sqrt[a]l*Cot[e + f*x])/Sqrtl[a + axCscle + f*x]]]1)/f

Rubi [A] time = 0.0585123, antiderivative size = 37, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 25, e -

0.08, Rules used = {3801, 215}

integrand size

. 1 -1 { +acot(e+fx)
_ 2\/5 sinh ( yacscle+fx)+a )

f

Antiderivative was successfully verified.

[In] Int[Sqrt[Cscle + f*x]]*Sqrtla + a*Cscle + f*x]],x]
[Out] (-2*Sqrt[al*ArcSinh[(Sqrt[al*Cot[e + f*x])/Sqrtla + a*Cscle + f*x]]])/f

Rule 3801

Int[Sqrtlcscl(e_.) + (f_.)*(x_)]*(d_.)]*Sqrtlcscl(e_.) + (£f_.)*(x_)]1*(b_.)
+ (a_)], x_Symbol] :> Dist[(-2*a*Sqrt[(axd)/b])/(bxf), Subst[Int[1/Sqrt[1 +
x~2/al, x], x, (bxCotl[e + f*x])/Sqrtl[a + bxCscle + f*x]1]1, x] /; FreeQ[{a,
b, d, e, £}, x] && EqQ[a"2 - b~2, 0] && GtQ[(a*d)/b, 0]

Rule 215
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr

t[all/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rubi steps
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1 acot(e+fx)
2 Subst [f > dx, x, —m}

1+—
a

f\/csc(e + fx)ya +acsce + fx)dx = - 7

. 1 -1 { +acot(e+fx)
_ 2\/5 sinh ( \a+a csc(e+fx))

B f

Mathematica [B] time = 0.408282, size = 108, normalized size = 2.92
3
2 cot(e + fx)/a(csc(e + fx) +1) (log(csc(e + fx)+1) -log (C802 (e + fx)++/cscle+ fx) + \Jcot?(e + fx)/cscle+ f
Fafeot?(e + fFx)yJescle + fx) +1

Antiderivative was successfully verified.

[In] Integrate[Sqrt[Cscle + f*x]]*Sqrtl[a + a*Cscle + f*xx]],x]

[Out] (2*%Cot[e + f*xx]*Sqrt[ax(l + Cscle + f*x])]*(Logl[l + Cscle + f*xx]] - Logl[Sqr
t[Cscle + f*xx]] + Cscle + f*x]~(3/2) + Sqrt[Cot[e + f*xx]~2]*Sqrt[1 + Cscle
+ f*xx]11))/(£xSqrt[Cot[e + f*x]~2]*Sqrt[1 + Cscle + f*x]])

Maple [B] time = 0.359, size = 114, normalized size = 3.1

~ \/E(—1+cos(fx+e)) i (fr o 1 a(sin(fx+e)+1)
f(—l+cos(fx+e)—sin(fx+e))\/( (f )) J sin(fx+e)

-1+ cos (fx+e)

sin (fx + e)

Arcsinh( ) + Artanl

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*xx+e)~(1/2)*(at+axcsc(f*xx+e)) " (1/2),x)

[Out] -1/f*x27(1/2)*(1/sin(f*x+e)) " (1/2)*(-1+cos(f*x+e))*(a*(sin(f*x+e)+1)/sin(f*x
+e))~(1/2)*(arcsinh((-1+cos(f*x+e))/sin(f*x+e))+arctanh(1/2x2°(1/2)/(1/(1+c
os(fxx+e)))~(1/2)))/(-1+cos(f*xx+e)-sin(f*x+e))/(1/(1+cos(f*x+e)))~(1/2)
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Maxima [F] time = 0., size = 0, normalized size = 0.

f\/acsc(fx+e) +a\/csc(fx+e)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(fxx+e)~(1/2)*(ata*xcsc(f*x+e))”(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(axcsc(f*x + e) + a)*sqrt(csc(f*x + e)), x)

Fricas [B] time = 0.534522, size = 755, normalized size = 20.41

4(cos(fx+e)3+3 cos(fx+e)2—(cos( x+e)2—2 cos(fx+e)—3)

a cos( x+e)3—7 a cos(fx+e)2—9 a cos(fx+e)+(u cos(fx+e)2+8 a cos( x+e)—a) sin( x+e)+
sin(fx+e)

Valog

cos(fx+e)3+Cos(fx+e)2+(cos(fx+e)2—l) sin(fx+e)—cos(fx+e)—1

2f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)”(1/2)*(ata*xcsc(f*x+e))”(1/2),x, algorithm="fricas")

[Out] [1/2x*sqrt(a)*log((axcos(f*x + e)~3 - 7*akxcos(f*x + e)~2 - 9*axcos(f*x + e)

+ (axcos(f*x + e)”2 + 8xaxcos(f*x + e) - a)*sin(f*x + e) + 4x(cos(f*x + e)~

3 + 3xcos(f*x + e)72 - (cos(f*x + e)72 - 2*xcos(f*x + e) - 3)*sin(f*x + e) -
cos(f*x + e) - 3)*sqrt(a)*sqrt((a*sin(f*x + e) + a)/sin(f*x + e))/sqrt(sin
(f*x + e)) - a)/(cos(f*x + e)”3 + cos(f*x + e)”2 + (cos(f*x + e)”2 - 1)*sin
(f*x + e) - cos(f*x + e) - 1))/f, sqrt(-a)*arctan(1/2*(cos(f*xx + e)72 + 2%*s
in(f*x + e) - 1)*xsqrt(-a)*sqrt((axsin(f*x + e) + a)/sin(f*x + e))/(a*xcos(f*

x + e)*sqrt(sin(f*x + e))))/f]

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a (csc (e +fx) + 1)\/CSC (e +fx) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)**(1/2)*(ataxcsc(f*x+e))**(1/2),%)

[Out] Integral(sqrt(ax(csc(e + f*x) + 1))*sqrt(csc(e + f*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/acsc(fx+e) +a\/csc(fx+e)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)”(1/2)*(ata*xcsc(f*x+e))”(1/2),x, algorithm="giac")

[Out] integrate(sqrt(a*csc(f*x + e) + a)*sqrt(csc(f*x + e)), x)
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3.20 [ /= cscle + fx)yJa—acsc(e + fx)dx

Optimal. Leaf size=38

inh! [ LYacotlerfn
2+/asinh (\/W(fo))

f

[Out] (-2*Sqrt([al*ArcSinh[(Sqrt[a]l*Cot[e + f*x])/Sqrtl[a - axCscle + f*x]]]1)/f

Rubi [A] time = 0.0708915, antiderivative size = 38, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 28, e -

0.071, Rules used = {3801, 215}

integrand size

inh ! (Ecotler
_2\/Zsmh (\/W(fo))

f

Antiderivative was successfully verified.

[In] Int[Sqrt[-Cscle + f*x]]*Sqrt[a - a*Cscle + fx*x]],x]
[Out] (-2*Sqrt[al*ArcSinh[(Sqrt[al*Cot[e + f*x])/Sqrtla - a*Cscle + f*x]]])/f

Rule 3801

Int[Sqrtlcscl(e_.) + (f_.)*(x_)]*(d_.)]*Sqrtlcscl(e_.) + (£f_.)*(x_)]1*(b_.)
+ (a_)], x_Symbol] :> Dist[(-2*a*Sqrt[(axd)/b])/(bxf), Subst[Int[1/Sqrt[1 +
x~2/al, x], x, (bxCotl[e + f*x])/Sqrtl[a + bxCscle + f*x]1]1, x] /; FreeQ[{a,
b, d, e, £}, x] && EqQ[a"2 - b~2, 0] && GtQ[(a*d)/b, 0]

Rule 215
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr

t[all/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rubi steps
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1 _ cot(e+fx)
2 Subst [f /1+xz dx, x, Va-a csc(e+fx)]

f\/—csc(e+fx)\/a—acsc(e+fx)dx: 7
. 1 -1 { acot(e+fx)
2 asini! (L
f

Mathematica [B] time = 0.775479, size = 101, normalized size = 2.66

2tan (%(e + fx)) V-cscle + fx)yJa—acscle + fx) (tanh‘l (\/secz (%(e + fx))) +sinh ™! (tan (%(e + fx))))
f (tan (%(e + fx)) - 1) \/sec2 (%(e + fx))

Antiderivative was successfully verified.

[In] Integrate[Sqrt[-Cscle + fxx]]*Sqrtla - axCscle + fxx]],x]

[Out] (2%(ArcSinh[Tan[(e + f*x)/2]] + ArcTanh[Sqrt[Sec[(e + f*x)/2]72]])*Sqrt[-Cs
cle + f*xx]]*Sqrt[a - axCscle + fxx]]*Tan[(e + f*x)/2])/(f*Sqrt[Sec[(e + f*x
)/2]72]*(-1 + Tan[(e + f*x)/2]))

Maple [B] time = 0.333, size = 117, normalized size = 3.1

—1+cos(fx+e) . -1 u(sin(fx+e)—1) cam i (Frt o) ala (14 o
2 f (—1 + cos (fx + e) + sin (fx + e)) \/_ (sm (fx " e)) J sin (fx + e) [arc (1/2 (f ) 2 (1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-csc(f*xx+e)) " (1/2)*(a-a*csc(f*xx+e))~(1/2),x)

[Out] 2/f*x(-1/sin(f*x+e) )~ (1/2)*(-1+cos(f*x+e))*(a*x(sin(f*x+e)-1)/sin(f*x+e) )~ (1/
2)*(arctan(1/2*sin(f*x+e)* (-2/(1+cos(fxx+e)) )~ (1/2))-arctan(1/(-2/(1+cos (f*
x+e))) " (1/2)))/(-1+cos(f*x+e)+sin(fxx+e) )/ (-2/ (1+cos(fxx+e)) )~ (1/2)
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Maxima [F] time = 0., size = 0, normalized size = 0.
f\/—acsc (fx + e) + a\/—csc (fx + e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-csc(f*x+e))”(1/2)*(a-a*csc(f*x+e))”~(1/2),x, algorithm="maxima"

[Out] integrate(sqrt(-a*csc(f*x + e) + a)*sqrt(-csc(f*x + e)), x)

Fricas [B] time = 0.52994, size = 764, normalized size = 20.11

a cos(fx+e)3—7 a cos(fx+e)2—4 (cos(fx+e)3+3 cos(fx+e)2+(cos(fx+e)2—2 cos(fx+e)—3) sin(fx+e)—cos(fx+e)—3)\/5 % [—E
alo
\/— & cos(fx+e)3+cos(fx+e)2—(cos(fx+e)2—1) sin(fx+e)—cos(fx+e)—1

2f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-csc(f*x+e))”(1/2)*(a-a*xcsc(f*x+e))”(1/2),x, algorithm="fricas")

[Out] [1/2x*sqrt(a)*log((axcos(f*x + e)”~3 - 7xakxcos(f*x + e)”2 - 4x(cos(f*x + )73
+ 3xcos(f*x + e)72 + (cos(f*x + e)72 - 2%cos(f*x + e) - 3)*sin(f*x + e) -
cos(f*x + e) - 3)*xsqrt(a)*sqrt((a*sin(f*x + e) - a)/sin(f*x + e))*sqrt(-1/s
in(f*x + e)) - 9xaxcos(f*x + e) - (axcos(f*x + e)”2 + 8xakxcos(f*x + e) - a)
xsin(f*x + e) - a)/(cos(f*x + e)73 + cos(f*x + e)72 - (cos(f*x + e)72 - 1)x
sin(f*x + e) - cos(f*x + e) - 1))/f, sqrt(-a)*arctan(-1/2*(cos(f*x + e)~2 -
2xsin(fxx + e) - 1)*sqrt(-a)*sqrt((a*sin(f*x + e) - a)/sin(f*x + e))*sqrt(
-1/sin(f*x + e))/(a*xcos(f*x + e)))/f]

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/— csc (e +fx)\/—a (csc (e +fx) —1) dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((-csc(fxx+e))**(1/2)*(a-axcsc(f*x+e))**(1/2),x)

[Out] Integral(sqrt(-csc(e + fxx))*sqrt(-a*(csc(e + fxx) - 1)), x)

Giac [F] time = 0., size = 0, normalized size = 0.
f\/—acsc (fx + e) + a\/—csc (fx + e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-csc(f*x+e))”(1/2)*(a-a*xcsc(f*x+e))~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(-a*csc(f*x + e) + a)*sqrt(-csc(f*x + e)), x)
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4
3.21 fcsc§(c + dx)va + acsc(c + dx) dx

Optimal. Leaf size=254

2
3 3 sclorde) 1 { - ¥esc —/3+1
4 33442 + V322 cot(c + dx) (1 - Jfescle + dx)) | S Vesclerd)tl gy o F (sin ! (—CSC(C+dx) ), 7 -4
\/_ ( ) ( ( )) (— 3 csc(c+dx)+\/§+1)2 P — fesclcrdx)+V3+1

s(a — acsc(c + dx))yacsc(c +dx) +a

54 1- \3/csc(c+dx)
(— \3/csc(c+dx)+\/§+1)

[Out] (-6*axCos[c + dxx]*Cscl[c + d*x]~(4/3))/(5xd*Sqrt[a + a*xCsclc + d*x]]) - (4%
37(3/4)*Sqrt[2 + Sqrt[3]]*a~2*Cot[c + d*x]*(1 - Csclc + d*x]~(1/3))*Sqrt[(1

+ Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csclc + d*xx]~(1/
3))"2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sqrt[3] - C

sclc + d*x]17(1/3))], -7 - 4xSqrt([3]])/(5xd*Sqrt[(1 - Csclc + d*x]~(1/3))/(1

+ Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Cscl[c + d*x])*Sqrt[a + axCsc[c +
d*x]1)

Rubi [A] time = 0.280558, antiderivative size = 254, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 25, 0o e

0.16, Rules used = {3806, 50, 63, 218}

integrand size

2
sc3 Jfcs _1(-%es —V3+1
4 3344/2 + V322 cot(c + dx) (1 - Vescle + dx)) | L Veselerdyil (sin ! (—%C(de) ) -7-4 3)
\/_ ( : ( ( )) (- J csc(c+alx)+\/§+l)2 — Vesc(crdx)+y3+1 | \/—

54 1- \3/csc(c+dx)
(— \S/CSC(C+dx)+\/§+1)

5(a —acsc(c + dx))yacsc(c + dx) +a

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]~(4/3)*Sqrtl[a + a*Cscl[c + d*x]],x]

[Out] (-6*a*Cos[c + d*x]*Cscl[c + d*x]~(4/3))/(5xd*Sqrt[a + a*xCscl[c + d*x]]) - (4x
37(3/4)*Sqrt[2 + Sqrt[3]]*a~2*Cot[c + d*x]*(1 - Csclc + d*x]~(1/3))*Sqrt[(1

+ Csclc + d*x]~(1/3) + Csclc + d*x]17(2/3))/(1 + Sqrt[3] - Csclc + d*xx]~(1/
3))"2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sqrt[3] - C

sclc + d*x]1~(1/3))], -7 - 4*xSqrt([3]])/(5xd*Sqrt[(1 - Csclc + d*x]~(1/3))/(1

+ Sqrt[3] - Csclc + d*xx]~(1/3))7"2]x(a - a*Csc[c + d*x])*Sqrt[a + ax*Csc[c +
d*x]1)

Rule 3806
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Int[(cscl(e_.) + (£_.)*(x_)1*(d_.)) " (n_)*Sqrtlcscl(e_.) + (f_.)*(x_)]1*(b_.)
+ (a_)], x_Symbol] :> Dist[(a"2*xd*Cot[e + fx*x])/(f*Sqrt[a + b*Cscle + fx*x]
1xSqrt[a - b*Cscle + f*x]]), Subst[Int[(d*x)~(n - 1)/Sqrtla - bx*x], x], x,
Cscle + f*x11, x] /; FreeQ[{a, b, 4, e, f, n}, x] && EqQ[a~2 - b2, 0]

Rule 50

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*(c + d*x)"n)/(b*(m + n + 1)), x] + Dist[(n*x(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,

c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !ILtQ[m + n

+ 2, 0] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 218

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[(2#Sqrt[2 + Sqrt[3]]*(s + r*x)*Sqrt[(s”2 - r*s
*x + r72*%x72)/((1 + Sqrt[3])*s + r*x) 2]*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4%Sqrt[3]]1)/(37(1/4)*r*Sqrt[a + b*x~3
1xSqrt[(s*(s + r*x))/((1 + Sqrt[3])*s + r*x)~2]), x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rubi steps
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(a2 cot(c + dx)) Subst ( i \/j{%

dva — acsc(c + dx)va + acsc(c + dx)

dx, x, csc(c + dx))

4
fcscE(c + dx)\/a +acsc(c+dx)dx =

1

4 2
_ bacos(ct dx) ¢sc3 (c + dx) (211 cot(c + dx)) Subst (f PN dx, x, csc
- 5d+/a + a csc(c + dx) 5d+/a — a csc(c + dx)v/a + a csc(c + dx
4 2 1 3
6 cos(c + dx) csc3 (c + dx) . (611 cot(c + dx)) Subst (fmdx,x, vesc(
N 5d+/a + a csc(c + dx) 5d+/a — a csc(c + dx)+/a + a csc(c + dx

4 4 3%4/2 + /342 cot(c + dx) (1 — esc(c + dx

B _6a cos(c + dx) csc3(c + dx) _
5d+/a + a csc(c + dx) 5] 1- Yesclerdn)
(1+\/§— \S/Csc(c+dxj

Mathematica [C] time = 0.381845, size = 102, normalized size = 0.4

2+/a(csc(c + dx) +1) (COS (%(c + dx)) —sin (%(c + dx))) (2Hypergeometric2F1 (%, g, g, 1 —csc(c + dx)) + 3+/csc(

5d (sin (%(c + dx)) + cos (%(c + dx)))

Antiderivative was successfully verified.

[In] Integrate[Csclc + d*x]~(4/3)*Sqrt[a + a*Csc[c + d*x]],x]

[Out] (-2*Sqrtlax(1 + Csclc + d*x])]*(3*Csclc + d*x]~(1/3) + 2*Hypergeometric2F1[
1/2, 2/3, 3/2, 1 - Csclc + d*x]])*(Cos[(c + d*x)/2] - Sin[(c + d*x)/2]))/(5
*dx(Cos[(c + d*x)/2] + Sin[(c + dx*x)/2]))

Maple [F] time = 0.384, size = 0, normalized size = 0.

f (csc (dx + ¢)3 \a + acsc (dx + o) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c)~(4/3)*(a+axcsc(d*x+c))~(1/2),x)
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[Out] int(csc(d*x+c)~(4/3)*(ataxcsc(d*x+c)) ~(1/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

4
f\/a csc (dx + ¢) + acsc (dx +¢)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~(4/3)*(ata*xcsc(d*x+c))~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(4/3), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

4
integral (\/a csc (dx +c¢) +acsc(dx +¢)3 ,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~(4/3)*(ata*xcsc(d*x+c))~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(a*csc(d*x + c) + a)*csc(d*x + ¢)~(4/3), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**(4/3)*(ataxcsc(d*x+c))**(1/2),%)

[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

4
f\/a csc (dx +¢) +acsc (dx +¢)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)”(4/3)*(ataxcsc(d*x+c))~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(4/3), x)
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3.22 f\?’/csc(c + dx)va + acsc(c + dx) dx

Optimal. Leaf size=213

2
3 K 1 (=¥ -V3+1
2 3%4,/2 + /342 cot(c + dx) (1 — V/csc(c + dx cse? (eHd)+ VeseleHb) H pinticF (Sln ! (—CSC(C+dx) ), -7 -4V,
\/_ ( ) ( ( )) (_ %/W+\/g+1)2 p —\3/CSC(C+dX)+\/§+1 \/-

Yesclerda)
d\/( 1~ Vesc(crdy) 5(a — acsc(c + dx))yacsc(c + dx) +a

\3/csc(c+dx)+\/§+l)

[Out] (-2*37(3/4)*Sqrt[2 + Sqrt[3]]*a~2+Cot[c + d*x]*(1 - Csclc + d*x]~(1/3))*Sqr
t[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csclc + dx*x]
~(1/3))~2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]1~(1/3))/(1 + Sqrt[3]

- Csclc + d*x]17(1/3))], -7 - 4xSqrt[3]])/(d*Sqrt[(1 - Csclc + dxx]~(1/3))/

(1 + Sqrt[3] - Csclc + d*x]17(1/3))72]*(a - axCsclc + d*x])*Sqrt[a + a*Csclc

+ d*x]])

Rubi [A] time = 0.127755, antiderivative size = 213, normalized size of antiderivative

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 25, =

0.12, Rules used = {3806, 63, 218}

2 3 3
2 3%44/2 + /342 cot(c + dx) (1 — V/csc(c + dx e’ (chdn)+ Vese(Chdn)Hl p (Sin_1 (—_ CSC(de)_\/gH) ~7-4 3)
\/_ ( ) ( ( )) (_ %/m+\/§+1)2 - \3/csc(c+dx)+\/§+1 | \/—

integrand size

~(a — acsc(c + dx))yacsc(c +dx) + a

i 1- \3/csc(c+dx)
(— \3/csc(c+dx)+\/§+1)

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]~(1/3)*Sqrtla + a*Csclc + d*x]],x]

[Out] (-2%37(3/4)*Sqrt[2 + Sqrt[3]]*a~2*Cot[c + d*x]*(1 - Csclc + d*x]~(1/3))*Sqr
t[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csclc + dx*x]
~(1/3))"2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]1~(1/3))/(1 + Sqrt[3]

- Csclc + d*x]~(1/3))], -7 - 4xSqrt[3]])/(d*Sqrt[(1 - Csclc + d*x]~(1/3))/

(1 + Sqrt[3] - Csclc + d*x]~(1/3))72]*(a - a*Csc[c + d*x])*Sqrt[a + a*Csclc

+ d*x]])

Rule 3806

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.)) " (n_)*Sqrtlcscl(e_.) + (£f_.)*(x_)]1*(b_.)
+ (a_)], x_Symbol] :> Dist[(a"2*d*Cot[e + f*x])/(f*Sqrtla + b*Cscle + fx*x]
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1xSqrt[a - b*Cscle + f*x]]), Subst[Int[(d*x)~(n - 1)/Sqrtla - bx*x], x], x,
Cscle + f*x]], x] /; FreeQ[{a, b, d, e, f, n}, x] & EqQ[a"2 - b72, 0]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)]1, x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator [m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 218

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[(2*Sqrt[2 + Sqrt[3]]*(s + r*x)*Sqrt[(s™2 - r*s
*x + r72*%x72)/((1 + Sqrt([3])*s + r*x)"2]*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]])/(37(1/4)*r*Sqrt[a + b*x"3
1xSqrt[(s*(s + r*x))/((1 + Sqrt[3])*s + r*x)~2]), x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rubi steps

1
2P ax
d+a — acsc(c + dx)\/a + a csc(c + dx)

(3a2 cot(c + dx)) Subst ( il \/;_3 dx, x, Jcsc(c + dx))

dv/a — acsc(c + dx)va + acsc(c + dx)

(az cot(c + dx)) Subst ( f dx, x, csc(c + dx))

f \3/csc(c + dx)\/a + acsc(c+dx)dx =

3 g
2 3942 + V342 cot(c + dx) (1 - Jfesc(c + dx)) |~ e i
(145 Yesclerd)

{

) oy
d\/( 1~ Vescletdx) 5(a —acsc(c + dx))ya + acs

1+v3- w3/csc(c+dx))

Mathematica [C] time = 0.223329, size = 46, normalized size = 0.22

123
23" 2’
dv/a(csc(c + dx) +1)

2a cot(c + dx)Hypergeometric2F1 ( 1-csc(c+ dx))

Antiderivative was successfully verified.
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[In] Integrate[Cscl[c + d*x]~(1/3)*Sqrtl[a + a*Csclc + d*x]],x]

[Out] (-2*a*Cot[c + d*x]*Hypergeometric2F1[1/2, 2/3, 3/2, 1 - Csclc + d*x]])/(dx*S
grt[ax(1 + Csclc + d*x])])

Maple [F] time = 0.645, size = 0, normalized size = 0.

fxg/csc (dx + c)\Ja + a csc (dx + ¢) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c)”~(1/3)*(a+ta*xcsc(d*x+c))~(1/2),x)

[Out] int(csc(d*x+c)”~(1/3)*x(at+taxcsc(d*xx+c)) " (1/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

1

f\/a csc (dx +¢) +acsc(dx +¢)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)”(1/3)*(ata*csc(d*x+c))~(1/2),x, algorithm="maxima"

[Out] integrate(sqrt(a*xcsc(d*x + c) + a)*csc(d*x + ¢c)~(1/3), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

1
integral (\/a csc(dx +c¢) +acsc(dx +c)3, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~(1/3)*(ata*xcsc(d*x+c))~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(a*csc(d*x + c) + a)*csc(d*x + ¢)~(1/3), x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f Va(cse (¢ + dx) + D)<fesc (c + dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**(1/3)*(ataxcsc(d*x+c))**(1/2),%)

[Out] Integral(sqrt(a*x(csc(c + d*x) + 1))*csc(c + d*x)**(1/3), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1
f\/a csc(dx +c)+acsc(dx +c¢)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~(1/3)*(ata*csc(d*x+c))~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(1/3), x)
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393 f \/a+azcsc(c+dx) dx

csc3 (c+dx)

Optimal. Leaf size=254

2

3/4 2 3 csc3 (c+dx)+ \3/csc(c+dx)+l . . ( . -1 (—\3/csc(c+dx)—\/§+l
37542 + V3a? cot(c + dx) (1 vesc(c + dx)) J >—EllipticF (sin B T VY]

(- esclerdn+v3+1)

)7+

~(a — acsc(c + dx))yacsc(c + dx) + a

24 1- \3/csc(c+dx)
(— \3/csc(c+dx)+\/§+1)

[Out] (-3*a*Cos[c + d*x]*Cscl[c + d*x]~(1/3))/(2xd*Sqrt[a + axCscl[c + d*x]]) - (3~

(3/4)*Sqrt[2 + Sqrt[3]]1*a~2*Cot[c + d*x]*(1 - Csclc + d*x]~(1/3))*Sqrt[(1 +
Csclc + d*x]~(1/3) + Csclc + d*xx]17(2/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3)
)"2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sqrt[3] - Csc
[c + d*x]~(1/3))], -7 - 4*%Sqrt([3]])/(2xd*Sqrt[(1 - Csclc + d*x]~(1/3))/(1 +
Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrt[a + a*Csc[c + d
*x]])

Rubi [A] time = 0.144931, antiderivative size = 254, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 25, e -

0.16, Rules used = {3806, 51, 63, 218}

integrand size

2
3 3 37
3%/44/2 + \/3a2 cot(c + dx) (1 — Jese(c + dx)) J csc3 (exdz)t 'CSC(C+dx)2+1F (sim_1 (M) |-7- 4\/5)

(— \S/Csc(c+dx)+\/§+l) - V3 csc(c+dx)+vV3+1

3a c

5(a —acsc(c + dx))Vacsce(c + dx) +a

od 1-/csc(c+dx)
(— \s/csc(c+dx)+\/§+1)

Antiderivative was successfully verified.

[In] Int[Sqrtla + a*Csclc + d*x]]/Csclc + d*x]~(2/3),x]

[Out] (-3*a*Cos[c + d*x]*Csc[c + d*x]~(1/3))/(2*d*Sqrt[a + a*Csc[c + d*x]]) - (3~

(3/4)*Sqrt[2 + Sqrt[3]]*a"2*Cot[c + d*x]*(1 - Csclc + d*x]~(1/3))*Sqrt[(1 +
Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3)
)~"2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sqrt[3] - Csc
[c + d*x]~(1/3))], -7 - 4*Sqrt[3]])/(2xd*Sqrt[(1 - Csclc + d*xx]~(1/3))/(1 +
Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrt[a + axCscl[c + d
*x]]1)

2
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Rule 3806

Int[(cscl(e_.) + (f_.)*(x_)]*(d_.)) " (n_)*Sqrtlcscl(e_.) + (f_.)*x(x_)]1*(b_.)
+ (a_)], x_Symbol] :> Dist[(a"2*xd*Cot[e + fx*x])/(fxSqrtl[a + b*Cscle + fx*x]
1xSqrt[a - b*Cscle + f*x]]), Subst[Int[(d*x)~(n - 1)/Sqrtla - bx*x], x], x,
Cscle + f*x]], x] /; FreeQ[{a, b, d, e, £, n}, x] &% EqQ[a"2 - b~2, 0]

Rule 51

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*x(c + d*xx)"(n + 1))/ ((b*xc - a*d)*(m + 1)), x] - Dist[(d*(
m+n+ 2))/((bxc - axd)*(m + 1)), Int[(a + b*xx)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, 0] && IntegerQ[nl]))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 218

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],

s = Denom([Rt[b/a, 311}, Simp[(2*Sqrt[2 + Sqrt[3]]*(s + r*x)*Sqrt[(s™2 - r*s
*x + r72*%x72)/((1 + Sqrt[3])*s + r*x) 2]*EllipticF[ArcSin[((1 - Sqrt[3])=*s

+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4%Sqrt[3]1]1)/(37(1/4)*r*Sqrt[a + b*x~3
1xSqrt[(s*(s + r*x))/((1 + Sqrt[3])*s + r*x)~2]), x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rubi steps
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(a2 cot(c + dx)) Subst ( f m dx, x, csc(c + dx))

dv/a — acsc(c + dx)va + acsc(c + dx)

va + acsc(c + dx)
dx =

2
cse3(c + dx)
1

3 cos(c + dx)Vese(c + dx) . (a2 cot(c + dx)) Subst (f TN dx, x, csc(c + dx))

2d~/a + a csc(c + dx) 4d~/a — a csc(c + dx)va + a csc(c + dx)
2 1 3
3 cos(c + dx)Vese(c + dx) . (3a cot(c + dx)) Subst (f N dx, x, ycsce(c + dx))
- 2d+/a + a csc(c + dx) 4d~Ja — a csc(c + dx)+/a + a csc(c + dx)
3
33/4,/2 + VBa? cot(c + dx) (1 - Jescle + dy) | L¥eselern
_3acos(c + dx)y/csc(c + dx) _ ( ) (14+v3- %%
2d+/a + acsc(c + dx /ey o
v ( ) 2d L (c+dy) 5(a —acsc(c
(1+\/§— \3/csc(c+dx))

Mathematica [C] time = 0.44718, size = 110, normalized size = 0.43

2
va(esc(c + dx) +1) | cos l(c + dx)] — sin 1(c + dx)|) | csc3(c + dx)Hypergeometric2F1 1, g, é,l —csc(c + dx) ) 4
2 2 ypers 2732

2d cscg (c +dx) (sin (%(c + dx)) + Cos (%(c + dx)))

Antiderivative was successfully verified.

[In] Integrate[Sqrtl[a + axCscl[c + dxx]]/Csclc + d*x]~(2/3),x]

[Out] -(Sqrtl[ax(1 + Csclc + d*x])]1*(3 + Csclc + d*x]~(2/3)*Hypergeometric2F1[1/2,
2/3, 3/2, 1 - Csclc + d*x]])*(Cos[(c + d*x)/2] - Sin[(c + dx*xx)/2]))/(2xdx*C
sclc + d*x]~(2/3)*(Cos[(c + d*x)/2] + Sin[(c + d*x)/2]))

Maple [F] time = 0.448, size = 0, normalized size = 0.

f \/a + acsc(dx + ¢) (csc (dx + c))_g dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*csc(d*x+c))~(1/2)/csc(d*xx+c)~(2/3),x)
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[Out] int((ata*csc(d*x+c))~(1/2)/csc(d*x+c)”(2/3),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

Vacsc(dx +c)+a
2
csc (dx +¢)3

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(d*x+c))”(1/2)/csc(d*x+c)~(2/3),x, algorithm="maxima")

[Out] integrate(sqrt(a*csc(d*x + c¢) + a)/csc(d*x + c)~(2/3), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

Vacsc(dx+c)+a ]
,X

integral [ 5
csc (dx + ¢)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(d*x+c))”~(1/2)/csc(d*x+c)~(2/3),x, algorithm="fricas")

[Out] integral(sqrt(a*csc(d*x + c) + a)/csc(d*x + ¢)~(2/3), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

va(csc(c +dx) +1)
dx

2
csc3 (¢ + dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+ta*csc(d*x+c))**(1/2)/csc(d*x+c)**(2/3),x)

[Out] Integral(sqrt(ax(csc(c + d*x) + 1))/csc(c + d*x)**(2/3), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

Vacsc(dx +c)+a

— dx
csc (dx +¢)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*csc(dxx+c))~(1/2)/csc(d*x+c)~(2/3),x, algorithm="giac")

[Out] integrate(sqrt(a*csc(d*x + c) + a)/csc(d*x + c)~(2/3), x)
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5
324 [ csc3(c+dx)va+acsc(c +dx)dx

Optimal. Leaf size=514

2 3 e ey o
8/23%4a2 cot(c + dx) (1 - fesco(c + dx)) | STV O i F (sm'1 (M) ,~7 -4 3) 1
\/_ ( ) ( ( )) (_ W+\/§+1)2 P —Yesc(crdn)+3+1 \/_

7d \/ ( 1—\3/csc(c+dx)

s(a —acsc(c + dx))yacse(c + dx) +a

- \3/csc(c+dx)+ 3+1)

[Out] (24*axCot[c + d*xx])/(7*xd*(1 + Sqrt[3] - Csclc + d*x]~(1/3))*Sqrtla + a*Cscl[
c + d*x]]) - (6%a*xCos[c + d*x]*Cscl[c + d*x]~(5/3))/(7*dxSqrt[a + a*Csc[c +
d*x]]) - (12%37(1/4)*Sqrt[2 - Sqrt[3]]*a~2*Cot[c + d*x]*(1 - Csclc + dxx]~(
1/3))*Sqrt [(1 + Csclc + d*x]~(1/3) + Csclc + d*x]1~(2/3))/(1 + Sqrt[3] - Csc
[c + d*x]7(1/3))"2]1*EllipticE[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1
+ Sqrt[3] - Csclc + d*x]~(1/3))], -7 - 4xSqrt[3]])/(7*d*Sqrt[(1 - Csclc + d
*xx]~(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrt[
a + axCsclc + d*x]]) + (8%Sqrt[2]*37(3/4)*a~2*Cot[c + d*x]*(1 - Cscl[c + d*x
17(1/3))*Sqrt [(1 + Csclc + d*x]~(1/3) + Csclc + d*x]17(2/3))/(1 + Sqrt[3] -
Csclc + d*x]~(1/3))"2]*EllipticF[ArcSin[(1 - Sqrt([3] - Csclc + d*x]~(1/3))/
(1 + Sqrt[3] - Csclc + d*x]~(1/3))], -7 - 4xSqrt[3]]1)/(7*d*Sqrt[(1 - Csclc
+ d*x]~(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Cscl[c + d*x])*Sq
rt[a + axCsclc + d*x]])

Rubi [A] time = 0.298501, antiderivative size = 514, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 25, e e .

integrand size
0.24, Rules used = {3806, 50, 63, 303, 218, 1877}

2
3/4 2 3 cse3 (c+dx)+ Vesclerdn)+1 ( . -1 (—\3/csc(c+dx)—\/§+l) 5 ) 4 \/7
8233442 cot(c + dx) (1 vese(c + dx)) J - 3csc(c+dx)+\/§+1)2 Fisin " | 5———— VesoraaBl |-7-4v3] 124342

>(a — acsc(c + dx))yacsc(c +dx) +a

74 1- \3/csc(c+dx)
(— \3/csc(c+dx)+\/§+1)

Antiderivative was successfully verified.

[In] Int[Cscl[c + d*x]~(5/3)*Sqrt[a + a*Cscl[c + d*x]],x]

[Out] (24*a*Cot[c + d*x])/(7*dx(1 + Sqrt[3] - Csclc + d*x]~(1/3))*Sqrt[a + axCsc[
c + d*x]]) - (6xaxCos[c + d*x]*Csclc + d*x]~(5/3))/(7*d*Sqrt[a + a*Csc[c +
dxx]]) - (12%37(1/4)*Sqrt[2 - Sqrt[3]]*a~2*Cot[c + d*x]*(1 - Csclc + dxx]~(
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1/3))*Sqrt[(1 + Csclc + d*x]7(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csc
[c + d*x]7(1/3))"2]1*EllipticE[ArcSin[(1 - Sqrt[3] - Csclc + d*x]1~(1/3))/(1
+ Sqrt[3] - Csclc + d*x]7(1/3))], -7 - 4xSqrt[3]])/(7*d*Sqrt[(1 - Csclc + d
*xx]~(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrt[
a + axCsclc + d*x]]) + (8%Sqrt[2]1*37(3/4)*a~2+Cot[c + d*x]*(1 - Cscl[c + d*x
17(1/3))*Sqrt[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] -
Csclc + d*x]~(1/3))"2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/
(1 + Sqrt[3] - Csclc + d*x]~(1/3))], -7 - 4xSqrt[3]])/(7*d*Sqrt[(1 - Csclc
+ d*x]~(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Cscl[c + d*x])*Sq
rt[a + a*Csclc + d*x]])

Rule 3806

Int[(cscl(e_.) + (f_.)*(x_)]1*(d_.))"(n_)*Sqrtlcscl(e_.) + (f_.)*x(x_)1*(b_.)
+ (a_)], x_Symbol] :> Dist[(a"2*d*Cot[e + f*xx])/(f*Sqrtl[a + b*Cscle + f*x]
1*Sqrt[a - b*Cscle + f*x]]), Subst[Int[(d*x)~(n - 1)/Sqrtla - b*x], x], x,
Cscle + f*x]]1, x] /; FreeQ[{a, b, d, e, f, n}, x] && EqQ[a"2 - b~2, 0]

Rule 50

Int[((a_.) + (b_D)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(@ + bxx)"(m + 1)*(c + d*x)"n)/(bx(m + n + 1)), x] + Dist[(nx(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) ™ m*x(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( 'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, 4, m, n, x]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 303

Int[(x_)/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]
], s = Denom[Rt[b/a, 3]]1}, Dist[(Sqrt[2]*s)/(Sqrt[2 + Sqrt[3]]*r), Int[1/Sq
rt[a + b*x~3], x], x] + Dist[1/r, Int[((1 - Sqrt[3])*s + r*x)/Sqrtla + b*x~
31, x1, x]] /; FreeQ[{a, b}, x] && PosQ[al

Rule 218
Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
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s = Denom[Rt[b/a, 311}, Simp[(2*Sqrt[2 + Sqrt[3]]*(s + r*x)*Sqrt[(s™2 - r*s
*x + r72*%x72)/((1 + Sqrt[3])*s + r*x) 2]*EllipticF[ArcSin[((1 - Sqrt[3])x*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4%Sqrt[3]]1)/(37(1/4)*r*Sqrt[a + b*x~3
1xSqrt[(s*(s + r*x))/((1 + Sqrt[3])*s + r*x)~2]), x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rule 1877

Int[((c_) + (d_.)*(x_))/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = N
umer [Simplify[((1 - Sqrt([3])*d)/c]], s = Denom[Simplify[((1 - Sqrt[3])*d)/c
11}, Simp[(2*d*s~3*Sqrt[a + b*x"3])/(a*r~2x((1 + Sqrt[3])*s + r*x)), x] - S
imp[(37(1/4)*Sqrt[2 - Sqrt[3]]*d*s*(s + r*x)*Sqrt[(s™2 - r*s*xx + r~2*x72)/(
(1 + Sqrt[3])*s + r*x) 2]*EllipticE[ArcSin[((1 - Sqrt[3])*s + r*x)/((1 + Sq
rt[3])*s + r*x)], -7 - 4xSqrt[3]])/(r~2+Sqrtla + bxx~3]*Sqrt[(sx(s + r*x))/
((1 + Sqrt[31)*s + r*x)~2]), x]1] /; FreeQ[{a, b, c, d}, x] && PosQ[a] && Eq
Qlbxc™3 - 2%(5 - 3*Sqrt[3])*a*d~3, 0]

Rubi steps
23
5 (a2 cot(c + dx)) Subst (f N dx, x, csc(c + dx))
fcscE(c + dx)\/a +acsc(c+dx)dx = o
dva — acsc(c + dx)va + a csc(c + dx)
5 2 1
_ 6acos(c+d) cse3 (¢ + d) (411 cot(c + dx)) Subst( T dx, x, csc(
- 7d+Ja + a csc(c + dx) 7d+Ja — a csc(c + dx)/a + acsc(c + dx
5 2 X 3
_ 6ba cos(c + dx) csc3 (¢ + dx) (12” cot(c + dx)) Subst (f o dx, x, \/&
- 7d+Ja + a csc(c + dx) 7d+Ja — acsc(c + dx)va + a csc(c + d:
5 2 1-3-x 3
_ 6acos(c +dx) csc3 (c + dx) (12a cot(c + dx)) Subst (f T dx, x, \/cs
- 7d+/a + a csc(c + dx) 7d+Ja — a csc(c + dx)\/a + acsc(c + d:
5
24a cot(c + dx) 6a cos(c + dx) csc3 (¢ + dx)

7 (1 +/3 = Vesc(c + dx)) va + a csc(c + dx) 7d+Ja + a csc(c + dx)

Mathematica [C] time = 1.18692, size = 120, normalized size = 0.23

2+/a(csc(c + dx) +1) (cos (%(c + dx)) —sin (%(c + dx))) (3(csc(c +dx) + 4) — 8+/csc(c + dx)Hypergeometric2F1

7d~/csc(c + dx) (sin (%(c + dx)) + cos (%(c + dx)))
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Antiderivative was successfully verified.

[In] Integrate[Csclc + d*x]~(5/3)*Sqrt[a + a*Csc[c + d*x]],x]

[Out] (-2*Sqrt[a*x(1 + Csclc + d*x])]1*(3*%(4 + Cscl[c + d*x]) - 8*Csclc + d*x]~(1/3)
*Hypergeometric2F1[1/2, 4/3, 3/2, 1 - Csclc + d*x]])*(Cos[(c + d*x)/2] - Si
nl[(c + d*x)/2]))/(7*d*Csclc + d*xx]~(1/3)*(Cos[(c + d*x)/2] + Sin[(c + d*x)/

21))

Maple [F] time = 0.335, size = 0, normalized size = 0.

f(csc (dx + c))g \/a +acsc(dx + c)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c)~(5/3)*(a+taxcsc(d*x+c))~(1/2),x)

[Out] int(csc(d*x+c)~(5/3)*(ata*csc(d*x+c)) " (1/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

5
f\/a csc(dx +c¢)+acsc(dx +c)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)”(5/3)*(ata*csc(d*x+c))”(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(a*xcsc(d*x + c) + a)*csc(d*x + ¢c)~(5/3), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

5
integral (\/a csc(dx +c¢) +acsc(dx +c)3, x)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csc(d*x+c)”~(5/3)*(ata*csc(d*x+c))~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(a*csc(d*x + c) + a)*csc(d*x + ¢)~(5/3), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)*x(5/3)* (ata*xcsc(d*x+c))**(1/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

5

f\/a csc (dx +¢) +acsc(dx +¢)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~(5/3)*(ata*xcsc(d*x+c))”(1/2),x, algorithm="giac")

[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(5/3), x)
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2
325 [ csc3(c+dx)va+acsc(c +dx)dx

Optimal. Leaf size=470

3/4 2 3 csc3(c+dx)+\/csc(c+dx Y+1 ( .1 (—\3/csc(5+dx)—\/§+l) 5 ) y
24233442 cot(c + dx) (1 \/csc(c+dx))J 3 csc(c+dx)+\/_+1) EllipticF (sin eseciiivael)’ 7-4V3) 3V

>(a — acsc(c + dx))Vacsce(c + dx) + a

d 1- \3/csc(c+dx)
(— \3/csc(c+dx)+\/§+1)

[Out] (6*axCot[c + d*x])/(d*x(1 + Sqrt[3] - Csclc + dxx]~(1/3))*Sqrtla + axCsclc +
d*x]]) - (3%*37(1/4)*Sqrt[2 - Sqrt[3]]*a~2*Cot[c + d*x]*(1 - Csclc + d*x]~(
1/3))xSqrt[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]1~(2/3))/(1 + Sqrt[3] - Csc
[c + d*x]~(1/3))"2]*EllipticE[ArcSin[(1 - Sqrt[3] - Csclc + d*x]1~(1/3))/(1
+ Sqrt[3] - Csclc + d*x]~(1/3))], -7 - 4*xSqrt[3]])/(d*Sqrt[(1 - Csclc + d*x
17(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrt[a
+ axCsclc + d*x]]) + (2xSqrt[2]*37(3/4)*a"2xCot[c + d*x]*(1 - Csclc + d*x]~
(1/3))*Sqrt[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]1~(2/3))/(1 + Sqrt[3] - Cs
clc + d*x]17(1/3))"2]1*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1
+ Sqrt[3] - Csclc + d*x]~(1/3))]1, -7 - 4*Sqrt[3]1])/(d*Sqrt[(1 - Csclc + dx
x]7(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))72]*(a - a*Cscl[c + d*x])*Sqrt[a
+ axCsclc + d*xx]])

Rubi [A] time = 0.253267, antiderivative size = 470, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 25, L

integrand size
0.2, Rules used = {3806, 63, 303, 218, 1877}

2
3 \3/ 1 (=¥ Y—/3+1
24233442 cot(c + dx) (1 - Jfese(c + dx csc?(erdn)t Yesclcdn+l p (s in”! ( csclerdx)- ) —7-443 ) 3V34/2 -
( ) ( ( )) (_ 3’—CSC(c+dx)+\/§+1)2 —\/csc(c+dx)+\/§+1

~(a — acsc(c + dx))yacsc(c + dx) + a

d 1- \/ csc(c+dx)
(- Yescterd+V3+1)

Antiderivative was successfully verified.

[In] Int[Cscl[c + d*x]~(2/3)*Sqrt[a + a*Cscl[c + d*x]],x]

[Out] (6*%axCot[c + dxx])/(dx(1 + Sqrt[3] - Csclc + d*x]~(1/3))*Sqrt[a + axCscl[c +
d*x]]) - (3*37(1/4)*Sqrt[2 - Sqrt[3]]*a~2*Cot[c + d*x]*(1 - Csclc + d*x]~(
1/3))*Sqrt [(1 + Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csc
[c + d*x]7(1/3))"2]1*EllipticE[ArcSin[(1 - Sqrt[3] - Csclc + d*x]1~(1/3))/(1
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+ Sqrt[3] - Csclc + d*x]~(1/3))]1, -7 - 4*Sqrt[3]1])/(d*Sqrt[(1 - Csclc + d*x
17(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))72]*(a - a*Csc[c + d*x])*Sqrt[a
+ axCsclc + d*x]]) + (2xSqrt[2]*37(3/4)*a"2xCot[c + d*x]*(1 - Csclc + d*x]~
(1/3))*Sqrt[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]1~(2/3))/(1 + Sqrt[3] - Cs
clc + d*x]17(1/3))"2]1*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1
+ Sqrt[3] - Csclc + d*x]~(1/3))], -7 - 4*xSqrt[3]])/(d*Sqrt[(1 - Csclc + dx
x]17(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - axCscl[c + d*x])*Sqrt[a
+ a*Csclc + d*x]])

Rule 3806

Int[(cscl(e_.) + (f_.)*(x_)]*(d_.)) " (n_)*Sqrtlcscl(e_.) + (£_.)*(x_)]1*(b_.)
+ (a_)], x_Symbol] :> Dist[(a"2*xd*Cot[e + fx*x])/(fxSqrt[a + b*Cscle + fx*x]
1xSqrt[a - b*Cscle + f*x]]), Subst[Int[(d*x)~(n - 1)/Sqrtla - bx*x], x], x,
Cscle + f*x11, x] /; FreeQ[{a, b, 4, e, f, n}, x] && EqQ[a~2 - b2, 0]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 303

Int[(x_)/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]
], s = Denom[Rt[b/a, 3]1}, Dist[(Sqrt[2]*s)/(Sqrt[2 + Sqrt[3]]*r), Int[1/Sq
rt[a + b*x~3], x], x] + Dist[1/r, Int[((1 - Sqrt[3])*s + r*x)/Sqrtla + b*x~
3], x], x]] /; FreeQ[{a, b}, x] && PosQ[a]

Rule 218

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],

s = Denom[Rt[b/a, 311}, Simp[(2*Sqrt[2 + Sqrt[3]]*(s + r*x)*Sqrt[(s™2 - r*s
*x + r72*%x72)/((1 + Sqrt[3])*s + r*x)"2]*EllipticF[ArcSin[((1 - Sqrt[3])*s

+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]]1)/(37(1/4)*r*Sqrt[a + b*x"3
I1*xSqrt[(s*x(s + r*x))/((1 + Sqrt[3])*s + r*x)~2]), x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rule 1877

Int[((c_) + (d_.)*(x_))/Sqrtl(a_) + (b_.)*x(x_)"3], x_Symbol] :> With[{r = N
umer [Simplify[((1 - Sqrt([3])*d)/c]], s = Denom[Simplify[((1 - Sqrt[3])*d)/c
11}, Simp[(2*%d*s~3*Sqrtla + b*x73])/(a*r~2*((1 + Sqrt[3])*s + r*x)), x] - S
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imp[(37(1/4)*Sqrt[2 - Sqrt[3]]*d*s*(s + r*x)*Sqrt[(s™2 - r*s*xx + r~2*xx72)/(
(1 + Sqrt[3])*s + r*x) 2]*EllipticE[ArcSin[((1 - Sqrt[3])*s + r*x)/((1 + Sq
rt[3])*s + r*x)], -7 - 4xSqrt[3]])/(r~2*Sqrt[a + bxx~3]*Sqrt[(s*x(s + r*x))/
((1 + Sqrt[31)*s + r*x)~2]1), x]1 /; FreeQ[{a, b, c, d}, x] & PosQ[a] && Eq
Qlbxc™3 - 2%(5 - 3*Sqrt[3])*a*d~3, 0]

Rubi steps

(a2 cot(c + dx)) Subst ( f dx, x, csc(c + dx))

1
xva—ax
d+a — acsc(c + dx)\/a + a csc(c + dx)
(3a2 cot(c + dx)) Subst ( il \/L_B dx, x, Jcsc(c + dx))

dv/a — acsc(c + dx)va + acsc(c + dx)

(Saz cot(c + dx)) Subst (f % dx, x, \Jcsc(c + dx)) (3, [2 (2 —~ \/§)a2 co

d+a — acsc(c + dx)/a + a csc(c + dx) d+/a -

33+/2 — V342 cot(c + dx) (1 -

2
fcscE(c + dx)\/a + acsc(c +dx)dx =

3 6a cot(c + dx) _
~d(1+ V3 - Jfesclc + dx)) va + acse(c + dx)

Mathematica [C] time = 0.985294, size = 109, normalized size = 0.23

2+/a(csc(c + dx) +1) (cos (%(c + dx)) —sin (%(c + dx))) (2\3/csc(c + dx)Hypergeometric2F1 (%, ;f, 2,1 —csc(c+ dx))

d+/csc(c + dx) (sin (%(c + dx)) + cos (%(c + dx)))

Antiderivative was successfully verified.

[In] Integrate[Csclc + d*x]~(2/3)*Sqrt[a + a*Csc[c + d*x]],x]

[Out] (2xSqrt[ax(1 + Csclc + dxx])]*(-3 + 2*Csc[c + d*x]~(1/3)*Hypergeometric2F1[
1/2, 4/3, 3/2, 1 - Csclc + d*x]])*(Cos[(c + d*x)/2] - Sin[(c + d*x)/2]1))/(d
*Csclc + dxx]~(1/3)*(Cos[(c + dx*x)/2] + Sin[(c + d*x)/2]))
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Maple [F] time = 0.325, size = 0, normalized size = 0.

f (csc (dx + 0)3 \a + acsc (dx + o) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c)”~(2/3)*(a+ta*xcsc(d*x+c))~(1/2),x)

[Out] int(csc(d*x+c)~(2/3)*(at+a*csc(d*x+c)) " (1/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

2
f\/a csc (dx +¢) +acsc(dx +¢)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~(2/3)*(ata*csc(d*x+c))”(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(a*xcsc(d*x + c) + a)*csc(d*x + ¢c)~(2/3), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

2
integral (\/a csc(dx +c)+acsc(dx +c¢)3, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~(2/3)*(ata*xcsc(d*x+c))~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(a*csc(d*x + c) + a)*csc(d*x + ¢)~(2/3), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a (csc(c+dx)+1) cscg (c + dx)dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csc(d*x+c)**(2/3)*(at+ta*csc(d*x+c))**(1/2),x)

[Out] Integral(sqrt(ax(csc(c + d*x) + 1))*csc(c + d*xx)**(2/3), x)

Giac [F] time = 0., size = 0, normalized size = 0.

2
f\/a csc(dx +c¢)+acsc(dx +c)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~(2/3)*(ata*xcsc(d*x+c))”(1/2),x, algorithm="giac")

[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(2/3), x)
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va+a csc(c+dx)
2
3.26 \B/CSC(C+dx) ax

Optimal. Leaf size=508

2

7 3 3
23%442 cot(c + dx) (1 — ese(c + dx cse? (erdn)t VescleHd)H pre o R (sin_l (M) ,—7 -4 3) 3
V2 ( ) ( ( )) (- w3/csc(c+dx)+\/§+1)2 P ~esclcrdn+V3+1 V3

d 1- \3/csc(c+dx)
(— \S/CSC(C+dx)+\/§+1)

+ —

~(a — acsc(c + dx))yacsc(c + dx) + a

[Out] (-3*axCot[c + d*x])/(d*x(1 + Sqrt[3] - Csclc + d*xx]~(1/3))*Sqrt[a + a*Csclc
+ d*x]]) - (3*a*xCos[c + d*x]*Cscl[c + d*x]~(2/3))/(d*Sqrt[a + a*Csc[c + dx*x]
1) + (3x37(1/4)*Sqrt[2 - Sqrt[3]]*a~2xCot[c + d*x]*(1 - Csclc + d*x]~(1/3))
*3qrt [(1 + Csclc + d*x]~(1/3) + Csclc + d*xx]1~(2/3))/(1 + Sqrt[3] - Csclc +
d*x]~(1/3))7"2]*EllipticE[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sqr
t[3] - Csclc + d*x]1~(1/3))], -7 - 4*xSqrt([3]])/(2xd*Sqrt[(1 - Csclc + dxx]~(
1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrt[a + a
*Csclc + d*x]]) - (Sqrt[2]1*37(3/4)*a~2*Cot[c + d*x]*(1 - Csclc + dxx]~(1/3)
)*#Sqrt[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csclc +
d*x]~(1/3))"2]*E1lipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sq
rt[3] - Csclc + d*x]~(1/3))], -7 - 4%Sqrt[3]])/(d*Sqrt[(1 - Csclc + d*x]~(1
/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - axCsc[c + d*x])*Sqrt[a + ax*
Csclc + d*x1])

Rubi [A] time = 0.274672, antiderivative size = 508, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 25, e -

integrand size
0.24, Rules used = {3806, 51, 63, 303, 218, 1877}

2

7 3 3
5 3/4.2 11— 3 csc3 (c+dx)+ \/csc(c+dx)+1F( . -1 (—\/csc(c+dx)—\/§+l) _7_4 ) 4 9.
\/_ 3°%a% cot(c + dx) ( vesc(c + dx)) - 3csc(c+dx)+\/§+1)2 sin - | 5 —— Vescerd el | \/§ 3\/5\/

+

s(a — acsc(c + dx))yacsc(c +dx) +a

d 1- \3/csc(c+dx)
(— \3/csc(c+dx)+\/§+l)

Antiderivative was successfully verified.

[In] Int[Sqrtla + a*Csclc + d*x]]/Csclc + d*x]~(1/3),x]

[Out] (-3%a*xCot[c + d*x])/(d*x(1 + Sqrt[3] - Csclc + d*x]~(1/3))*Sqrtl[a + a*Csclc
+ d*x]]) - (3*axCos[c + d*x]*Csclc + d*x]~(2/3))/(d*Sqrt[a + a*Csc[c + d*x]
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1) + (3%37(1/4)*Sqrt[2 - Sqrt[3]]*a~2xCot[c + d*xx]*(1 - Cscl[c + d*x]~(1/3))
xSqrt[(1 + Csclc + d*xx]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csclc +

d*x]~(1/3))"2]*EllipticE[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sqr
t[3] - Csclc + d*x]17(1/3))], -7 - 4*xSqrt([3]])/(2xd*Sqrt[(1 - Csclc + dxx]~(
1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csclc + dxx])*Sqrtla + a
xCsc[c + d*x]]) - (Sqrt[2]*37(3/4)*a~2*Cot[c + d*x]*(1 - Csclc + d*x]~(1/3)
)*Sqrt[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csclc +
d*x]~(1/3))"2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sq
rt[3] - Csclc + d*x]~(1/3))], -7 - 4xSqrt[3]1])/(d*Sqrt[(1 - Csclc + d*x]~(1
/3))/(1 + Sqrt[3] - Csclc + d*x]17(1/3))"2]*(a - axCsc[c + dxx])*Sqrtl[a + a*
Csclc + d*x11)

Rule 3806

Int[(cscl(e_.) + (f_)*(x_)]*(d_.))"(n_)*Sqrtlcscl[(e_.) + (f_.)*x(x_)1*(b_.)

+ (a_)], x_Symbol] :> Dist[(a"2*d*Cot[e + f*xx])/(f*Sqrt[a + b*Cscl[e + f*x]
1*Sqrt[a - bxCscle + f*x]]), Subst[Int[(d*x)"(n - 1)/Sqrtla - b*x], x], x,
Cscle + f*xx]], x] /; FreeQ[{a, b, d, e, f, n}, x] & EqQ[a"2 - b72, 0]

Rule 51

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + *(c + d*x)"(n + 1))/((b*c - axd)*(m + 1)), x] - Dist[(d*(
m+n+ 2))/((bxc - axd)*(m + 1)), Intl[(a + b*x)"(m + 1)*(c + d*x)"n, x], x
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQ[c, 0] && LtQ[m - n, O] &% IntegerQ[n]))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_D)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)x(c - (axd)/b +

(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 303

Int[(x_)/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]
1, s = Denom[Rt[b/a, 3]1}, Dist[(Sqrt[2]*s)/(Sqrt[2 + Sqrt[3]]*r), Int[1/Sq
rt[a + b*x~3], x], x] + Dist[1/r, Int[((1 - Sqrt[3])*s + r*x)/Sqrtla + b*x~
31, x1, x]] /; FreeQ[{a, b}, x] && PosQ[al

Rule 218
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Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],

s = Denom[Rt[b/a, 311}, Simp[(2*Sqrt[2 + Sqrt[3]]*(s + r*x)*Sqrt[(s™2 - r*s
*x + r72*%x72)/((1 + Sqrt[3])*s + r*x) 2]*EllipticF[ArcSin[((1 - Sqrt[3])=*s

+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4%Sqrt[3]1]1)/(37(1/4)*rxSqrt[a + b*x~3
1#Sqrt[(s*(s + r*x))/((1 + Sqrt[3])*s + r*x)~2]), x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rule 1877

Int[((c_) + (d_.)*(x_))/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = N
umer [Simplify[((1 - Sqrt[3])*d)/cl], s = Denom[Simplify[((1 - Sqrt[3])*d)/c
11}, Simp[(2xd*s~3*Sqrtla + b*x~3])/(axr"2x((1 + Sqrt[3])*s + r*x)), x] - S
imp[(37(1/4)*Sqrt[2 - Sqrt[3]]*dxs*(s + r*x)*Sqrt[(s72 - r*s*x + r~2*xx72)/(
(1 + Sqrt[3])*s + r*x) 2]*EllipticE[ArcSin[((1 - Sqrt[3])*s + r*x)/((1 + Sq
rt[3])*s + r*x)], -7 - 4xSqrt[3]])/(r~2#Sqrtla + b*x~3]*Sqrt[(s*(s + r*x))/
((1 + Sqrt[3])*s + r*x)~2]), x]] /; FreeQ[{a, b, c, d}, x] && PosQ[al] && Eq
Q[b*c™3 - 2x(5 - 3*Sqrt[3])*a*d~3, 0]

Rubi steps
(a2 cot(c + dx)) Subst (f — L dx,x,csc(c + dx))
f va + acsc(c + dx) e A
Vesc(c + dx) dv/a — acsc(c + dx)va + acsc(c + dx)
2 2 —1
_ 3a cos(c + dx) esc3 (c + dx) ) (a cot(c + dx)) Subst (f v dx, x, csc(c + dx))
- dva + acsc(c + dx) 2d+/a — acsc(c + dx)va + a csc(c + dx)

2 2 X 3
B _311 cos(c + dx) csc3 (c + dx) ) (3a cot(c + dx)) Subst (f W dx, x, \/csc(c + dx))

dva + acsc(c + dx) 2d+/a — a csc(c + dx)+/a + a csc(c + dx)

2 1-v3-x 3
3 cos(c + dx) csc3 (c + dx) . (3a2 cot(c + dx)) Subst (f T dx, x, \Jcsc(c + dx))

dva + acsc(c + dx) 2d+/a — acsc(c + dx)va + a csc(c + dx)

2
3a cot(c + dx) 3a cos(c + dx) csc3(c + dx)

3«4/5\/;—

- _d (1 +/3 = Vesc(c + dx)) va + acsc(c + dx) d+/a + acsc(c + dx)
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Mathematica [C] time = 0.754867, size = 46, normalized size = 0.09

. 143
2a cot(c + dx)Hypergeometric2F1 (5, 35 1-csc(c+ dx))

dv/a(csc(c + dx) +1)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + a*Csclc + d*x]]/Csclc + d*x]~(1/3),x]

[Out] (-2*axCot[c + d*x]*Hypergeometric2F1[1/2, 4/3, 3/2, 1 - Csclc + d*x]])/(d*S
grtlax(1 + Csclc + d*x])])

Maple [F] time = 0.44, size = 0, normalized size = 0.

1
a+acsc(dx + ¢)————dx
f\/ ( )\3/CSC (dx +¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*csc(d*x+c))~(1/2)/csc(d*xx+c)~(1/3),x)

[Out] int((a+a*csc(d*x+c)) (1/2)/csc(d*x+c)~(1/3),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

Vacsc(dx +c)+a
1

csc (dx +¢)3

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(d*x+c))~(1/2)/csc(d*x+c)”(1/3),x, algorithm="maxima")

[Out] integrate(sqrt(a*csc(d*x + c) + a)/csc(d*x + ¢c)~(1/3), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

, [\/acsc(dx+c)+a ]
integral —, X
csc (dx + ¢)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(d*x+c))~(1/2)/csc(d*x+c)”(1/3),x, algorithm="fricas")

[Out] integral(sqrt(axcsc(d*x + c) + a)/csc(d*x + ¢)~(1/3), %)

Sympy [F] time = 0., size = 0, normalized size = 0.

va(csc(c+dx) +1)
dx

Jesc (c + dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(d*x+c))**(1/2)/csc(d*x+c)**(1/3),%)

[Out] Integral(sqrt(a*x(csc(c + d*x) + 1))/csc(c + d*x)**(1/3), x)

Giac [F] time = 0., size = 0, normalized size = 0.

Vacsc(dx+c)+a
dx

1
csc (dx +¢)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(d*x+c))~(1/2)/csc(d*x+c)”(1/3),x, algorithm="giac")

[Out] integrate(sqrt(a*csc(d*x + c) + a)/csc(d*x + c)~(1/3), x)
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3.97 f \/a+a408(:(c+dx) dx

cse3 (c+dx)

Optimal. Leaf size=552

g 3 3
5 33442 cot(c + dx) (1 — esc(e + dx csc? (et VesclcHd)H pre i o F (sin_1 (M) ,—7 -4 3) 15+
(c+ v €+ ) e A ~esclerdn Va1 V3) 15

—_ 4+ —

3
4\/§d\/( 1~ Vosclcrdr) ~(a — acsc(c + dx))vacsc(c +dx) +a

- \3/csc(c+dx)+\/§+1)

[Out] (-15%axCot[c + dxx])/(8*d*(1 + Sqrt[3] - Csclc + d*x]~(1/3))*Sqrt[a + axCsc
[c + d*x]]) - (3xaxCos[c + d*x])/(4*d*Csclc + d*x]~(1/3)*Sqrt[a + axCsc[c +
d*x]]) - (15%axCos[c + d*x]*Csclc + d*x]~(2/3))/(8*d*Sqrt[a + a*Csclc + dx
x]]) + (156%37(1/4)*Sqrt[2 - Sqrt[3]]*a~2*Cot[c + d*x]*(1 - Csclc + d*x]~(1/
3))*Sqrt[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csclc
+ d*x]~(1/3)) 2] *EllipticE[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 +
Sqrt[3] - Csclc + d*x]~(1/3))1, -7 - 4xSqrt[31]1)/(16*d*Sqrt[(1 - Csclc + dx*
x]7(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))72]*(a - a*Cscl[c + d*x])*Sqrt[a
+ axCsclc + d*xx]]) - (5%37(3/4)*a"2xCot[c + d*x]*(1 - Csclc + d*x]~(1/3))*
Sqrt[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csclc + d
*xx]~(1/3))"2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sqrt
[3] - Csclc + d*x]~(1/3))1, -7 - 4xSqrt[31])/(4*Sqrt[2]*d*Sqrt[(1 - Csclc +
d*x]~(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqr
t[a + axCsclc + d*x]])

Rubi [A] time = 0.306694, antiderivative size = 552, normalized size of antiderivative =

. . b f rul
1., number of steps used = 7, number of rules used = 6, integrand size = 25, i L

integrand size
0.24, Rules used = {3806, 51, 63, 303, 218, 1877}

2

3 T Y 3
5 33442 cot(c + dx) (1 — esc(c + dx)) J csci erdn)t CSC(de);lF (sin‘l (_—VCSC(C”")_‘/‘;M) | -7 - 4\/5) 1543+/2 -
+

(_ W+‘/§+l) —Yesclerdn)+v3+1

3T
4+2d 1~ Vesclovdy) (a —acsc(c + dx))vacsc(c +dx) +a
(— \3/csc(c+dx)+\/§+1)2

Antiderivative was successfully verified.

[In] Int[Sqrtla + a*Csclc + d*x]]/Csclc + d*x]~(4/3),x]

[Out] (-15*a*xCot[c + d*x])/(8*d*(1 + Sqrt[3] - Csclc + d*x]~(1/3))*Sqrt[a + ax*Csc
[c + d*x]]) - (3*axCos[c + d*x])/(4xd*Csclc + d*x]~(1/3)*Sqrt[a + a*Csc[c +
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d*x]]) - (15%axCos[c + dxx]*Csclc + d*x]~(2/3))/(8*d*Sqrt[a + a*Csclc + dx
x]1) + (156%37(1/4)*Sqrt[2 - Sqrt[3]]*a~2*Cot[c + d*x]*(1 - Csclc + d*xx]~(1/
3))*Sqrt[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csclc

+ d*x]~(1/3))"2]*EllipticE[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 +
Sqrt[3] - Csclc + d*x]~(1/3))1, -7 - 4xSqrt[31]1)/(16*d*Sqrt[(1 - Csclc + dx*
x]17(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrtla

+ a*Csclc + d*x]]) - (5%37(3/4)*a"2*Cot[c + d*x]*(1 - Csclc + d*x]~(1/3))*
Sqrt[(1 + Csclc + d*x]~(1/3) + Csclc + d*xx]~(2/3))/(1 + Sqrt[3] - Csclc + d
*xx]~(1/3))"2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sqrt
[3] - Csclc + d*x]~(1/3))1, -7 - 4xSqrt[31])/(4*Sqrt[2]*d*Sqrt[(1 - Csclc +

d*x]~(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csclc + d*x])*Sqr
tla + axCsclc + dxx]1)

Rule 3806

Int[(cscl(e_.) + (£_)*(x_)]*(d_.))"(n_)*Sqrtlcscl(e_.) + (f_.)*(x )1*(b_.)

+ (a_)], x_Symbol] :> Dist[(a"2*d*Cot[e + f*x])/(f*Sqrtl[a + b*Cscle + f*x]
1xSqrt[a - b*Cscle + f*x]]), Subst[Int[(d*x)~(n - 1)/Sqrtla - bx*x], x], x,
Cscle + f*x1]1, x] /; FreeQ[{a, b, d, e, f, n}, x] && EqQ[a"2 - b2, 0]

Rule 51

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a +bxx)"(m + 1)*(c + d*x)"(n + 1))/ ((b*c - axd)*(m + 1)), x] - Dist[(dx(
m+n+ 2))/((bxc - a*xd)*(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], x
1 /; FreeQl[{a, b, c, d, n}, x] && NeQ[b*c - a*xd, 0] && LtQ[m, -1] && ! (LtQ
[n, -1] && (EqQ[a, 0] || (NeQ[c, 0] && LtQ[m - n, O] &% IntegerQ[nl))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*x_))"(m )*x((c_.) + (d_)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1 *(c - (axd)/b +

(d*x"p)/b)°n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 303

Int[(x_)/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]
1, s = Denom[Rt[b/a, 3]1}, Dist[(Sqrt[2]*s)/(Sqrt[2 + Sqrt[3]]*r), Int[1/Sq
rt[a + b*x~3], x], x] + Dist[1/r, Int[((1 - Sqrt[3])*s + r*x)/Sqrtla + b*x~
3], x1, x]] /; FreeQ[{a, b}, x] && PosQ[al
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Rule 218

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],

s = Denom[Rt[b/a, 311}, Simp[(2*Sqrt[2 + Sqrt[3]]*(s + r*x)*Sqrt[(s™2 - r*s
*x + r72*%x72)/((1 + Sqrt[3])*s + r*x) 2]*EllipticF[ArcSin[((1 - Sqrt[3])x*s

+ r*x)/((1 + Sqrt[3]1)*s + r*x)], -7 - 4xSqrt[3]1]1)/(37(1/4)*r*Sqrt[a + b*x"3
I1*xSqrt[(s*x(s + r*x))/((1 + Sqrt[3])*s + r*x)~2]), x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rule 1877

Int[((c_) + (d_.)*(x_))/Sqrtl(a_) + (b_.)*x(x_)"3], x_Symbol] :> With[{r = N
umer [Simplify[((1 - Sqrt([3])*d)/c]], s = Denom[Simplify[((1 - Sqrt[3])*d)/c
11}, Simp[(2*%d*s~3*Sqrtla + b*x73])/(a*r~2*((1 + Sqrt[3])*s + r*x)), x] - S
imp[(37(1/4)*Sqrt[2 - Sqrt[3]]*dxs*(s + r*x)*Sqrt[(s™2 - rxs*x + r~2%xx72)/(
(1 + Sqrt[3])*s + r*x)~2]*EllipticE[ArcSin[((1 - Sqrt[3])*s + r*x)/((1 + Sq
rt[3])*s + r*x)], -7 - 4*Sqrt[3]])/(r~2*Sqrtla + b*x"3]*Sqrt[(s*(s + r*x))/
((1 + Sqrt[3])*s + r*x)~2]), x]] /; FreeQ[{a, b, c, d}, x] && PosQ[a] && Eq
Q[bxc™3 - 2%(5 - 3*Sqrt[3])*axd”3, 0]

Rubi steps

1
TEN
d+Ja — a csc(c + dx)\/a + a csc(c + dx)

(az cot(c + dx)) Subst ( f dx, x, csc(c + dx))

va + acsc(c + dx)
dx =

4
csce3(c + dx)

1
o 3a cos(c + dx) X (Saz cot(c + dx)) Subst (f N dx, x, csc(c + dx
4d~/csc(c + dx)\a + acsc(c + dx) 8d+/a — a csc(c + dx)va + a csc(c + dx)
2 2
3 3a cos(c + dx) 15a cos(c + dx) csc3(c + dx) (5a cot(e + dx)) Sut
~ 4dsfesc(c + dx)ya + acsc(c + dx) 8d+/a + acsc(c + dx) 16d+/a — a csc|
2 2
3 3a cos(c + dx) 15a cos(c + dx) csc3 (¢ + dx) (15‘1 cot(c + dx)) Su
~ 4d¥esc(c + dx)ya + acsc(c + dx) 8d+/a + a csc(c + dx) 16d+/a — a csc
2 2
3 3a cos(c + dx) 15a cos(c + dx) csc3 (¢ + dx) (15a cot(c + dx)) Su
~ 4d<fesc(c + dx)ya + acsc(c + dx) 8d+/a + acsc(c + dx) 16d+/a — a csc
15a cot(c + dx) 3a cos(c + dx) 15¢

" 8d (1 + V3 — Jfesc(c + dx)) Va + acsc(c + dx) * 4dfesc(c + doa + acsc(c + dx)
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Mathematica [C] time = 1.20123, size = 72, normalized size = 0.13

4
a cos(c + dx) (5 cscd(c + dx)Hypergeometric2F1 (%, g, g,l —csc(c + dx)) + 3)
4d-fcsc(c + dx)va(ese(c + dx) +1)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + a*Cscl[c + d*x]]/Csclc + d*x]~(4/3),x]

[Out] -(a*Cos[c + d*x]*(3 + 5*Csc[c + d*x]~(4/3)*Hypergeometric2F1[1/2, 4/3, 3/2,
1 - Csclc + d*x]]))/(4xd*Csclc + d*x]~(1/3)*Sqrt[ax(1l + Cscl[c + d*x])])

Maple [F] time = 0.323, size = 0, normalized size = 0.

f\/a +acsc(dx + ¢) (csc (dx + c))_g dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*csc(d*x+c))~(1/2)/csc(d*x+c)”(4/3),x)

[Out] int((ata*csc(d*x+c))~(1/2)/csc(d*x+c)”(4/3),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

Vacsc(dx+c)+a
dx

4
csc (dx +¢)3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*csc(d*x+c))”(1/2)/csc(d*x+c)~(4/3),x, algorithm="maxima")

[Out] integrate(sqrt(a*csc(d*x + c) + a)/csc(d*x + c)~(4/3), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

, [\/acsc(dx+c)+a ]
integral — X
csc (dx + ¢)3
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(d*x+c))”~(1/2)/csc(d*x+c)”(4/3),x, algorithm="fricas")

[Out] integral(sqrt(a*csc(d*x + c) + a)/csc(d*x + c)~(4/3), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

va(csc(c +dx) +1)
I dx
csc3 (¢ + dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+axcsc(d*x+c))**x(1/2)/csc(d*x+c)**(4/3),x)

[Out] Integral(sqrt(ax(csc(c + d*x) + 1))/csc(c + d*x)**(4/3), x)

Giac [F] time = 0., size = 0, normalized size = 0.

Vacsc(dx +c)+a
4
csc(dx +c¢)3

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(d*x+c))”~(1/2)/csc(d*x+c)”(4/3),x, algorithm="giac")

[Out] integrate(sqrt(a*xcsc(d*x + c) + a)/csc(d*x + c)~(4/3), x)



153

3.28 f csc’(c + dx)a + a csc(c + dx) dx

Optimal. Leaf size=48

2a cot(c + dx)Hypergeometric2F1 (%,1 -n, g, 1 —csc(c + dx))

dacsc(c +dx) +a

[Out] (-2*a*Cot[c + d*x]*Hypergeometric2F1[1/2, 1 - n, 3/2, 1 - Cscl[c + dx*x]])/(d
*xSqrt[a + a*Csclc + d*x]])

Rubi [A] time = 0.0584631, antiderivative size = 48, normalized size of antiderivative =
number of rules

1., number of steps used = 2, number of rules used = 2, integrand size = 23, ———F—— =
integrand size
0.087, Rules used = {3806, 65}

2a cot(c + dx) ,F; (%,1 -n; g;l —csc(c + dx))

dvacsc(c +dx) +a

Antiderivative was successfully verified.

[In] Int[Cscl[c + d*x] n*Sqrtl[a + a*Cscl[c + d*x]],x]

[Out] (-2*a*Cot[c + d*x]*Hypergeometric2F1[1/2, 1 - n, 3/2, 1 - Csclc + dx*x]])/(d
*Sqrt[a + a*Csclc + d*x]])

Rule 3806

Int[(cscl(e_.) + (f_)*(x_)]1*(d_.))"(n_)*Sqrtlcscl(e_.) + (f_.)*x(x_)1*(b_.)
+ (a_)], x_Symbol] :> Dist[(a"2*d*Cot[e + f*xx])/(f*Sqrtl[a + b*Cscle + f*x]
1*Sqrt[a - b*Cscle + f*x]]), Subst[Int[(d*x)~(n - 1)/Sqrtla - b*x], x], x,
Cscle + f*x]], x] /; FreeQ[{a, b, d, e, f, n}, x] && EqQ[a"2 - b2, 0]

Rule 65

Int[((b_.)*(x D))" (m_ )*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((c + d*x
)" (n + 1)x*Hypergeometric2Fi[-m, n + 1, n + 2, 1 + (d*x)/c])/(d*(n + 1)*(-(d
/(b*c)))"m), x] /; FreeQ[{b, ¢, d, m, n}, x] & !IntegerQ[n] && (IntegerQ[
m] || GtQ[-(d/(b*c)), 01)

Rubi steps
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~1+n
(a2 cot(c + dx)) Subst ( f ~_ dx, x, csclc + dx))
fcsc”(c + dx)\a + acsc(c + dx) dx = o
dv/a — acsc(c + dx)va + acsc(c + dx)
2a cot(c + dx) o F; (%,1 -n; g;l —csc(c + dx))

d+/a + a csc(c + dx)

Mathematica [A] time = 0.169233, size = 48, normalized size = 1.

2a cot(c + dx)Hypergeometric2F1 (%,1 -n, 2, 1—csc(c+ dx))
- dv/a(csc(c + dx) +1)

Antiderivative was successfully verified.

[In] Integrate[Csc[c + d*x] n*Sqrtla + axCsclc + d*x]],x]

[Out] (-2*a*xCot[c + d*x]*Hypergeometric2F1[1/2, 1 - n, 3/2, 1 - Csclc + d*x]])/(d

*Sqrt [a*(1 + Csclc + d*x])])

Maple [F] time = 0.401, size = 0, normalized size = 0.

f(csc (dx +¢))" \/a +acsc(dx +c)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) n*x(at+a*csc(d*x+c))~(1/2),x)

[Out] int(csc(d*x+c) n*x(ataxcsc(dxx+c))~(1/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f \/a csc(dx + ¢) + acsc (dx +¢)" dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csc(d*x+c) “n*(ataxcsc(d*x+c))~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)"n, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (\/a csc(dx +¢) + acsc(dx +¢c)", x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) nx(atakxcsc(d*xx+c)) (1/2),x, algorithm="fricas")

[Out] integral(sqrt(a*csc(d*x + c) + a)*csc(d*x + c¢)"n, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f Va(cse (c + dx) + 1) esc? (c + dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**n*(ata*xcsc(d*x+c))**(1/2),x)

[Out] Integral(sqrt(ax(csc(c + d*x) + 1))*csc(c + d*x)**n, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f Vacsc (dx + ) + acsc (dx + ¢)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) "n*x(ata*xcsc(d*x+c))~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)"n, x)
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3.29 f csc'(c + dx)va — a csc(c + dx) dx

Optimal. Leaf size=69

2a cos(c + dx)(— csc(c + dx)) ™" esc™ 1 (c + dx)Hypergeometric2F1 (%,1 -n, g, csc(c +dx) + 1)

d+/a — a csc(c + dx)

[Out] (-2*a*Cos[c + d*x]*Csc[c + d*x]~(1 + n)*Hypergeometric2F1[1/2, 1 - n, 3/2,
1 + Csclc + d*x]]1)/(d*(-Csclc + dxx]) n*Sqrt[a - axCsclc + dxx]])

Rubi [A] time = 0.0701908, antiderivative size = 69, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 24, e -

integrand size
0.125, Rules used = {3806, 67, 65}

2a cos(c + dx)(— csc(c + dx)) ™ esc (¢ + dx) ,F; (%, 1-n; g; csc(c + dx) + 1)

dva — acsc(c + dx)

Antiderivative was successfully verified.

[In] Int[Cscl[c + d*x] n*Sqrtl[a - a*Cscl[c + d*x]],x]

[Out] (-2*a*Cos[c + d*x]*Csc[c + d*x]~(1 + n)*Hypergeometric2F1[1/2, 1 - n, 3/2,
1 + Csclc + d*x]]1)/(d*(-Csclc + dxx]) n*Sqrt[a - axCscl[c + dxx]])

Rule 3806

Int[(cscl(e_.) + (f_.)*(x_)]1*(d_.))"(n_)*Sqrtlcscl[(e_.) + (f_.)*x(x_)1*(b_.)
+ (a_)], x_Symbol] :> Dist[(a"2*d*Cot[e + f*xx])/(f*Sqrt[a + b*Cscle + f*x]
1*Sqrt[a - b*Cscle + f*x]]), Subst[Int[(d*x)~(n - 1)/Sqrtla - b*x], x], x,
Cscle + f*x]], x] /; FreeQ[{a, b, d, e, f, n}, x] && EqQ[a"2 - b2, 0]

Rule 67

Int[((b_.)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Dist[((-((bx*c)
/d)) “IntPart [m] * (bxx) “FracPart[m])/(-((d*x)/c)) FracPart[m], Int[(-((d*x)/c
))"mx(c + d*x)"n, x], x] /; FreeQ[{b, c, d, m, n}, x] && !'IntegerQ[m] &&
IntegerQ[n] && !GtQlc, 0] && !'GtQ[-(d/(bx*c)), O]

Rule 65
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Int [((b_)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol]l :> Simp[((c + d*x
)" (n + 1)*Hypergeometric2Fi[-m, n + 1, n + 2, 1 + (d*x)/c]l)/(dx(n + 1)*(-(d
/(b*c)))"m), x] /; FreeQ[{b, c, d, m, n}, x] && 'IntegerQ[n] && (IntegerQ[
m] || GtQ[-(d/(bxc)), 01)

Rubi steps

X

(az cot(c + dx)) Subst ( i \/a%;
d+a — acsc(c + dx)\/a + a csc(c + dx)

(a2 cos(c + dx)(— csc(c + dx)) ™ esc T (c + dx)) Subst (f

dx, x, csc(c + dx))

fcsc”(c + dx)\/a —acsc(c+dx)dx =

—1+n
—-X
( )ax dx, x, csc(c

Varax
dva — acsc(c + dx)va + acsc(c + dx)

)

2a cos(c + dx)(— csc(c + dx)) ™ csc (¢ + dx) ,F4 (%, 1-mn; 3;1 + csc(c + dx

d+a — a csc(c + dx)

Mathematica [A] time = 0.913166, size = 73, normalized size = 1.06

2a cos(c + dx) csc?*1(c + dx) (— csc?(c + dx))_n Hypergeometric2F1 (%, 1-n, g, ese(c + dx) + 1)

dva — acsc(c + dx)

Antiderivative was successfully verified.

[In] Integrate[Csc[c + d*x] n*Sqrt[a - a*Cscl[c + dx*x]],x]

[Out] (-2*a*Cos[c + d*x]*Csc[c + d*x]~(1 + 2*n)*Hypergeometric2F1[1/2, 1 - n, 3/2
, 1 + Csclc + d*x]])/(d*(-Csclc + d*x]~2) nxSqrt[a - a*Cscl[c + d*x]])

Maple [F] time = 0.484, size = 0, normalized size = 0.

f (csc (dx + ¢))" \/a —acsc(dx +c)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) n*x(a-a*csc(d*x+c))~(1/2),x)
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[Out] int(csc(d*x+c) " n*x(a-axcsc(d*x+c))~(1/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f \/—a csc (dx + ¢) + acsc (dx + ¢)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) “n*(a-axcsc(d*x+c))~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(-a*csc(d*x + c) + a)*csc(d*x + c)"n, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (\/—u csc(dx +¢) + acsc(dx + )", x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) nx(a-a*csc(d*x+c))~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(-axcsc(d*x + c) + a)*csc(d*x + ¢c)"n, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f V=a(csc (c + dx) — 1) esc” (¢ + dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**n*(a-a*xcsc(d*x+c))**(1/2),x)

[Out] Integral(sqrt(-a*(csc(c + d*x) - 1))*csc(c + d*x)**n, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f \/—a csc (dx + ¢) + acsc (dx + ¢)" dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) nx(a-a*csc(d*x+c))~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(-a*csc(d*x + c) + a)*csc(d*x + c)"n, x)
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3.30 fcsc3(e + fx)(a+acsc(e + fx))" dx

Optimal. Leaf size=156

1 1
23 (m2 +m+ 1) cot(e + fx)(cscle + fx) +1)" 2(acsc(e + fx) + a)"Hypergeometric2F1 (1, L om 2 la - esc

2’2 7272
fm+1)(m +2)

[Out] (Cot[e + fxx]*(a + axCscle + f*x])"m)/(£*(2 + 3*m + m™2)) - (Cotl[e + fx*x]*(
a + a*Cscle + f*x]1)~(1 + m))/(a*f*x(2 + m)) - (2°(1/2 + m)*(1 + m + m~2)*Cot

[e + f*xx]*(1 + Cscle + fxx])~(-1/2 - m)*(a + a*Cscle + f*x]) m*Hypergeometr
ic2F1[1/2, 1/2 - m, 3/2, (1 - Cscle + f*x])/2])/(fx(1 + m)*(2 + m))

Rubi [A] time = 0.189615, antiderivative size = 156, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 21, e .

integrand size
0.238, Rules used = {3800, 4001, 3828, 3827, 69}

1 3

2" (m? + m +1) cot(e + fx)(csc(e + fx) + 1) 2 (a csele + fx)+a)" ok (% =51 - osele + fx))) cot(e
+

f(m+1)(m +2)

Antiderivative was successfully verified.

[In] Int[Cscle + fxx] " 3*(a + a*xCscle + f*x]) "m,x]

[Out] (Cot[e + fxx]*(a + axCscle + f*x])"m)/(£f*x(2 + 3*m + m™2)) - (Cotl[e + f*x]x*(
a + axCscle + f*x])~(1 + m))/(a*xf*x(2 + m)) - (27°(1/2 + m)*(1 + m + m~2)*Cot

[e + f*x]*(1 + Cscle + fxx])~(-1/2 - m)*(a + a*Cscle + f*x]) m*Hypergeometr
ic2F1[1/2, 1/2 - m, 3/2, (1 - Cscle + f*xx])/2])/(fx(1 + m)*(2 + m))

Rule 3800

Int[cscl(e_.) + (£_.)*x(x_)]173x(cscl(e_.) + (£_.)*(x_)Ix(b_.) + (a_))"(m_),
x_Symbol] :> -Simp[(Cot[e + f*x]*(a + bxCscle + f*x])"(m + 1))/(b*f*(m + 2)
), x] + Dist[1/(bx(m + 2)), Int[Cscle + f*x]*(a + b*Cscle + £*x]1) m*(b*(m +
1) - a*Cscle + f*x]), x], x] /; FreeQ[{a, b, e, f, m}, x] && EqQ[2"2 - b~2
, 0] & 'LtQm, -2"(-1)]

Rule 4001

Int[cscl(e_.) + (f_.)x(x_)Ix(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)) " (m_)*(cs
cl(e_.) + (£_)*(x_)]*(B_.) + (A_)), x_Symbol] :> -Simp[(B*Cot[e + fx*x]*(a



161

+ bxCscle + f*x])™m)/(f*x(m + 1)), x] + Dist[(a*B*m + Axb*(m + 1))/(bx(m + 1
)), Int[Csc[e + f*x]*(a + b*Cscle + f*xx])™m, x], x] /; FreeQ[{a, b, A, B, e
, £, m}, x] && NeQ[A*b - a*B, 0] && EqQ[a"2 - b~2, 0] && NeQ[a*B*m + Axb*(m
+ 1), 0] && 'LtQ[m, -2~ (-1)]

Rule 3828

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)]*(b_.) +
(a_))~(m_), x_Symbol] :> Dist[(a"IntPart[m]*(a + b*Cscle + f*x]) FracPart[m
1)/ + (bxCscle + f*x])/a) FracPart[m], Int[(1 + (b*Cscle + f*x])/a) m*x(dx*
Cscle + f*x])°n, x], x] /; FreeQ[{a, b, d, e, f, m, n}, x] & EqQ[a”2 - b~2
, 0] & !IntegerQ[m] && !'GtQ[a, O]

Rule 3827

Int[(cscl(e_.) + (£_.)*(x_)]1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)]*(b_.) +
(a_))"(m_), x_Symbol] :> Dist[(a"2#dxCot[e + fxx])/(f*Sqrtl[a + b*Cscle + f*
x]]1*Sqrt[a - b*Cscle + f*x]]), Subst[Int[((d*x)~(n - 1)*(a + b*x)"(m - 1/2)
)/Sqrtla - bxx], x], x, Cscle + f*x]], x] /; FreeQ[{a, b, d, e, f, m, n}, x
1 && EqQ[a"2 - b™2, 0] && !IntegerQ[m] && GtQ[a, O]

Rule 69

Int[((a_) + (b_.)*(x_)) " (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
a + b*x)”~(m + 1)*Hypergeometric2F1[-n, m + 1, m + 2, -((d*(a + b*x))/(b*c -
a*xd))])/(bx(m + 1)*(b/(b*c - a*d))"n), x] /; FreeQ[{a, b, ¢, d, m, n}, x]
&& NeQ[bxc - axd, 0] && !'IntegerQ[m] && !'IntegerQ[n] && GtQ[b/(b*c - axd)

, 0] && (RationalQ[m] || !(RationalQ[n] && GtQ[-(d/(b*c - axd)), 0]))

Rubi steps
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_cot(e + fx)(a +acsc(e + fx))+m N fcsc(e + fx)(a(l + m) —acsc(e + fx))(

fcsc3(e + fx)(a +acscle + fx))"dx =

af (2 +m) a(2 + m)
_ cot(e + fx)(a+acscle+ fx))"  cotle+ fx)(a+acscle + fx))*" N (1 +m
- f(2+3m+m2) af(2+m)

cot(e + fx)(a +acscle + fx))"  cot(e+ fx)(a+acscle+ Fx))tm .\ ((1 +1
f(2+3m +m?) af (2 +m)

((1+n

_ cot(e+ fx)(a+acscle+ fx))"  cot(e + fx)(a+acscle + fx)) " N
- f(2+3m+m2) af(2 +m)

cot(e + fx)(a +acscle + fx))" _ cot(e + fx)(a+acsc(e+ fx)t B 22" (]

f(2+3m+m2) af(2+m)

Mathematica [A] time = 0.725878, size = 199, normalized size = 1.28

cot? (%(e + fx)) (tan (%(e + fx)) ; 1)_% (a(cscle + fx) + )" (—4Hyperge0metric2F1 (—2m _3,-m—2,-m—1,

Antiderivative was successfully verified.

[In] Integrate[Cscle + f*x]~3*(a + a*Cscle + f*x]) m,x]

[Out] -(Cot[(e + f*x)/2]72%(a*x(1 + Cscle + f*x])) m*x(-4*Hypergeometric2F1[-3 - 2%
m, -2 - m, -1 - m, -Tan[(e + f*x)/2]] - 8*Hypergeometric2F1[-1 - 2*m, -2 -
m, -1 - m, -Tan[(e + f*x)/2]] + 4*Hypergeometric2F1[-2 - m, -2*m, -1 - m, -
Tan[(e + fx*x)/2]] + 8*Hypergeometric2F1[-2 - m, -2%x(1 + m), -1 - m, -Tan[(e

+ f*x)/2]] + Hypergeometric2F1[-2 - m, -2%(2 + m), -1 - m, -Tan[(e + f*x)/
2]11))/(4xfx(2 + m)*(1 + Tan[(e + fxx)/2])~(2*m))

Maple [F] time = 0.609, size = 0, normalized size = 0.

f (csc (fx + e))3 (u +acsc (fx + e))m dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(csc(f*x+e) "3*(ataxcsc(f*x+e)) " m,x)

[Out] int(csc(f*xx+e) "3*x(ataxcsc(f*x+e)) m,x)

Maxima [F] time = 0., size = 0, normalized size = 0.
m 3
f(acsc(fx+e)+a) csc(fx+e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(fxx+e) 3x(ata*xcsc(f*x+e)) m,x, algorithm="maxima")

[Out] integrate((a*csc(f*x + e) + a) mkcsc(f*x + e)73, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((u csc (fx + e) + a)m csc (fx + 6)3 ,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 3x(ata*csc(f*x+e)) m,x, algorithm="fricas")

[Out] integral((a*xcsc(f*x + e) + a)~mxcsc(f*x + e)73, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a (csc (e + fx) + 1))m cscd (e + fx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)**3%(ataxcsc(f*x+e))**m,x)

[Out] Integral((ax(csc(e + f*x) + 1))**mxcsc(e + f*x)**3, x)
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Giac [F] time = 0., size = 0, normalized size = 0.
m 3
f(acsc (fx+e) + a) csc (fx+e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) "3*(ata*xcsc(f*x+e)) m,x, algorithm="giac")

[Out] integrate((a*csc(f*x + e) + a) mkcsc(f*x + e)73, x)
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3.31 fcscz(e + fx)(a +acsc(e + fx))" dx
Optimal. Leaf size=109
2m+%m cot(e + fx)(csc(e + fx) + 1)_m_%((1 csc(e + fx) + a)"Hypergeometric2F1 (%, % -m, g, %(l —csc(e + fx)))

f(m+1)

[Out] -((Cotl[e + f*x]*(a + a*Cscle + f*x])™m)/(f*x(1 + m))) - (27(1/2 + m)*m*Cot[e
+ fxx]*(1 + Cscle + f*x])7(-1/2 - m)*(a + axCsc[e + f*x]) m*Hypergeometric
2F1[1/2, 1/2 - m, 3/2, (1 - Cscle + f*x])/2]1)/(f*(1 + m))

Rubi [A] time = 0.103176, antiderivative size = 109, normalized size of antiderivative =

. . b f rul
1., number of steps used = 4, number of rules used = 4, integrand size = 21, o L

integrand size
0.19, Rules used = {3798, 3828, 3827, 69}

2m+%m cot(e + fx)(csc(e + fx) + 1)_m_%(a csce + fx) +a)™ ,F; (%,% —m; g,‘ %(l - csc(e +fx))) cot(e + fx)(acs

fm+1) f(m

Antiderivative was successfully verified.

[In] Int[Cscle + fx*x] 2x(a + ax*Cscle + f*x]) m,x]

[Out] -((Cotl[e + f*x]*(a + a*Cscle + f*xx])™m)/(fx(1 + m))) - (2°(1/2 + m)*m*Cot [e
+ fxx]*(1 + Cscle + f*x])7(-1/2 - m)*(a + a*Csc[e + f*x]) m*Hypergeometric
2F1[1/2, 1/2 - m, 3/2, (1 - Cscle + f*x])/2]1)/(f*(1 + m))

Rule 3798

Int[cscl(e_.) + (f_.)x(x_)]1"2x(cscl(e_.) + (£_.)*(x_)]*(b_.) + (a_))"(m_),
x_Symbol] :> -Simp[(Cot[e + f*x]*(a + b*Cscle + f*x])™m)/(f*x(m + 1)), x] +
Dist[(a*m)/(bx(m + 1)), Int[Cscle + f*x]*(a + b*Cscle + f*xx])"m, x], x] /;
FreeQ[{a, b, e, f, m}, x] & EqQ[a"2 - b~2, 0] && !'LtQ[m, -27(-1)]

Rule 3828

Int[(cscl(e_.) + (f_.)x(x_)]*(d_.)) " (n_.)*x(cscl(e_.) + (f_.)*(x_)]1*(b_.) +
(a_))~(m_), x_Symbol] :> Dist[(a"IntPart[m]*(a + b*Cscle + f*x]) FracPart[m
1)/(1 + (bxCscle + f*x])/a) FracPart[m], Int[(1 + (b*Cscl[e + f*xx])/a) m*(dx*
Cscle + f*x])°n, x], x] /; FreeQ[{a, b, d, e, f, m, n}, x] && EqQ[a"2 - b2
, 0] & !'IntegerQ[m] && !'GtQ[a, 0]
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Rule 3827

Int[(cscl(e_.) + (f_)*(x_)]*(d_.))"(n_.)*(cscl(e_.) + (£_)*(xD)1*(b_.) +
(a_))~(m_), x_Symbol] :> Dist[(a"2*d*Cot[e + f*x])/(f*Sqrt[a + b*Cscle + f*
x]]1*Sqrt[a - bxCscle + f*x]]), Subst[Int[((d*x)~(n - 1)*(a + b*x)"(m - 1/2)
)/Sqrtla - b*x], x], x, Cscle + f*x]], x] /; FreeQ[{a, b, d, e, f, m, n}, x
] &% EqQ[a”2 - b~2, 0] && !IntegerQ[m] && GtQ[a, O]

Rule 69

Int[((a_) + (b_)*(x )) " (m )*((c_) + (d_.)*x(x_))"(n_), x_Symbol] :> Simpl[((
a + b*x) " (m + 1)*Hypergeometric2F1[-n, m + 1, m + 2, -((d*(a + b*x))/(bxc -
a*xd))])/(bx(m + 1)*(b/(b*c - a*d))™n), x] /; FreeQ[{a, b, ¢, d, m, n}, x]
&& NeQ[bxc - axd, 0] && !'IntegerQ[m] &% !'IntegerQ[n] && GtQ[b/(b*c - a*xd)
, 0] &% (RationalQ[m] || !(RationalQ[n] && GtQ[-(d/(b*c - axd)), 0]))

Rubi steps

fcscz(e + fx)(a+acscle+ fx)"dx = -

cot(e + fx)(a + acsc(e + fx))" N m fcsc(e + fx)(a +acsc(e + fx))"dx

f+m) 1+m

_ _cot(e + fx)(a+acsc(e+ fx)" N (m(l +csc(e + fx))™"(a + acsc(e + fx))"

fd+m)

B _cot(e + fx)(a +acsc(e + fx))"

1+ m

(m cot(e + fx)(1 + csc(e + fx))_%_m(a +

B f(l+m)

3 _Cot(e + fx)(a +acsc(e + fx))" B

fd+mn

Z%Wm cot(e + fx)(1 + csc(e + fx))_%_m(c

a (1 +m)

Mathematica [A] time = 0.431278, size = 131, normalized size = 1.2

cot (%(e + fx)) (tan (%(e + fx)) + 1)—2m (a(csc(e + fx) +1))™ (—ZHypergeometriCQFl (—Zm -1,-m-1,-m,—tan

Antiderivative was successfully verified.

[In] Integrate[Cscl[e + fxx]~2*(a + a*Cscle + f*x]) m,x]

[Out] -(Cot[(e + fxx)/2]x(a*(1 + Cscle + f*x])) m*(-2*Hypergeometric2F1[-1 - 2x*m,

-1 - m, -m, -Tan[(e + f*x)/2]] + 2*Hypergeometric2F1[-1 - m, -2*m, -m, -Ta



167

nl(e + fxx)/2]] + Hypergeometric2F1[-1 - m, -2*%(1 + m), -m, -Tan[(e + f*x)/
2]11))/(2*%fx(1 + m)*(1 + Tan[(e + f*x)/2])7(2*m))

Maple [F] time = 0.448, size = 0, normalized size = 0.

f (csc (fx + e))z (a +acsc (fx + e))m dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(fxx+e) 2% (a+axcsc(f*x+e)) " m,x)

[Out] int(csc(f*x+e) " 2x(ata*xcsc(f*x+e)) m,x)

Maxima [F] time = 0., size = 0, normalized size = 0.
m 2
f(acsc(fx+e)+a) csc(fx+e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 2x(ata*csc(f*x+e)) m,x, algorithm="maxima"

[Out] integrate((a*csc(f*x + e) + a) mkcsc(f*x + e)72, x)

Fricas [F] time = 0., size = 0, normalized size = 0.
2
integral ((a csc (fx + e) + a)m csc (fx + e) ,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 2% (ataxcsc(f*x+e)) m,x, algorithm="fricas")

[Out] integral((axcsc(f*x + e) + a) mxcsc(fxx + e)”~2, x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f(a (csc (e + fx) + 1))m csc? (e + fx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)**2x (a+a*xcsc(f*x+e))**m,x)

[Out] Integral((ax(csc(e + f*x) + 1))**mxcsc(e + f*xx)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.
f(a csc (fx + e) + a)m csc (fx + e)z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 2x(ata*csc(f*x+e)) m,x, algorithm="giac")

[Out] integrate((axcsc(f*x + e) + a) mkcsc(f*x + e)72, x)
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3.32 fcsc(e + fx)(a +acsc(e + fx))" dx
Optimal. Leaf size=74

1 1
2"%2 cot(e + fx)(cscle + fx) +1) " 2(acsc(e + fx) + a)"Hypergeometric2F1 (%, ; , 2, %(1 —csc(e + fx)))

f

[Out] -((27(1/2 + m)*Cot[e + f*x]*(1 + Cscl[e + f*x])~(-1/2 - m)*(a + a*Cscl[e + f*
x]) “m*Hypergeometric2F1[1/2, 1/2 - m, 3/2, (1 - Cscle + fxx])/2])/f)

Rubi [A] time = 0.0564489, antiderivative size = 74, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 19, IUmDer o e

0.158, Rules used = {3828, 3827, 69}

integrand size

Zm% cot(e + fx)(csc(e + fx) + 1)_m_%(a cscle + fx) +a)" ,F, (%, % —m; g; %(l —csc(e + fx)))

f

Antiderivative was successfully verified.

[In] Int[Cscle + f*x]*(a + a*Cscle + f*x]) m,x]

[Out] -((27(1/2 + m)*Cot[e + fxx]*(1 + Cscle + f*x])~(-1/2 - m)*x(a + axCscl[e + fx
x]) “mxHypergeometric2F1[1/2, 1/2 - m, 3/2, (1 - Cscle + fxx])/2])/f)

Rule 3828

Int[(cscl(e_.) + (£_.)*(x_)]1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)]*(b_.) +
(a_))~(m_), x_Symbol] :> Dist[(a"IntPart[m]*(a + b*Cscle + f*x]) FracPart[m
1)/ + (b*Cscl[e + f*x])/a) FracPart[m], Int[(1 + (b*Cscle + f*x])/a) m*x(dx*
Cscle + f*x])°n, x], x] /; FreeQ[{a, b, d, e, f, m, n}, x] && EqQ[a"2 - b~2
, 0] & !'IntegerQ[m] && !'GtQ[a, O]

Rule 3827

Int[(cscl(e_.) + (f_)x(x )I*(d_.))"(n_.)*(cscl(e_.) + (f_)*x(x)]I*(b_.) +
(a_))~(m_), x_Symbol] :> Dist[(a"2*d*Cot[e + f*x])/(f*Sqrtla + b*Cscle + f*
x]]1*Sqrt[a - bxCscle + f*x]]), Subst[Int[((d*x)~(n - 1)*(a + b*x)"(m - 1/2)
)/Sqrtla - bxx], x], x, Cscle + f*x]], x] /; FreeQ[{a, b, d, e, f, m, n}, x
] && EqQ[a”2 - b~2, 0] && !'IntegerQ[m] && GtQ[a, O]



170

Rule 69

Int[((a_) + (b_.)*(x_)) " (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
a + b*x)"(m + 1)*Hypergeometric2F1[-n, m + 1, m + 2, -((d*(a + b*x))/(b*c -
axd))])/(bx(m + 1)*(b/(b*xc - a*xd))"n), x] /; FreeQ[{a, b, ¢, d, m, n}, x]
&& NeQ[bxc - a*xd, 0] && !IntegerQ[m] && !IntegerQ[n] && GtQ[b/(b*c - axd)
, 0] && (RationalQ[m] || !(RationalQ[n] && GtQ[-(d/(b*c - axd)), 0]))

Rubi steps

fcsc(e + fx)(a+acsc(e+ fx))"dx = ((1 + csce + fx))™(a+ acsc(e + fx))m) fcsc(e + fx)(1 + cscle + fx))" dx

dx,?

1
+x) 2"
1-x

(cot(e + fx)(1 + csc(e + fx))_%_m(a + acsc(e + fx))m) Subst (f a =

f/1—csc(e+ fx)

25 cotle + )1+ escle-+ )3 o+ acscle-+ )" o

f

1131
272 V2’2

Mathematica [A] time = 0.202145, size = 60, normalized size = 0.81

(tan (%(e + fx)) + 1)—2m (a(csc(e + fx) +1))"Hypergeometric2F1 (—Zm, -m,1 —m,—tan (%(e + fx)))
_ o

Antiderivative was successfully verified.

[In] Integrate[Cscle + fxx]*(a + axCscle + f*x]) m,x]

[Out] -(((ax(1 + Cscle + fx*x])) m*Hypergeometric2F1[-2*m, -m, 1 - m, -Tan[(e + fx*
x)/2]11)/(f*m*(1 + Tan[(e + f*x)/2])7(2*m)))

Maple [F] time = 0.429, size = 0, normalized size = 0.

fcsc (fx+e) (a +acsc (fx+e))m dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*x+e)*(ataxcsc(f*x+e)) " m,x)



[Out] int(csc(f*x+e)*(at+a*xcsc(f*x+e)) "m,x)
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Maxima [F] time = 0., size = 0, normalized size = 0.
f(acsc (fx + e) + u)m cse (fx + e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)*(ataxcsc(f*x+e)) m,x, algorithm="maxima"

[Out] integrate((a*csc(f*x + e) + a) mkcsc(f*x + e), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((a csc (fx + e) + a)m csc (fx + e) ,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)*(ataxcsc(f*x+e)) m,x, algorithm="fricas")

[Out] integral((axcsc(f*x + e) + a) mxcsc(f*xx + e), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a (csc (e + fx) + 1))m csc (e +fx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)*(ata*xcsc(f*x+e))**m,x)

[Out] Integral((ax(csc(e + f*xx) + 1))**mxcsc(e + f*x), x)
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Giac [F] time = 0., size = 0, normalized size = 0.
f(acsc(fx+e) +a)mcsc( x+e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)*(ataxcsc(f*x+e)) m,x, algorithm="giac")

[Out] integrate((axcsc(f*x + e) + a) mkcsc(f*x + e), x)
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3.33 f(a +acsc(e + fx))"dx

Optimal. Leaf size=84

\/Ecot(e+fx)(a csc(e + fx) +a)"Fq (m + %;%,1;111 + z;é(csc(e+fx) +1),csc(e + fx) +1)
f(2m +1)4/1 — csc(e + fx)
[Out] -((Sqrt[2]*AppellF1[1/2 + m, 1/2, 1, 3/2 + m, (1 + Cscle + f*x])/2, 1

[e + fxx]]*Cot[e + fxx]*(a + axCscle + f*x])"m)/(fx(1 + 2xm)*Sqrt[1l - Cscle
+ fxx]]))

Rubi [A] time = 0.0574375, antiderivative size = 84, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 12, i L

integrand size
0.25, Rules used = {3779, 3778, 136}

V2 cot(e + fx)(acsc(e+ fx)+a)"F, (m + %; %,1;111 + g; %(csc(e + fx) +1),cscle+ fx) + 1)

f(2m +1)4/1 — csc(e + fx)

Antiderivative was successfully verified.

[In] Int[(a + a*Csc[e + f*x]) m,x]

[Out] -((Sqrt([2]*AppellF1[1/2 + m, 1/2, 1, 3/2 + m, (1 + Cscle + f*x])/2, 1
[e + fxx]]*Cot[e + fxx]*(a + axCscle + f*x])"m)/(fx(1 + 2xm)*Sqrt[1l - Cscle
+ f*x]]))

Rule 3779

Int[(cscl(c_.) + (d_)*x_)I*(_.) + (a_))"(n_), x_Symbol] :> Dist[(a"IntPa
rt[n]*(a + bxCsc[c + d*x]) FracPart[n])/(1 + (b*Csc[c + d*x])/a) FracPart[n
1, Int[(1 + (b*Cscl[c + d*x])/a)"n, x], x] /; FreeQ[{a, b, ¢, d, n}, x] && E
qQ[a”2 - b~2, 0] && !'IntegerQ[2#n] && !GtQ[a, O]

Rule 3778

Int[(cscl(c_.) + (d_)*(x_)I*(b_.) + (a_))"(n_), x_Symbol] :> Dist[(a"n*Cot
[c + d*x])/(d*Sqrt[1 + Cscl[c + d*x]]*Sqrt[1 - Csclc + d*x]]), Subst[Int[(1
+ (b*x)/a)"(n - 1/2)/(x*Sqrt[1 - (b*x)/al), x], x, Csclc + d*x]], x] /; Fre
eQl{a, b, c, d, n}, x] & EqQ[a"2 - b"2, 0] && !IntegerQ[2*n] && GtQ[a, O]

+ Csc

+ Csc
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Rule 136

Int[((a_) + (b_.)*x(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Simp[((b*e - a*xf) px(a + b*x)~(m + 1)*AppellFi[m + 1, -
n, -p, m + 2, -((d*x(a + b*x))/(b*xc - axd)), -((fx(a + b*xx))/(bxe - a*xf))])/
™ (p + D*x(m + 1)*x(b/(b*c - a*d))"n), x] /; FreeQ[{a, b, ¢, d, e, f, m, n}
, x] && !IntegerQ[m] && !'IntegerQ[n] && IntegerQ[p]l && GtQ[b/(b*c - axd),
0] && !'(GtQ[d/(d*a - c*b), 0] && SimplerQ[c + d*x, a + b*x])

Rubi steps

f(a +acscle+ fx)"dx = ((1 + csce + fx))™(a+ acsc(e + fx))m) f(l + csc(e + fx))" dx

m

1+

1
x)2F
V1-xx

dx, x,csc(e + fo

(Cot(e + fx)(1 + cscle + fx))_%_m(a + acsc(e + fx))m) Subst [f

f/1 —cscle + fx)

1 1.3 1
_\/EFl (5 +m; 5,1, > tm; 5(1 + csc(e + fx)), 1+ csc(e + fx)) cot(e + fx)(a +acsc(e + fo

f(@ +2m)4/1 - csc(e + fx)

Mathematica [F] time = 0.594863, size = 0, normalized size = 0.

f(a + acsc(e + fx))" dx

Verification is Not applicable to the result.

[In] Integratel[(a + a*Cscl[e + f*x]) m,x]

[Out] Integrate[(a + a*Cscle + f*x])“m, x]

Maple [F] time = 0.287, size = 0, normalized size = 0.

f(a+acsc(fx+e))m dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*csc(f*x+e))"m,x)
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[Out] int((a+a*csc(f*x+e)) m,x)

Maxima [F] time = 0., size = 0, normalized size = 0.
m
f(acsc(fx+e) + a) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(f*x+e)) m,x, algorithm="maxima"

[Out] integrate((a*csc(f*x + e) + a)™m, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((a csc (fx + e) + a)m, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(f*x+e)) ™m,x, algorithm="fricas")

[Out] integral((axcsc(f*x + e) + a)’m, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a csc (e +fx) + a)m dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(f*x+e))**m,x)

[Out] Integral((a*xcsc(e + fx*x) + a)**m, x)




Giac [F] time = 0., size = 0, normalized size = 0.

f(acsc(fx+e) +a)mdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(f*x+e)) m,x, algorithm="giac")

[Out] integrate((axcsc(f*x + e) + a)”m, x)
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3.34 f(a +acsc(e + fx))"sin(e + fx)dx
Optimal. Leaf size=83
\/Ecot(e+fx)(a csc(e + fx) +a)"Fq (m + %;%,Z;m + g;%(csc(e+fx) +1),csce + fx) +1)
f(2m +1)4/1 — csc(e + fx)
[Out] (Sqrt[2]*AppellF1[1/2 + m, 1/2, 2, 3/2 + m, (1 + Cscle + f*x])/2, 1 +

+ fxx]]*Cot[e + f*x]*(a + axCscle + f*x])"m)/(f*x(1 + 2#m)*Sqrt[1 - Cscle +
f*x]1)

Rubi [A] time = 0.0895867, antiderivative size = 83, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 19, i L

integrand size
0.158, Rules used = {3828, 3827, 136}

V2 cot(e + fx)(acscle+ fx)+a)"Fy (m + %,‘ %,Z;m + g; %(csc(e + fx) +1),cscle+ fx) + 1)

f(2m +1)4/1 — csc(e + fx)

Antiderivative was successfully verified.

[In] Int[(a + a*Csc[e + f*x]) m*Sin[e + fx*x],x]

[Out] (Sqrt[2]*AppellF1[1/2 + m, 1/2, 2, 3/2 + m, (1 + Cscle + f*x])/2, 1 +
+ f*xx]]*Cot[e + fxx]*(a + axCscle + fxx])"m)/(£x(1 + 2*xm)*Sqrt[1 - Cscle +
fxx]])

Rule 3828

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (f_.)*(x_)1*(b_.) +
(a_))~(m_), x_Symbol] :> Dist[(a"IntPart[m]*(a + b*Cscle + f*x]) FracPart[m
1D/ + (b*xCscle + f*x])/a) FracPart[m], Int[(1 + (bxCscl[e + fx*x])/a) m*(d*
Cscle + f*x])"n, x], x] /; FreeQ[{a, b, d, e, f, m, n}, x] && EqQ[a”2 - b~2
, 0] & !'IntegerQ[m] && !'GtQ[a, O]

Rule 3827

Int[(cscl(e_.) + (f_.)x(x_)]*(d_.)) " (n_.)*x(cscl(e_.) + (f_.)*(x_)]1*(b_.) +
(a_))~(m_), x_Symbol] :> Dist[(a"2*d*Cot[e + f*x])/(f*Sqrtla + b*Cscle + f*
x]1*Sqrt[a - bxCscle + f*x]]), Subst[Int[((d*x)~(n - 1)*(a + b*x)"(m - 1/2)
)/Sqrtla - bxx], x], x, Cscle + f*x]], x] /; FreeQ[{a, b, d, e, f, m, n}, x

Cscle

Cscle
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] &% EqQ[a”2 - b~2, 0] && !IntegerQ[m] && GtQ[a, O]

Rule 136

Int[((a_) + (b_)*x(x_))"(m_)*((c_.) + (d_D)*(x_))"(n_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Simp[((b*e - a*xf) px(a + b*x)"(m + 1)*AppellFi[m + 1, -
n, -p, m + 2, -((dx(a + b*x))/(bxc - axd)), -((fx(a + b*x))/(bxe - axf))])/
(b~(p + V*x(m + 1)*(b/(b*c - axd))"n), x] /; FreeQ[{a, b, ¢, d, e, f, m, n}
, x] && !'IntegerQ[m] &% !'IntegerQ[n] && IntegerQ[p] && GtQ[b/(bxc - axd),
0] && '(GtQ[d/(d*xa - c*b), 0] && SimplerQ[c + d*x, a + b*x])

Rubi steps

f(a +acsc(e + fx))" sin(e + fx)dx = ((1 + csc(e + fx))™(a+ acsc(e + fx))’”) f(l + csc(e + fx))" sin(e + fx)dx

1
(1+x) 2"

V1-xx?

(cot(e + fx)(1 + csce + fx))_%_m(a + acsc(e + fx))’”) Subst [f dx, »

f/1—cscle+ fx)

B \2F, (% +m; %,2; g +m; %(1 + csc(e + fx)),1 + csc(e + fx)) cot(e+ fx)(a+a

f(@ +2m)4/1 —csc(e + fx)

Mathematica [F] time = 3.64719, size = 0, normalized size = 0.

f (a+acscle + f)"sin(e + fx)dx

Verification is Not applicable to the result.

[In] Integratel[(a + a*Cscl[e + f*x]) mxSinl[e + fxx],x]

[Out] Integrate[(a + a*Cscl[e + fx*x]) " m*Sin[e + f*x], x]

Maple [F] time = 0.678, size = 0, normalized size = 0.

f(a+acsc(fx+e))msin(fx+e) dx

Verification of antiderivative is not currently implemented for this CAS.



[In] int((a+ax*csc(f*x+e)) m*sin(f*x+e),x)

[Out] int((atax*csc(f*x+e)) mksin(f*x+e),x)
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Maxima [F] time = 0., size = 0, normalized size = 0.
f(acsc (fx+e) + a)m sin(fx+e) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(f*x+e)) m*sin(f*x+e),x, algorithm="maxima"

[Out] integrate((axcsc(f*x + e) + a) m*sin(f*x + e), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((a cse (fx + e) + a)m sin (fx + e) ,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(f*x+e)) m*sin(f*x+e),x, algorithm="fricas")

[Out] integral((axcsc(f*x + e) + a) mxsin(fxx + e), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a (csc (e+fx) +1))m sin (e +fx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(f*x+e))**mxsin(f*x+e),x)

[Out] Integral((a*x(csc(e + f*xx) + 1))**m*sin(e + f*x), x)
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Giac [F] time = 0., size = 0, normalized size = 0.
f(acsc( x +e) + a)msin(fx+e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*csc(f*x+e)) m*sin(f*x+e),x, algorithm="giac")

[Out] integrate((axcsc(f*x + e) + a) m*sin(f*x + e), x)
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3.35  [(a+acsc(e+ fx))"sin’(e+ fx)dx
Optimal. Leaf size=84
V2 cote + fr)(acscle + fx) + ay"Fy (m Ll 3m e+ L Hescle + fx) + 1), cscle + fx) + 1)
f(2m+1)\/Te+fx
[Out] -((Sqrt[2]*AppellFi[1/2 + m, 1/2, 3, 3/2 + m, (1 + Cscle + £*x1)/2, 1

[e + f*x]]*Cot[e + fxx]*(a + axCscle + fxx])™m)/(fx(1 + 2*xm)*Sqrt[1 - Cscle
+ f*xx]]))

Rubi [A] time = 0.105052, antiderivative size = 84, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 21, e .

integrand size
0.143, Rules used = {3828, 3827, 136}

\/Ecot(e + fx)(acsc(e + fx) +a)"F, (m > 2,3 m + = —(csc(e + fx)+1),cscle+ fx) + 1)

f(2m +1)4/1 = csc(e + fx)

Antiderivative was successfully verified.

[In] Int[(a + a*Cscle + f*x]) m*Sinl[e + f*x]~2,x]

[Out] -((Sqrt([2]*AppellF1[1/2 + m, 1/2, 3, 3/2 + m, (1 + Cscle + f*x])/2, 1
[e + f*x]]*Cot[e + fxx]*(a + a*Cscl[e + f*x])"m)/(f*x(1 + 2*m)*Sqrt[1 - Cscle
+ fxx]]))

Rule 3828

Int[(cscl(e_.) + (f_)*(x_)]*(d_.))"(n_.)*(cscl(e_.) + (£_)*(x_)1*(b_.) +
(a_))"(m_), x_Symbol] :> Dist[(a"IntPart[m]*(a + b*Cscle + f*x]) FracPart[m
1)/(1 + (bxCscle + f*x])/a) FracPart[m], Int[(1 + (b*Cscle + f*xx])/a) m*(dx*
Cscle + f*x])°n, x], x] /; FreeQ[{a, b, d, e, £, m, n}, x] && EqQ[a”2 - b~2
, 0] & !'IntegerQ[m] && !'GtQ[a, O]

Rule 3827

Int[(cscl(e_.) + (f_.)*(x_)]1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)]*(b_.) +
(a_))~(m_), x_Symbol] :> Dist[(a"2*d*Cot[e + f*x])/(f*Sqrt[a + b*Cscle + f*
x]1*Sqgrt[a - b*Cscle + f*x]]), Subst[Int[((d*x)"(n - 1)*(a + b*x)"(m - 1/2)
)/Sqrtla - b*x], x], x, Cscle + f*x]], x] /; FreeQ[{a, b, d, e, f, m, n}, x

+ Csc

+ Csc
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] &% EqQ[a”2 - b~2, 0] && !IntegerQ[m] && GtQ[a, O]

Rule 136

Int[((a_) + (b_)*x(x_))"(m_)*((c_.) + (d_D)*(x_))"(n_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Simp[((b*e - a*xf) px(a + b*x)"(m + 1)*AppellFi[m + 1, -
n, -p, m + 2, -((dx(a + b*x))/(bxc - axd)), -((fx(a + b*x))/(bxe - axf))])/
(b~(p + V*x(m + 1)*(b/(b*c - axd))"n), x] /; FreeQ[{a, b, ¢, d, e, f, m, n}
, x] && !'IntegerQ[m] &% !'IntegerQ[n] && IntegerQ[p] && GtQ[b/(bxc - axd),
0] && '(GtQ[d/(d*xa - c*b), 0] && SimplerQ[c + d*x, a + b*x])

Rubi steps

f(a +acsc(e + fx))" sinZ(e + fx)dx = ((1 + csc(e + fx))™™(a+ acsc(e + fx))m) f(l + csc(e + fx))" sinz(e + fx)dx

1
(1+x) 2"

(cot(e + fx)(1 + csc(e + fx))‘é “™(a+ acsc(e + fx))m) Subst [ f T 9%

f+/1 —cscle + fx)

V2F, (% +m; %,3; g + m; %(1 + csc(e + fx)),1 + csc(e + fx)) cot(e + fx)(a 4

f(@ +2m)4/1 —csc(e + fx)

Mathematica [F] time = 7.64792, size = 0, normalized size = 0.

f (a+acscle + f)"sin(e + fx)dx

Verification is Not applicable to the result.

[In] Integratel[(a + a*Cscl[e + f*x]) mxSin[e + fx*x]~2,x]

[Out] Integrate[(a + a*Cscl[e + fx*x]) m*Sin[e + f*x]~2, x]

Maple [F] time = 0.882, size = 0, normalized size = 0.

f (a +acsc (fx + e))m (sin (fx + e))z dx

Verification of antiderivative is not currently implemented for this CAS.



183

[In] int((ataxcsc(f*x+e)) m*sin(f*x+e)”~2,x)

[Out] int((ataxcsc(f*x+e)) mxsin(f*x+e)”2,x)

Maxima [F] time = 0., size = 0, normalized size = 0.
m 2
f(acsc(fx+e)+a) sm(fx+e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*csc(f*x+e)) m*sin(f*x+e)”~2,x, algorithm="maxima")

[Out] integrate((a*csc(f*x + e) + a) mxsin(f*x + e)~2, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (—(cos (fx + 6)2 - 1)(a csc (fx + e) + a)m, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(f*x+e)) m*sin(f*x+e)”2,x, algorithm="fricas")

[Out] integral(-(cos(f*x + e)72 - 1)x(a*csc(f*x + e) + a)”m, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(f*x+e))**mksin(f*x+e)**2,x)

[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.
m 2
f(acsc (fx+e) +a) sin (fx+e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(f*x+e)) m*sin(f*x+e)”2,x, algorithm="giac")

[Out] integrate((a*csc(f*x + e) + a) mxsin(f*x + e)~2, x)
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336  [(a+boesc(c+dx)tdx

Optimal. Leaf size=107

b? (17a2 + 2b2) cot(c +dx) 2ab (2a2 + bz) tanh ™ (cos(c + dx)) \ 4ab® cot(c + dx) cse(c + dx) B2 cot(c +
3d d 3d

[Out] a~4*xx - (2*xa*bx(2*xa”2 + b~2)*xArcTanh[Cos[c + d*x]])/d - (b™2x(17*a"2 + 2xb~
2)*Cot [c + d*xx])/(3%d) - (4xa*xb~3*Cot[c + d*x]*Cscl[c + d*x])/(3*%d) - (b~2x*C
ot[c + d*x]*(a + bxCsc[c + d*x])~2)/(3*d)

Rubi [A] time = 0.109771, antiderivative size = 107, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 5, integrand size = 12, number of rules _

integrand size
0.417, Rules used = {3782, 4048, 3770, 3767, 8}

b? (17a2 + 2b2) cot(c +dx) 2ab (2a2 + bz) tanh ' (cos(c + dx)) o 4ab® cot(c + dx) csc(c + dx)  b? cot(c + ¢
3d d 3d

Antiderivative was successfully verified.

[In] Int[(a + bxCsc[c + d*x])~4,x]

[Out] a~4*xx - (2*xa*bx(2*xa”2 + b~ 2)*xArcTanh[Cos[c + d*x]])/d - (b™2x(17*xa"2 + 2xb~
2)*Cot[c + d*x])/(3%d) - (4xaxb~3*Cot[c + d*x]*Csc[c + d*x])/(3xd) - (b~2xC
ot[c + d*x]*(a + b*Csclc + d*x])~2)/(3%d)

Rule 3782

Int[(cscl(c_.) + (d_)*x_)I*(_.) + (a_))"(n_), x_Symbol] :> -Simp[(b~2xCo
tlc + d*xx]*(a + b*Csclc + d*x])"(n - 2))/(d*(n - 1)), x] + Dist[1/(n - 1),
Int[(a + b*Csclc + d*x])~(n - 3)*Simp[a”3*(n - 1) + (b*(b™2x(n - 2) + 3*a”2
*(n - 1)))*Csclc + d*x] + (a*b™2x(3*n - 4))*Csc[c + d*x]"2, x], x], x] /; F
reeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] &% GtQ[n, 2] &% IntegerQ[2+n]

Rule 4048

Int[((A_.) + cscl[(e_.) + (f_D)*x(x )I*(B_.) + cscl(e_.) + (f_.)*(x_)]"2x(C_.
M*(cscl(e_.) + (£_)*(xD)I*(b_.) + (a_)), x_Symbol] :> -Simp[(b*C*Csc[e +
fxx]*xCot[e + fxx])/(2%f), x] + Dist[1/2, Int[Simp[2*Axa + (2xB*a + b*x(2*xA +
C))*Cscl[e + f*xx] + 2%(a*C + B*b)*Cscl[e + fxx]~2, x], x], x] /; FreeQ[{a, b
, e, £, A, B, C}, x]
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Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3767

Int[csc[(c_.) + (d_)*(x_)]"(n_), x_Symbol] :> -Dist[d”(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps
2 2 1
f(u +bese(c + dx))dx = oot + dx)(a3;l- basclc +dx)) *3 f(a + besc(c + dx)) (3a3 +b (9a2 + 2b2) csc(c + da
4ab® cot(c + dx) csc(c + dx)  b? cot(c + dx)(a + bese(c +dx))? 1 A )
. - - = +6f(6a +12ab (242 -
4ab3 d d 2 2
. ab” cot(c + dx) csc(c + dx) _ b= cot(c + dx)(a + b csc(c + dx)) N (Zab (2a2 N bz))j
3d 3d
o4 2ab (2112 + bz) tanh™" (cos(c + dx)) ~ 4ab® cot(c + dx) csc(c + dx) _ b? cot(c + dx)(a
- d 3d 3
.. 2ab (2112 + bz) tanh ™ (cos(c + dx))  b? (17a2 + 2b2) cot(c+dx)  4ab3 cot(c + dx) c
=aXxX— — —
d 3d 3d

Mathematica [B] time = 6.23832, size = 568, normalized size = 5.31

sin*(c + dx) csc (%(c + dx)) (b4 (— cos (%(c + dx))) - 9a%b? cos (%(c + dx))) (a+bcsc(c+dx))* 2 (2a3b + ab3) sin*(c

3d(asin(c + dx) + by "

Antiderivative was successfully verified.

[In] Integratel[(a + b*Cscl[c + d*x])~4,x]

[Out] (a"4*(c + d*x)*(a + b*Csclc + d*x]) 4*Sin[c + d*x]~4)/(d*(b + a*Sin[c + d*x
1)74) + ((-9*a~2xb~2*Cos[(c + d*x)/2] - b"4*Cos[(c + d*x)/2])*Csc[(c + d*x)
/2]1*(a + b*Csclc + d*x]) " 4*Sin[c + d*x]~4)/(3*d*(b + a*Sin[c + d*x])"4) - (
axb~3*Csc[(c + d*x)/2]72x(a + b*Cscl[c + d*x]) 4xSin[c + d*x]~4)/(2*d*(b + a
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xSin[c + dxx])74) - (b~4*Cot[(c + d*x)/2]*Csc[(c + d*x)/2]"2x(a + b*Csclc +
d*x])~4*Sin[c + d*x]74)/(24*d*(b + a*Sin[c + d*x])~4) - (2%(2*a"3*b + a*b”
3)*(a + b*Csclc + d*x]) “4*xLog[Cos[(c + dx*x)/2]]1*Sin[c + d*x]~4)/(d*(b + axS
infc + d*x])~4) + (2%x(2*a~3*b + a*b~3)*(a + bxCsc[c + dxx]) 4xLog[Sin[(c +

d*x)/2]]1*Sin[c + d*x]~4)/(d*(b + a*Sin[c + d*x])~4) + (a*b~3*(a + b*Csclc +
d*x]) “4*Sec[(c + d*x)/2]72*Sin[c + d*x]~4)/(2*d*x(b + a*Sin[c + d*x])~4) +

((a + bxCsclc + d*x]) 4*xSec[(c + d*x)/2]*(9*a~2xb~2*xSin[(c + dxx)/2] + b~4x*
Sin[(c + d*x)/2])*Sinl[c + d*x]~4)/(3*d*(b + a*Sin[c + d*x])~4) + (b"4x(a +

b*xCscl[c + d*x]) 4xSec[(c + d*x)/2]"2*Sin[c + d*xx] 4*Tan[(c + d*x)/2])/(24*xd
x(b + a*Sin[c + dx*x])"4)

Maple [A] time = 0.05, size = 139, normalized size = 1.3

4 3 _ 212 3 3
a4x+%+4a bln(csc(dx+;) cot(dx+c))_6a b cotd(dx+c)_2ab cot(dx+;)csc(dx+c)+2ab In (csc |

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+bxcsc(d*x+c))"4,x)

[Out] a~4*xx+1/d*a~4*xc+4/d*a”~3*bx1ln(csc(d*x+c)-cot(d*x+c))-6/d*a~2*%b~2*cot (d*x+c) -
2%a*xb~3*cot (d*x+c)*csc (d*x+c)/d+2/d*a*xb~3*1n(csc(d*x+c)-cot (d*x+c))-2/3/d*b
~4xcot (d*x+c)-1/3/d*b"4x*xcot (d*x+c) *csc(d*x+c) "2

Maxima [A] time = 1.00559, size = 169, normalized size = 1.58

3( 2 cos(dx+c) . _
ab (Cos(dx+c)2—1 log (cos (dx +¢) +1) + log (cos (dx + c) 1)) 4 a%blog (cot (dx + ¢) + csc (dx + c)) 6

4 _
d d dtan

ax +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x+c)) 4,x, algorithm="maxima"

[Out] a™4*x + axb”3%(2*cos(d*x + c)/(cos(d*x + ¢c)”2 - 1) - log(cos(d*x + c) + 1)
+ log(cos(d*x + c) - 1))/d - 4*a”3*bxlog(cot(d*x + c) + csc(d*x + c))/d - 6
*xa”"2xb~2/ (d*tan(d*x + c)) - 1/3*%(3*tan(d*x + ¢c)”2 + 1)*b~4/(d*tan(d*x + c)~

3)
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Fricas [B] time = 0.523600, size = 524, normalized size = 4.9

2 (9 a?b? + b4) cos(dx+c)’ -3 (2 a3b + ab® — (2 a3b + ub3) cos (dx + c)z) log (% cos (dx +¢) + %) sin (dx +¢) + 3 (2 a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x+c))”4,x, algorithm="fricas")

[Out] -1/3*%(2%(9*a"2*%b"2 + b~4)*cos(d*x + c)~3 - 3*(2*a"3*b + a*b™3 - (2*xa”~3*b +
axb~3)*cos(d*x + c)~2)*log(1/2xcos(d*x + c) + 1/2)*sin(d*x + c) + 3*%(2%a~3x
b + axb”™3 - (2%a”3*b + a*b”3)*cos(d*x + c)”2)*log(-1/2xcos(d*x + c) + 1/2)%
sin(d*x + c) - 3*(6*xa"2*b"2 + b~ 4)*cos(d*x + c) - 3*x(a~4xdxx*cos(d*x + c)~2
- a"4x*xd*xx + 2*axb"3*cos(d*x + c¢))*sin(d*x + c))/((d*cos(d*x + ¢)72 - d)*si

n(d*x + c))

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a+bcesc(c+ dx))4 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*csc(d*x+c))**4,x)

[Out] Integral((a + b*csc(c + d*x))**4, x)

Giac [B] time = 1.59847, size = 277, normalized size = 2.59

2

3
b4tan(%dx+%c) +12ab3tan(%dx+ %c) +24(dx+c)a4+72a2b2tan(§dx+ %c)+9b4tan(%dx+ %c)+48(2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x+c)) 4,x, algorithm="giac")
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[Out] 1/24*(b~4*xtan(1/2*xd*x + 1/2%c)”3 + 12*a*xb”3*xtan(1/2*xd*x + 1/2%c)”2 + 24x(d*
X + c)*a~4 + 72xa"2xb"2xtan(1/2*d*x + 1/2*c) + 9xb~4xtan(1l/2*d*x + 1/2%c) +

48% (2*xa~3*%b + axb~3)*log(abs(tan(1/2*d*x + 1/2%c))) - (176%a~3*bxtan(1/2*d

*x + 1/2%c)”3 + 88*axb"3xtan(1/2*d*x + 1/2%c) 3 + 72*xa”~2xb"2xtan(1/2*d*x +

1/2%c) "2 + 9%b~4xtan(1/2*%d*x + 1/2%c)"2 + 12%a*xb~3xtan(1/2%d*x + 1/2%c) + b
~4)/tan(1/2*d*xx + 1/2*c)”"3)/d
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3.37  [(a+boesc(c+dx)dx

Optimal. Leaf size=73

b (6612 + bz) tanh ™" (cos(c + dx)) 5ab? cot(c + dx)  b?cot(c + dx)(a + b csc(c + dx))
2d rax e 2d ) 2d

[Out] a"3*x - (b*x(6*%a~2 + b~2)*ArcTanh[Cos[c + d*x]])/(2%d) - (5*axb~2xCot[c + dx*
x])/(2%d) - (b"2*Cot[c + d*x]*(a + b*Cscl[c + dx*xx]))/(2*xd)

Rubi [A] time = 0.0469065, antiderivative size = 73, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 12, e =

0.333, Rules used = {3782, 3770, 3767, 8}

integrand size

_b (6612 + bz) tanh ™" (cos(c + dx)) Y 5ab? cot(c + dx) _ b? cot(c + dx)(a + b csc(c + dx))

2d 2d 2d

Antiderivative was successfully verified.

[In] Int[(a + b*Csc[c + d*x])~3,x]

[Out] a"3*x - (bx(6*a”"2 + b~2)*ArcTanh[Cos[c + d*x]])/(2xd) - (5xaxb”™2xCot[c + d*
x])/(2xd) - (b™2*Cot[c + d*x]*(a + b*Cscl[c + d*x]))/(2*d)

Rule 3782

Int[(cscl(c_.) + (d_)*x_)I*(_.) + (a_))"(n_), x_Symbol] :> -Simp[(b~2xCo
t[c + dxx]*(a + b*Cscl[c + d*x])"(n - 2))/(d*(n - 1)), x] + Dist[1/(n - 1),
Int[(a + b*Csclc + d*x])~(n - 3)*Simp[a”3*(n - 1) + (b*(b”™2*%(n - 2) + 3*a”2
*(n - 1)))*Csclc + d*xx] + (a*b™2%(3*n - 4))*Csclc + d*x]~2, x], x], x] /; F
reeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[n, 2] && IntegerQ[2+n]

Rule 3770

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, xI]

Rule 3767

Int[csc[(c_.) + (d_)*(x_ )] (n ), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
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d}, x] && IGtQ[n/2, 0]

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rubi steps
b? cot d b d 1
f(g +besc(c + dx)3dx = - cot(c + x)(;; csc(c + dv)) *5 f(2a3 +b (6a2 + bz) csc(c + dx) + 5ab? csc?(c + d
b? cot(c + dx)(a + bese(c +dx)) 1 1

_ 3 2 2 212
=a°x — ¥ +§(5ab)fcsc(c+dx)dx+§(b(6a +b))f
., b (6a% + 1?) tanh™ (cos(c +dx)) b2 cot(c + dx)(a + b esc(c + dx)) (5ab?) Subst
- 2d 2d
_ iy b (6ﬂ2 + bz) tanh™ (cos(c +dx)) 54?2 cot(c +dx) b?cot(c+dx)(a + besc(c +a
T 2d - 2d - 2d

Mathematica [B] time = 0.648397, size = 152, normalized size = 2.08

24a%blog (sin (%(C + dx))) —244°blog (cos (%(c + dx))) +8a%c + 8a%dx + 12ab? tan (%(c + dx)) —12ab? cot (%(c +d
8d

Antiderivative was successfully verified.

[In] Integrate[(a + b*Csclc + d*x])~3,x]

[Out] (8*a~3%c + 8*a~3*d*x - 12*axb~2xCot[(c + d*x)/2] - b~3*Csc[(c + d*x)/2]72 -
24xa~2*xbxLog[Cos[(c + d*x)/2]] - 4*b~3*Logl[Cos[(c + d*x)/2]] + 24*a”~2xbxLo
glSin[(c + d*x)/2]] + 4xb~3*Logl[Sin[(c + d*x)/2]] + b~3*Sec[(c + d*x)/2]72

+ 12xaxb”~2*Tan[(c + d*x)/2])/(8*d)

Maple [A] time = 0.044, size = 99, normalized size = 1.4

a3x +

ac _a?bln(csc(dx +c)—cot(dx +c)) _ab?cot(dx+c) b3csc(dx+c)cot(dx+c) b31n(csc(dx +c
e d -3 d - 2d " 2

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((a+b*csc(d*x+c))”~3,x)

[Out] a"3*x+1/d*a~3*xc+3/d*a”~2*bx1ln(csc(d*x+c)-cot(d*x+c))-3*xa*xb~2*cot (d*x+c)/d-1/
2/d*b~3*csc (d*x+c) *cot (d*x+c)+1/2/d*b"3*1n(csc(d*x+c)-cot (d*x+c))

Maxima [A] time = 1.00415, size = 128, normalized size = 1.75

b3( 2 cos(dx+c)

Cos(dx+c)2—1

~ log (cos (dx + ¢) +1) + log (cos (dx +¢) - 1)) 3 a%blog (cot (dx + c) + csc (dx + c)) 3al

4d d dtan (d

a3x +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x+c))”3,x, algorithm="maxima"

[Out] a”3*x + 1/4*b"3*(2xcos(d*x + c)/(cos(d*x + ¢)”2 - 1) - log(cos(d*x + c) + 1
) + log(cos(d*x + c) - 1))/d - 3*a”2xbxlog(cot(d*x + c) + csc(d*x + c))/d -
3xaxb~2/(d*tan(d*x + c))

Fricas [B] time = 0.510696, size = 383, normalized size = 5.25

4 a3dx cos (dx + ¢)* — 4 aPdx + 12 ab? cos (dx + ¢) sin (dx + ¢) + 2 b3 cos (dx + ¢) + (6 a’b + b3 - (6 a’b + b3) cos (dx + ¢

4 (d cos (dx + c)2 - d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x+c))”3,x, algorithm="fricas")

[Out] 1/4*(4*xa”3*xd*xx*xcos(d*x + c)72 - 4*a”3*xd*x + 12xaxb~2*cos(d*x + c)*sin(d*x +
c) + 2xb~3xcos(d*x + c) + (6*a”2*%b + b~3 - (6%a”~2%b + b~3)*cos(d*x + c)~2)
xlog(1/2*%cos(d*x + c) + 1/2) - (6%xa”2*xb + b~3 - (6%a”2*%b + b~3)*cos(d*x + ¢
)"2)*log(-1/2*cos(d*x + c) + 1/2))/(d*cos(d*x + c)~2 - d)

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a +bcesc(c+ dx))3 dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*xx+c))**3,x)

[Out] Integral((a + b*csc(c + d*x))**3, x)

Giac [B] time = 1.47343, size = 181, normalized size = 2.48

2 1l
36a btan(zdx+2 c

2
b3 tan (% dx + % c) + 8 (dx + ¢)a® + 12 ab? tan (% dx + %c) +4 (6 a%b + b3) log (|tan (% dx + % c)|) -

8d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x+c))~3,x, algorithm="giac")

[Out] 1/8%(b"3*tan(1/2%d*x + 1/2%c)”~2 + 8x(d*x + c)*a~3 + 12xaxb~2xtan(1/2*xd*x +
1/2%c) + 4*x(6*%a~2*b + b~3)*log(abs(tan(1/2xd*x + 1/2%c))) - (36*a~2*b*xtan(l
/2xd*x + 1/2%c)”2 + 6%b " 3*xtan(1/2*%d*x + 1/2%c)"2 + 12%axb~2*xtan(1/2*d*x + 1

/2%xc) + b~3)/tan(1/2*d*x + 1/2%c)"2)/d
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3.38  [(a+boesc(c+dx)?dx

Optimal. Leaf size=34

_ 2ab tanh ™ (cos(c + dx)) _ b? cot(c + dx)

2
a=x F] F]

[Out] a~2*x - (2*xa*bxArcTanh[Cos[c + d*x]])/d - (b"2*Cot[c + d*xx])/d

Rubi [A] time = 0.025757, antiderivative size = 34, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 12, e o e

0.333, Rules used = {3773, 3770, 3767, 8}

integrand size

_ 2ab tanh ™ (cos(c + dx)) _ P cot(c + dx)

2
a=x P P

Antiderivative was successfully verified.

[In] Int[(a + b*Csclc + d*x])~2,x]

[Out] a"2*xx - (2*xaxb*ArcTanh[Cos[c + d*x]])/d - (b"2*xCot[c + dx*xx])/d

Rule 3773

Int[(cscl(c_.) + (d_)*(x_)I*(b_.) + (a_))~2, x_Symbol] :> Simp[a™2*x, x] +
(Dist[2*a*b, Int[Csclc + d*x], x], x] + Dist[b~2, Int[Csclc + d*x]~2, x],
x]) /; FreeQ[{a, b, c, d}, x]

Rule 3770

Int[ecscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Rule 3767

Int[csc[(c_.) + (d_)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]
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Rubi steps

f(a + besc(c + dx))? dx = a®x + (2ab) fcsc(c +dx)dx + b? fcscz(c + dx) dx

_ 2y 2abtanh ™ (cos(c + dx))  b? Subst( f 1dx, x, cot(c + dx))

d d
,  2ab tanh ™ (cos(c + dx)) b2 cot(c + dx)
- d B d

Mathematica [B] time = 0.181533, size = 76, normalized size = 2.24

2a (ac + adx + 2blog (sin (%(c + dx))) —2blog (cos (%(c + dx)))) + b tan (%(c + dx)) +b? (— cot (%(c + dx)))
2d

Antiderivative was successfully verified.

[In] Integrate[(a + b*Csclc + d*x])~2,x]

[Out] (-(b~2*Cot[(c + d*x)/2]) + 2*xax(a*xc + a*xd*xx - 2*b*Log[Cos[(c + dxx)/2]] + 2
xb*xLog[Sin[(c + d*x)/2]]) + b~2*Tan[(c + dx*x)/2])/(2xd)

Maple [A] time = 0.029, size = 52, normalized size = 1.5

b? cot (dx + c) o abln (csc (dx + ¢) — cot (dx + ¢)) s a’c

2 i
d d d

a=x —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*csc(d*x+c))~2,x)

[Out] a~2*x-b~2*cot (d*xx+c)/d+2/d*a*b*1n(csc(d*x+c)-cot (d*x+c))+1/d*a"2*c

Maxima [A] time = 0.996058, size = 58, normalized size = 1.71

2 ablog (cot (dx + ¢) + csc (dx + ¢)) b?
d dtan (dx + ¢)

a’x
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x+c))”2,x, algorithm="maxima"

[Out] a™2*x - 2xaxb*log(cot(d*x + c) + csc(d*x + c))/d - b~2/(d*tan(d*x + c))

Fricas [B] time = 0.503685, size = 209, normalized size = 6.15

a?dx sin (dx + c) — ablog (% cos (dx +c) + %) sin (dx + ¢) + ablog (—% cos (dx +c) + %) sin (dx + ¢) — b? cos (dx + c)

d sin (dx + c)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x+c))”2,x, algorithm="fricas")

[Out] (a”2xd*x*sin(d*x + c) - a*bxlog(1l/2*cos(d*x + c) + 1/2)*sin(d*x + c) + a*bx
log(-1/2%cos(d*x + c) + 1/2)*sin(d*x + c) - b"2*cos(d*x + c))/(d*sin(d*x +

c))

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a +besc(c+ dx))2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x+c))**2,x)

[Out] Integral((a + b*csc(c + d*x))**2, x)

Giac [B] time = 1.42798, size = 100, normalized size = 2.94

1 1 2
4ab tan(i dx+ 5 c)+b

2 (dx + c)a® +4ablog(|tan (% dx + %c)|) + V% tan (% dx + %c) - (1 - )
tan de+§c

2d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*csc(d*x+c))”2,x, algorithm="giac")

[Out] 1/2*(2*%(d*x + c)*a”2 + 4xaxbxlog(abs(tan(1/2xd*x + 1/2%c))) + b~ 2*tan(1/2xd
*x + 1/2%c) - (4xaxbxtan(1/2xd*x + 1/2xc) + b~2)/tan(1/2*d*x + 1/2*c))/d
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339 [0 gy

a+b csc(x)

Optimal. Leaf size=112
a+b tan(g)

(3112 + 2b2) cot(x) N a (2112 + bz) tanh ™ (cos(x)) B Va2 ) L cot(x) csc(x)  cot(x) csc?(x)
3b3 204 A2 — 12 2b? 3b

2a* tanh™! (

[Out] (ax(2*a”"2 + b~2)*ArcTanh[Cos[x]])/(2xb"4) - (2*xa"4*ArcTanh[(a + b*Tan[x/2])
/Sqrt[a”2 - b~2]1)/(b~4xSqrt[a”2 - b~2]) - ((3xa”2 + 2%b~2)*Cot[x])/(3*b"3)
+ (a*xCot [x]*Csc[x])/(2*b~2) - (Cot[x]*Cscl[x]~2)/(3%*b)

Rubi [A] time = 0.406685, antiderivative size = 112, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 9, integrand size = 13, /e T

0.692, Rules used = {3851, 4092, 4082, 3998, 3770, 3831, 2660, 618, 206}

integrand size

a+b tan(%)
(3112 + 2b2) cot(x) N a (2512 + bz) tanh ™ (cos(x)) ) N ) L a cot(x) csc(x)  cot(x) csc?(x)
363 204 PAVZ2 — 12 202 3b

2a* tanh ™ (

Antiderivative was successfully verified.

[In] Int[Csc[x]~5/(a + bxCsc[x]),x]

[Out] (ax(2%a”2 + b~2)*ArcTanh[Cos[x]])/(2xb~4) - (2*xa"4*xArcTanh[(a + b*Tan[x/2])
/Sqrt[a”2 - b~2]1]1)/(b~4*Sqrt[a”2 - b™2]) - ((3*a™2 + 2xb~2)*Cot[x])/(3xb~3)
+ (axCot[x]*Csc[x])/(2x¥b~2) - (Cotl[x]*Cscl[x]~2)/(3%*b)

Rule 3851

Int[(cscl(e_.) + (f_.)x(x_)1*(d_.))"(n_)/(cscl(e_.) + (£_.)*x(x_)]*(b_.) + (
a_)), x_Symbol] :> -Simp[(d~3*Cot[e + f*x]*(d*Cscle + f*x])~(n - 3))/(b*fx*(
n - 2)), x] + Dist[d"3/(bx(n - 2)), Int[((d*Cscle + f*x])~(n - 3)*Simp[a*(n
- 3) + bx(n - 3)*Cscle + f*x] - a*x(n - 2)*Cscle + f*x]~2, x])/(a + b*Cscle
+ f*xx]), x], x] /; FreeQl{a, b, d, e, £}, x] && NeQ[a"2 - b~2, 0] && GtQ[n
, 3]

Rule 4092

Int[cscl(e_.) + (f_.)*x(x )]1"2%((A_.) + cscl(e_.) + (f_.)*(x )]1*(B_.) + cscl
(e_.) + (f_.)*(x_)]172%(C_.))*(cscl(e_.) + (£_D)*x(x_)I*(b_.) + (a_))"(m_), x
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_Symbol] :> -Simp[(C*Cscl[e + f*x]*Cot[e + f*x]*(a + bxCscle + f*x]) " (m + 1)
)/ (bxf*(m + 3)), x] + Dist[1/(bx(m + 3)), Int[Cscle + f*x]*(a + b*Cscle + f
*x] ) "m*Simp [a*xC + b*x(Cx(m + 2) + Ax(m + 3))*Cscl[e + f*xx] - (2%a*C - b*Bx(m
+ 3))*Cscle + f*x]72, x], x], x] /; FreeQ[{a, b, e, f, A, B, C, m}, x] & N
eQla”2 - b72, 0] & !LtQ[m, -1]

Rule 4082

Intlcscl(e_.) + (£_)*(x )I*((A_.) + cscl[(e_.) + (£_)*(x)]I*x(B_.) + cscl(e
_) (o )*x(x)172x(C_.))*(cscl(e_.) + (f_)*x(x_)I*(b_.) + (a_))"(m_), x_S
ymbol] :> -Simp[(CxCot[e + f*x]*(a + b*Cscle + f*xx])~"(m + 1))/ (b*xf*x(m + 2))
, x] + Dist[1/(b*(m + 2)), Int[Cscle + f*x]*(a + b*Cscle + f*x]) m*Simp [b*A
*(m + 2) + bxCx(m + 1) + (b*¥B*(m + 2) - axC)*Cscle + f*x], x], x], x] /; Fr
eeQ[{a, b, e, £, A, B, C, m}, x] && 'LtQ[m, -1]

Rule 3998

Int[(cscl(e_.) + (f_.)*x(x_)]*(cscl(e_.) + (f_.)*(x_)I*(B_.) + (A_)))/(cscl[(
e_.) + (f_)*x_)I*(b_.) + (a_)), x_Symbol] :> Dist[B/b, Int[Cscle + fx*x],
x], x] + Dist[(A*¥b - ax*B)/b, Int[Cscle + f*x]/(a + bxCscle + f*x]), x], x]
/; FreeQ[{a, b, e, f, A, B}, x] && NeQ[Axb - axB, 0]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + dx*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3831

Intlcscl(e_.) + (f_.)*x(x_)1/(cscl(e_.) + (£_.)*(x)1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (axSinle + f*x1)/b), x], x] /; FreeQl{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2%e)/d, Subst[Int[1/(a + 2¥b*e*x + ax
e”2xx72), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b~2, 0]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xa*c - x72, x], x], x, b + 2xcxx], x] /; FreeQ[{a, b, c},



x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_ ) + (b_.)*(x_)"2)"(-1), x_Symbol]

:> Simp[(1*ArcTanh[(Rt [-b,

200

21*x)/

Rt[a, 2]11)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

4
a (2a2 + bz) tanh ™ (cos(x)) ~ (3612 + 2172) cot(x) g cot(x) csc(x) _ cot(x) csc?(x) .\ @] 14250

Rubi steps
csc(x) (2a+2b csc(x)—-3a cscz(x))
[, el T
a+besc(x) 3b 3b
Csc(x)(—3a2+ab csc(x)+2(3a2+2b2) Cscz(x))
_acot(x)csc(x)  cot(x) csc?(x) N f a+bcsc(x) dx
B 202 3b 6b2
csc(x)(—3a2b—3a(2a2+b2) csc(x))
B (3ﬂ2 + 2b2) cot(x)  gcot(x)csc(x) cot(x)csc?(x) . f a+b ose()
B 3p3 2p2 3b 6b3
4 csc(x)
_ (3ﬂ2 + sz) cot(x) . acot(x)csc(x)  cot(x) esc?(x) . at [ atboscm) X (ﬂ (2012 + bz)) [ esca
B 363 212 3b b 2p4

1

20 30 T

a (2112 + bz) tanh™ (cos(x)) _ (3112 + sz) cot(x) g cot(x)csc(x) _ cot(®) csc?(x) A (

3b bd
2a4) Subs

204 363 2b?

3b

(4114) Subs

a (202 + bz) tanh_l(cos(x)) _ (3512 + 252) cot(x)  acot(x)csc(x) _ cot(x) csc?(x) _

204 363 2b?

s tannt (HEre))
a(2a2+b2) tanh ™ (cos(x)) 24" tanh (

3b

204 PAVZ2 — 12 3b3

Mathematica [A] time = 1.63056, size = 125, normalized size = 1.12

24q* tan_l(

a+b tan(

Vp2—42

,/bz_uz

N ) B (3a2 + 2b2) cot(x) . acot(x) cse(x)

2b?

+b (3112 + 2b2) cos(3x) csc3(x) — 3b cot(x) csc(x) ((a2 + sz) ese(x) — 2ab) + 6a (Zaz + bz) (log (cos

12b*
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Antiderivative was successfully verified.

[In] Integrate[Csc[x]~5/(a + bxCsc[x]),x]

[Out] ((24xa~4*ArcTan[(a + b*Tan[x/2])/Sqrt[-a”2 + b~2]]1)/Sqrt[-a”2 + b~2] + bx(3
*a”~2 + 2%b~2)*Cos [3*x]*Csc[x] 3 - 3*b*Cot[x]*Csc[x]*(-2%a*b + (a"2 + 2*b~2)
*xCsc[x]) + 6*ax(2xa”2 + b~2)*(Logl[Cos[x/2]] - Logl[Sin[x/2]]1))/(12%b"4)

Maple [A] time = 0.05, size = 162, normalized size = 1.5

2 X 614

() 5 (0 G+ 5n (5) g0 () 2 e
— =] - =—(tan|= ——tan|= )+ —tan(= _
245 VN 2)) T M 2)) T2 ) T e M 2) T e s 2

2

2btan (x/2) + Za) ~
\[_a2+b2

arctan (1/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~5/(a+b*csc(x)),x)

[Out] 1/24/b*tan(1/2*x)~3-1/8/b " 2*a*tan(1/2*x) "2+1/2/b"3*a"2*xtan(1/2*x)+3/8/b*tan
(1/2*x)+2*a"4/b"4/(-a"~2+b"2) ~(1/2) *arctan(1/2* (2xb*tan(1/2*x)+2*a) / (-a~2+b"
2)°(1/2))-1/24/b/tan(1/2*x)"3-1/2/b"3/tan(1/2*x) *a"2-3/8/b/tan(1/2*x)+1/8*a
/b"2/tan(1/2%x) "2-1/b"4*xa~3*1n(tan(1/2*x))-1/2/b " 2*a*x1ln(tan(1/2*x))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~5/(atb*csc(x)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 0.898211, size = 1378, normalized size = 12.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csc(x)~5/(a+b*csc(x)),x, algorithm="fricas")

[Out] [1/12%(4x(3*a"4*xb - a”2%b~3 - 2xb~5)*cos(x)~3 - 6*(a"4*xcos(x)"2 - a~4)*sqrt
(a2 - b™2)*log(-((a"2 - 2*xb~2)*cos(x) "2 + 2*a*b*sin(x) + a”2 + b~2 - 2x(b*
cos(x)*sin(x) + axcos(x))*sqrt(a”2 - b~2))/(a"2*cos(x)"2 - 2*axb*sin(x) - a
T2 - b72))*sin(x) + 6%(a”3%b72 - axb”4)*cos(x)*sin(x) + 3*%(2*%a”5 - a”3*b72
- axb”™4 - (2%a”5 - a"3%b”2 - axb~4)*cos(x)"2)*log(1/2*cos(x) + 1/2)*sin(x)
- 3x(2%¥a”b - a"3*b”2 - a*b”4 - (2*xa”5 - a”3*b"2 - a*b"4)*cos(x)"2)*log(-1/2
xcos(x) + 1/2)*sin(x) - 12x(a"4*b - b"5)*cos(x))/((a"2*%b"4 - b"6 - (a”2+%b"4
- b76)*cos(x)"2)*sin(x)), 1/12*%(4*(3*a"4*xb - a~2*b~3 - 2*¥b~5)*cos(x)"3 + 1
2x(a"4*xcos(x)72 - a"4)*sqrt(-a”2 + b~2)*arctan(-sqrt(-a~2 + b~2)*(b*sin(x)
+ a)/((a”2 - b™2)*cos(x)))*sin(x) + 6%x(a”3*b~2 - a*b™4)*cos(x)*sin(x) + 3*(
2%a”b - a”3*%b"2 - axb”4 - (2*%a”5 - a"3*b"2 - axb”4)*cos(x)"2)*log(l/2xcos(x
) + 1/2)*sin(x) - 3*x(2%a”5 - a”3*b”2 - a*b”4 - (2%xa”5 - a”~3*b”2 - a*b~4)*co
s(x)"2)*log(-1/2*cos(x) + 1/2)*sin(x) - 12x(a"4*b - b~5)*cos(x))/((a~2*b"4
- b"6 - (a”2*%b"4 - b76)*cos(x)"2)*sin(x))]

Sympy [F] time = 0., size = 0, normalized size = 0.

csc? (x) p
f a+bcsc(x) X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**5/(atb*csc(x)),x)

[Out] Integral(csc(x)**5/(a + b*csc(x)), x)

Giac [A] time = 1.38737, size = 262, normalized size = 2.34

X 1 btan %x)+a 4 3 5
2 n{ﬂ+£Jsgn(b)+arc‘can vz | bztan(éx) —Sabtan(%x) +12a2tan(%x)+9b2tan(§x) (2
+

V_i2 + p2b* 2413

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~5/(a+b*csc(x)),x, algorithm="giac")
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[Out] 2x(pixfloor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2 +
b~2)))*a"4/(sqrt(-a”2 + b72)*b"4) + 1/24*(b~2*xtan(1/2%x)~3 - 3*axb*tan(1/2%
X)72 + 12*%a"2*tan(1/2xx) + 9*b~2*xtan(1/2%x))/b~3 - 1/2%x(2xa”3 + a*b~2)*1log(
abs(tan(1/2*x)))/b~4 + 1/24*x(44xa~3*tan(1/2*x) "3 + 22*a*xb~2*tan(1/2*x) "3 -
12%a~2*b*tan(1/2*%x) "2 - 9%b~3*tan(1/2xx) "2 + 3*a*b~2xtan(1/2%x) - b~3)/(b~4
xtan(1/2*x)~3)
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340  [S00 gy

a+b csc(x)

Optimal. Leaf size=84

btan(2
2 12 -1 203 tanh ™ [ 22 )
(242 + b?) tanh ™ (cos(x)) N VA ) acot(x) _ cot(x) ese()
263 b3Va2 — b2 b? 2b

[Out] -((2%¥a”2 + b~2)*ArcTanh[Cos[x]])/(2¥b~3) + (2*a~3*ArcTanh[(a + b*Tan[x/2])/
Sqrt[a”2 - b™2]])/(b~3*Sqrt[a”2 - b~2]) + (axCot[x])/b"2 - (Cot[x]*Cscl[x])/
(2%b)

Rubi [A] time = 0.252198, antiderivative size = 84, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 13, e e .

0.615, Rules used = {3851, 4082, 3998, 3770, 3831, 2660, 618, 206}

integrand size

-1 243 tanh ™! aebtan(y)
B (2112 + bz) tanh ~(cos(x)) s Va2=i2 L cot(x)  cot(x) csc(x)
2b3 Va2 — 2 b? 2b

Antiderivative was successfully verified.

[In] Int[Csc[x]~4/(a + bxCsc[x]),x]

[Out] -((2%¥a"2 + b~2)*ArcTanh[Cos[x]])/(2¥b~3) + (2*a~3*ArcTanh[(a + b*Tan[x/2])/
Sqrt[a™2 - b™2]])/(b~3*Sqrt[a”2 - b"2]) + (axCot[x])/b"2 - (Cot[x]*Cscl[x])/
(2%b)

Rule 3851

Int[(cscl(e_.) + (f_.)x(x_)1*(d_.))"(n_)/(cscl(e_.) + (£_.)*x(x_)]*(b_.) + (
a_)), x_Symbol] :> -Simp[(d~3*Cot[e + f*x]*(d*Cscle + f*x])~(n - 3))/(b*fx*(
n - 2)), x] + Dist[d"3/(bx(n - 2)), Int[((d*Cscle + f*x])~(n - 3)*Simp[a*(n
- 3) + bx(n - 3)*Cscle + f*x] - a*x(n - 2)*Cscle + f*x]~2, x])/(a + b*Cscle
+ f*xx]), x], x] /; FreeQl{a, b, d, e, £}, x] && NeQ[a"2 - b~2, 0] && GtQ[n
, 3]

Rule 4082

Int[cscl(e_.) + (f_D*x(x )I*((A_.) + cscl[(e_.) + (f_)*(x_)I*x(B_.) + cscl(e
_) o+ (o) *x(x0)172#%(C_) ) *(cscl(e_.) + (£_)*(x_)]*(b_.) + (a_))"(m_), x_S
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ymbol] :> -Simp[(C*Cot[e + f*x]*(a + b*Cscle + f*x])~(m + 1))/(b*fx(m + 2))
, x] + Dist[1/(bx(m + 2)), Int[Cscle + f*x]*(a + b*Cscle + f*x]) m*Simp [b*A
*(m + 2) + b*Cx(m + 1) + (b*Bx(m + 2) - a*C)*Cscle + f*x], x], x], x] /; Fr
eeQ[{a, b, e, f, A, B, C, m}, x] && !'LtQ[m, -1]

Rule 3998

Int[(cscl(e_.) + (f_.)*(x_)]*(cscl(e_.) + (f_.)*x(x_)]*(B_.) + (A_)))/(cscl(
e_.) + (f_)*x)I*(b_.) + (a_)), x_Symbol] :> Dist[B/b, Int[Cscle + fx*x],
x], x] + Dist[(A*b - ax*B)/b, Int[Cscle + f*x]/(a + b*Cscle + f*x]), x], x]
/; FreeQ[{a, b, e, f, A, B}, x] && NeQ[Axb - axB, 0]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + dx*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3831

Intlcscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x )1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a*Sin[e + f*x])/b), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2%e)/d, Subst[Int[1/(a + 2*b¥e*x + a*
e~ 2%x72), x], x, Tan[(c + d*x)/2]1/el, x1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a“2 - b~2, 0]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x°2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rubi steps
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f csc(x)(a+b csc(x)—-2a cscz(x))

[y ot et o)
—_—ax = - +

a + bcsc(x) 2b 2b

f csc(x)(ah+(2a2+b2) csc(x))

_ acot(x)  cot(x) csc(x) a+b csc(x)
2 2b 2p2
csc(x)

_4a cot(x) _ COt(x) CSC(x) a’ f a+b csc(x) dx (2a2 + bZ) fCSC(x) dx
2 2b b3 263

212 -1 @ [ !
B (2ﬂ +b )tanh (cos(x)) . acot(x) cot(x)csc(x) 14 2500
- 263 b2 2b bt

3 1 d t X
3 (2012 + bz) tanh ™" (cos(x)) N acot(x) cot(x)cse(x) ( )Subst J 2 Al (2))
- 263 b2 2b bt
(4113) Subst| [ —12 dx, x,%ﬂ +2t

_ (2’12 + bz) tanh™ (cos(x)) L cot(x)  cot(x)csc(x) N _4(1_b_2)"‘2
- 263 b2 2b iz

b(j+tan(3))
(2112 + bZ) tanh‘l(cos(x)) . Va2—p2 ) N acot(x) cot(x)csc(x)

263 V2 — 12 2 2b

243 tanh™! (

Mathematica [A] time = 0.486741, size = 144, normalized size = 1.71

a+btan( )

i
Vit

1643 tan ™

+ 8a%log (sin (;—C)) 8a? log (cos ( )) 4ab tan ( ) + 4ab cot ( ) b? csc? (JZ—C) + b? sec? (;—C) + 4P
8b3

Antiderivative was successfully verified.

[In] Integrate[Csc[x]"4/(a + b*Csc[x]),x]

[Out] ((-16%a"3*ArcTan[(a + b*Tan[x/2])/Sqrt[-a”2 + b72]])/Sqrt[-a”2 + b72] + 4xa
*xb*Cot [x/2] - b™2*Csc[x/2]72 - 8*a~2xLogl[Cos[x/2]] - 4*b~2*Log[Cos[x/2]] +
8xa~2xLog[Sin[x/2]] + 4%b~2xLog[Sin[x/2]] + b~2xSec[x/2]"2 - 4*axb*Tan[x/2]

)/ (8%b73)
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Maple [A] time = 0.045, size = 112, normalized size = 1.3

X\ a3 . UZZMan@Q)+2a__l_G (E»Q4ffl(t (5»4
——— arctan m 8b an 5 b3 nj{tan 5

1
— —— tan

(on (5 -z 00 (3) -2y
an|=]| -
8b 2 2b? 2 BV_22 + 12

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~4/(at+b*csc(x)),x)

[Out] 1/8/bxtan(1/2*x)"2-1/2/b"2*axtan(1/2*x)-2*a~3/b"3/(-a"2+b"2) " (1/2)*arctan(l
/2% (2xb*xtan(1/2*x)+2*a) /(-a"2+b~2) " (1/2))-1/8/b/tan(1/2*x) "2+1/b"3*1n(tan(1
/2%x))*a”2+1/2/b*x1n(tan(1/2*x))+1/2*a/b"2/tan(1/2*x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~4/(atb*csc(x)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 0.878674, size = 1146, normalized size = 13.64

cos(x)%+2 ab sin(x)+a2+b2+2 (b cos(x) sin(x)+a cos(x)) Va2=b

a2 cos(x)?—2 ab sin(x)-a2-b2

4 (a3b - ab3) cos (x) sin (x) — 2 (a3 cos (x) - ﬂ3)\/mlog ((112—2 )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~4/(a+b*csc(x)),x, algorithm="fricas")

[Out] [1/4%(4%(a"3*%b - a*xb~3)*cos(x)*sin(x) - 2x(a"3*cos(x)"2 - a”3)*sqrt(a™2 - b
~“2)x1log(((a™2 - 2*b~2)*cos(x) "2 + 2*axb*sin(x) + a”2 + b~2 + 2x(b*cos(x)*si
n(x) + axcos(x))*sqrt(a”™2 - b72))/(a"2xcos(x)”"2 - 2xa*xb*sin(x) - a”2 - b~2)
) - 2x(a"2*b”2 - b"4)*cos(x) - (2%¥a”4 - a"2%b"2 - b74 - (2%a"4 - a"2*b"2 -
b~4)*cos(x)"2)*log(1/2*%cos(x) + 1/2) + (2%xa™4 - a™2*xb"2 - b™4 - (2%a™4 - a~
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2¥b~2 - b~4)*cos(x) "2)*log(-1/2*cos(x) + 1/2))/(a"2%b"3 - b"5 - (a™2%b"3 -
b~5)*cos(x)72), 1/4*%(4*(a"3%b - axb~3)*cos(x)*sin(x) - 4*(a"3*cos(x)"2 - a~
3)*sqrt(-a”2 + b~2)*arctan(-sqrt(-a”2 + b"2)*(b*sin(x) + a)/((a”2 - b~2)*co
s(x))) - 2x(a”2+%b”2 - b"4)*cos(x) - (2*%a”4 - a”2+#b"2 - b™4 - (2*xa”4 - a~2*b
“2 - b74)*cos(x)"2)*log(1/2*cos(x) + 1/2) + (2%xa”4 - a”™2*xb"2 - b™4 - (2%a"4

- a"2xb"2 - b74)*cos(x)”2)*log(-1/2*%cos(x) + 1/2))/(a"2*%b"3 - b™5 - (a”2*b
~3 - b"B)*cos(x)"2)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f csc (x) p
a+bcsc(x) *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**4/(atb*csc(x)),x)

[Out] Integral(csc(x)**4/(a + b*csc(x)), x)

Giac [A] time = 1.44523, size = 190, normalized size = 2.26

b tan(% x)+u

2| X 41 sgn (b) + arctan | ——— | [#® 1\ 1 1
2 2|58 Ny btan (5 x) —4atan (5 x) (2 a? + bz) log (|tan (E x)|) 12 a2 t

V=02 + 213 8 b? 263

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~4/(atb*csc(x)),x, algorithm="giac")

[Out] -2x(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a”2 +
b~2)))*a~3/(sqrt(-a”2 + b~2)*b"3) + 1/8*%(b*tan(1/2%x)~2 - 4*xaxtan(1/2*x))/

b~2 + 1/2%(2*a”2 + b~ 2)*log(abs(tan(1/2*x))) /b3 - 1/8%(12*a~2xtan(1/2*x) "2

+ 6xb72%tan(1/2*x) "2 - 4*axbxtan(1/2%x) + b72)/(b"3xtan(1/2%x)"2)
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341 [0 gy

a+b csc(x)

Optimal. Leaf size=62

5 21; h_l a+btan(72—()
ahat Va2-p2 L tanh_l(cos(x)) cot(x)
V2 — 12 b? b

[Out] (a*ArcTanh[Cos[x]])/b"2 - (2xa~2xArcTanh[(a + b*Tan[x/2])/Sqrt[a”2 - b~2]1)
/(b~2%Sqrt[a”2 - b~2]) - Cot[x]/b

Rubi [A] time = 0.154549, antiderivative size = 62, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 13, e e =

0.538, Rules used = {3790, 3789, 3770, 3831, 2660, 618, 206}

integrand size

5 21; h_l a+btan(72—()
tat Va2-12 L tanh_l(cos(x)) cot(x)
V2 — 12 b? b

Antiderivative was successfully verified.

[In] Int[Csc[x]~3/(a + bxCsclx]),x]

[Out] (a*ArcTanh([Cos[x]])/b"2 - (2*a"2*ArcTanh[(a + b*Tan[x/2])/Sqrt[a”2 - b~2]])
/(0~2%Sqrt[a~2 - b~2]) - Cot[x]/b

Rule 3790

Intlcscl(e_.) + (f_.)*x(x_)1"3/(cscl(e_.) + (f_.)*(x_)Ix(b_.) + (a_)), x_Sym
bol] :> -Simp[Cot[e + f*x]/(b*f), x] - Dist[a/b, Int[Cscle + f*x]~2/(a + bx
Cscle + f*x]), x], x] /; FreeQ[{a, b, e, f}, x]

Rule 3789

Intlcscl(e_.) + (f_.)*(x_)1"2/(cscl(e_.) + (f_.)*(x)Ix(b_.) + (a_)), x_Sym
bol]l :> Dist[1/b, Int[Cscle + f*x], x], x] - Dist[a/b, Int[Cscle + fxx]/(a
+ bxCscle + f*x]), x], x] /; FreeQ[{a, b, e, f}, x]

Rule 3770
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Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3831

Int[cscl(e_.) + (£_.)*(x_)]/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (axSin[e + fx*x])/b), x], x] /; FreeQ[{a, b, e, £
}, x] && NeQ[a"2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + 2*b*xexx + ax
e"2*%x72), x], x, Tan[(c + d*x)/2]1/el, x1]1 /; FreeQl[{a, b, c, d}, x] && NeQ[
a~2 - b~2, 0]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xa*c - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 0])

Rubi steps
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3 a f cscz(x)
f csc”(x) dx = _Cot(x) _ a+b csc(x)

a+besc(x) b b
csc(x)
_ COt(x) ufcsc(x) dx 2 f a+bcsc(x)
Ty B2 b2
9 1
a —— dx
B atanh ™' (cos(x)) _ cot(x) f 142500
B b2 b b3
2a%) Subst ;dx,x,ta E)
_ atanh ™' (cos(x)) _ cot(x) . ( ) b (f 142 452 H(Z)
B b2 b b3
(4a2) Subst f + dx, x, %ﬂ +2tan (g)
_ atanh ™ (cos(x))  cot(x) _4(1_b_2)_x2
- b2 b b
Ly (b(%+tan(2)
B} 242 tanh ™ [ - —2"
_atanh 1(cos(x)) atal ( Va2-p2 ) cot(x)

b2 - 222 - 2 b

Mathematica [A] time = 0.203814, size = 106, normalized size = 1.71

csc (2) sec ( ) (211 sin(x) tan™! (Hj;;n(f)) + Vb2 - 42 (a sin(x) (log (cos (g)) —log (sin (;))) -b cos(x)))
e

Antiderivative was successfully verified.

[In] Integrate[Csc[x]~3/(a + bxCsc[x]),x]

[Out] (Csclx/2]*Sec[x/2]*(2*a~2*ArcTan[(a + b*Tan[x/2])/Sqrt[-a”2 + b~2]]*Sin[x]
+ Sqrt[-a”2 + b"2]*(-(b*Cos[x]) + a*(Logl[Cos[x/2]] - Logl[Sin[x/2]]1)*Sin[x])
))/(2%¥b~2xSqrt[-a”2 + b~2])

Maple [A] time = 0.049, size = 77, normalized size = 1.2

tan (J—C —a2 arctan (1/2 2btan (x/2) + 2 a) ! (t an (x))_l - ;—2 In (tan (;—C))

+2
2) b2\ =2 + b2 Va2 + b2 2b

Verification of antiderivative is not currently implemented for this CAS.

1
2b
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[In] int(csc(x)~3/(a+b*csc(x)),x)

[Out] 1/2/bxtan(1/2*x)+2*xa"2/b"2/(-a"2+b"2) " (1/2)*arctan(1/2*x(2xb*tan(1/2*x)+2*a)
/(—a~2+b"2)"(1/2))-1/2/b/tan(1/2%x)-1/b " 2*a*x1n(tan(1/2*x))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~3/(a+b*csc(x)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 0.623509, size = 768, normalized size = 12.39

—— 2_212) cos(x)>+2 absi 24122 (b cos(x) si S(x)) Va2 b2
212 log (_ (a ) cos(x)*+2 ab sin(x)+a?+62-2 (b cos(x) sin(x)+a cos(x)) Va )sin () + (tl3 _ abZ) log (% cos (x) + %) sin (:

a2 cos(x)?—2 ab sin(x)—a2-b2

2 (a2b2 - b*) sin ()

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~3/(atbxcsc(x)),x, algorithm="fricas")

[Out] [1/2*(sqrt(a”2 - b~2)*xa"2xlog(-((a”2 - 2%b~2)*cos(x)”2 + 2*axb*sin(x) + a~2
+ b72 - 2*%(b*cos(x)*sin(x) + axcos(x))*sqrt(a™2 - b~2))/(a"2*cos(x)"2 - 2%
axb*sin(x) - a2 - b72))*sin(x) + (a3 - a*xb”2)*log(1/2*cos(x) + 1/2)*sin(x

) - (@73 - a*b”2)*log(-1/2*%cos(x) + 1/2)*sin(x) - 2*(a”2*%b - b~3)*cos(x))/(
(a”2*%b"2 - b"4)*sin(x)), -1/2%(2*sqrt(-a”2 + b~2)*a"2*arctan(-sqrt(-a”2 + b
“2)*(b*sin(x) + a)/((a”2 - b™2)*cos(x)))*sin(x) - (a3 - a*b~2)*log(1l/2*cos

(x) + 1/2)*sin(x) + (a”3 - a*b”2)*log(-1/2*cos(x) + 1/2)*sin(x) + 2*(a~2*Db

- b™3)*cos(x))/((a"2%b"2 - b~4)*sin(x))]

Sympy [F] time = 0., size = 0, normalized size = 0.

f csc (x) p
a+bcsc(x) *
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**3/(atb*csc(x)),x)

[Out] Integral(csc(x)**3/(a + b*csc(x)), x)

Giac [A] time = 1.28532, size = 132, normalized size = 2.13

) N 1 . " htan(% x)+a ) ) . 1
n{ﬁ+stgn( ) + arctan v [P alog(|tan(5x)|) tan(ix) 2atan(§x)—b
— + +

V-a2 + b2p? b? 2b 2b2tan(1x)

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~3/(at+b*csc(x)),x, algorithm="giac")

[Out] 2x(pixfloor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2 +
b~2)))*a"2/(sqrt(-a”2 + b"2)*b~2) - axlog(abs(tan(1/2*x)))/b~2 + 1/2xtan(1/
2*x) /b + 1/2x(2xaxtan(1/2*x) - b)/(b~2*tan(1/2*x))
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342 [0 gy

a+b csc(x)

Optimal. Leaf size=53

o0 tanh_l a+btan(§)
Vo212 ) tanh_l(cos(x))
b\Va2 — b2 b

[Out] -(ArcTanh[Cos[x]]/b) + (2*a*ArcTanh[(a + b*Tan[x/2])/Sqrtl[a”2 - b~2]]1)/(b*S
grt[a”2 - b~2])

Rubi [A] time = 0.112866, antiderivative size = 53, normalized size of antiderivative

. . b f rul
1., number of steps used = 6, number of rules used = 6, integrand size = 13, e e e

0.462, Rules used = {3789, 3770, 3831, 2660, 618, 206}

integrand size

2 tanh_l a+htan(g)
Vo212 | tanh_l(cos(x))
b\a2 — b2 b

Antiderivative was successfully verified.

[In] Int[Csc[x]~2/(a + bxCsc[x]),x]

[Out] -(ArcTanh[Cos[x]]/b) + (2*a*ArcTanh[(a + b*Tan[x/2])/Sqrtl[a”2 - b~2]]1)/(b*S
grt[a”2 - b~2])

Rule 3789

Int[cscl(e_.) + (f_.)*(x)]1"2/(cscl(e_.) + (f_.)*(x )I*(b_.) + (a_)), x_Sym
bol] :> Dist[1/b, Int[Cscle + f*x], x], x] - Distl[a/b, Int[Cscle + f*x]/(a
+ bxCscle + f*x]), x], x] /; FreeQ[{a, b, e, f}, x]

Rule 3770

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Rule 3831

Int[cscl(e_.) + (£_.)*(x_)]/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (axSin[e + f*x])/b), x], x] /; FreeQ[{a, b, e, f
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}, x] && NeQ[a"2 - b72, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2%e)/d, Subst[Int[1/(a + 2*b¥e*x + a*
e~ 2%xx72), x], x, Tan[(c + d*x)/2]1/e]l, x1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a“2 - b~2, 0]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x°2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtl[a, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rubi steps

csc(x)

f cscz(x) dx = fCSC(x) dx B afu+bcsc(x) dx

a + besc(x) *= b b
1
_ _tanh_l(cos(x)) ~ aJ 14 2500) *
b b2
1 X
2a) Subst | | ———dx, x, tan (=
3 tanh_l(cos(x)) (2a)5u f1+2:+"+x2 n(z))
= ; —

2

(4a) Subst f ( !
-4

1_—11_2)_362 dx, X, 270 + 2tan (E)J

-1
_ _tanh (cos(x)) N

b b?
_1 (5 +tan(3))
_ 2atanh ™ [ ~—22
_ tanh 1(cos(x)) N arat ( Va2-p2 )

b b2 — b2
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Mathematica [A] time = 0.0607206, size = 62, normalized size = 1.17

a+b tan(%)
h2—g2

Vbh2—52

2a tan_l[

+ log (sin (3)) ~ log (cos (3))
b

Antiderivative was successfully verified.

[In] Integrate[Csc[x]~2/(a + bxCsc[x]),x]

[Out] ((-2%a*ArcTan[(a + b*Tan[x/2])/Sqrt[-a”2 + b~2]])/Sqrt[-a”2 + b~2] - Logl[Co
s[x/2]1] + Logl[Sin[x/2]11)/b

Maple [A] time = 0.045, size = 53, normalized size = 1.

arctan (1/2 2btan (x2) +2 a) + % In (tan (;))

a
I, P
bV-a? + b?
Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~2/(at+b*csc(x)),x)

[Out] -2*a/b/(-a"2+b"2) " (1/2)*arctan(1/2*(2xb*xtan(1/2*x)+2*a)/(-a"2+b"2) " (1/2))+1
/bx1ln(tan(1/2%x))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~2/(a+b*csc(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError
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Fricas [B] time = 0.612126, size = 595, normalized size = 11.23

e log ((aZ_z 1) cos(x)*+2 ab sin(x)+a®+12+2 (b cos(x) sin(x)+a cos(x))\’aZ—bz) 3 (a2 B bz) log (% cos (x) + %) 4 (az _ bZ) lo

a2 cos(x)2—2 ab sin(x)—a2-b?

2(a%b - 13)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~2/(atb*csc(x)),x, algorithm="fricas")

[Out] [1/2%(sqrt(a™2 - b~2)*a*xlog(((a”2 - 2*b72)*cos(x)”2 + 2*a*b*sin(x) + a™2 +
b~2 + 2*(b*cos(x)*sin(x) + axcos(x))*sqrt(a”2 - b72))/(a"2*cos(x)"2 - 2*a*b
xsin(x) - a”2 - b72)) - (2”2 - b™2)*log(1/2xcos(x) + 1/2) + (a2 - b~2)*log
(-1/2%cos(x) + 1/2))/(a"2%b - b~3), 1/2x(2*sqrt(-a”2 + b~2)*a*arctan(-sqrt(

-a"2 + b72)*(b*sin(x) + a)/((a”2 - b~ 2)*cos(x))) - (a”2 - b~2)*log(1/2*cos(

x) + 1/2) + (a2 - b™2)*log(-1/2*cos(x) + 1/2))/(a"2xb - b~3)]

Sympy [F] time = 0., size = 0, normalized size = 0.
csc? (x)
[Cw
a+bcsc(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**2/(atb*csc(x)),x)

[Out] Integral(csc(x)**2/(a + b*csc(x)), x)

Giac [A] time = 1.5833, size = 85, normalized size = 1.6

btan(% x)+a

e e =y R

V=2 + b2b b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)”~2/(atb*csc(x)),x, algorithm="giac")
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[Out] -2*x(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a”2 +
b~2)))*a/(sqrt(-a~2 + b"2)*b) + log(abs(tan(1/2xx)))/b
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343 [ gy

a+b csc(x)

Optimal. Leaf size=40

a+b tan(g)

=,
Va2 — b2

[Out] (-2*%ArcTanh[(a + bxTan[x/2])/Sqrt[a™2 - b~2]]1)/Sqrt[a”2 - b~2]

2tanh™ (

Rubi [A] time = 0.0702075, antiderivative size = 40, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 11, number of rules

0.364, Rules used = {3831, 2660, 618, 206}

5 tanh_l (a+b tan(g) )

integrand size

Va2-p2
VaZ — 2

Antiderivative was successfully verified.

[In] Int[Csc[x]/(a + b*Csc[x]),x]

[Out] (-2*ArcTanh[(a + b*Tan[x/2])/Sqrt[a”2 - b72]])/Sqrt[a”2 - b~2]

Rule 3831

Intlcscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x)1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (axSinle + f*x1)/b), x], x] /; FreeQl{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + 2¥b*e*x + ax
e”2xx72), x], x, Tan[(c + d*x)/2]/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a2 - b"2, 0]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x72, x], x], x, b + 2xcxx], x] /; FreeQ[{a, b, c},



x] && NeQ[b~2 - 4xaxc, 0]

Rule 206
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt

Qla, 0] || LtQ[b, 01)

Rubi steps
f u:in(x) dx
f csc(x) gy — I+
a + bcsc(x) *= b
1 X
i 2 Subst (f 1+ZZTX+"2 dx, x, tan (E))
B b
4 Subst f dx,x,%a +2tan(§)

Mathematica [A] time = 0.0242993, size = 40, normalized size = 1.

1
2 tan (W)

Antiderivative was successfully verified.

[In] Integrate[Csc[x]/(a + b*Csc[x]),x]

[Out] (2*ArcTan[(a + b*Tan[x/2])/Sqrt[-a”2 + b~2]])/Sqrt[-a~2 + b~2]

Maple [A] time = 0.042, size = 39, normalized size = 1.

1
2 ———arctan (1/2

2btan (x/2) + Za)
_a2 + b2

ﬂ_a2 + bz
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)/(atb*csc(x)) ,x)

[Out] 2/(-a~2+b"2) " (1/2)*arctan(1/2*x(2xb*xtan(1/2*x)+2*a)/(-a"2+b"2)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(atbxcsc(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 0.497159, size = 360, normalized size = 9.

log [ (112—2 b2) cos(x)%+2 ab sin(x)+a2+62—2 (b cos(¥) sin(x)+a cos(x)) Va2—b2 ) \/m arctan (_ V=242 (b sin(x)+a) )

a2 cos(x)> =2 ab sin(x)—-a2—b2 (az—bz) cos(x)

22 _ 12 & a2 — b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(atb*csc(x)),x, algorithm="fricas")

[Out] [1/2x%1log(-((a”™2 - 2xb~2)*cos(x)~2 + 2*axbxsin(x) + a”2 + b~2 - 2% (b*cos(x)*
sin(x) + axcos(x))*sqrt(a”2 - b72))/(a"2*cos(x)”2 - 2*a*b*sin(x) - a”2 - b~
2))/sqrt(a”2 - b72), -sqrt(-a”2 + b~2)*arctan(-sqrt(-a~2 + b~2)*(b*sin(x) +
a)/((a”2 - b™2)*cos(x)))/(a"2 - b~2)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f csc (x) i
a+ bcsc(x)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(atb*csc(x)),x)

[Out] Integral(csc(x)/(a + b*csc(x)), x)

Giac [A] time = 1.43235, size = 65, normalized size = 1.62

htan(;x)+a])

x 1
2(71 {ﬁ + EJ sgn (b) + arctan[ﬁ
V_aZ + b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(atb*csc(x)),x, algorithm="giac")

[Out] 2x(pixfloor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2 +
b72)))/sqrt(-a”2 + b~2)
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3.44  [——

a+b csc(c+dx)

Optimal. Leaf size=57

1
4 a+b tan(z(c+dx))
2b tanh {W N
+ —_
adVa? — b2 a

[Out] x/a + (2xb*ArcTanh[(a + b*Tan[(c + d*x)/2])/Sqrtla~2 - b~2]])/(axSqrt[a”2 -
b~2]*d)

Rubi [A] time = 0.064512, antiderivative size = 57, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 12, e -

0.333, Rules used = {3783, 2660, 618, 206}

integrand size

1
1 a+b tan(i(c+dx))
2b tanh (W N
+ —_
adVa? — b2 a

Antiderivative was successfully verified.

[In] Int[(a + b*Csclc + d*x])~(-1),x]

[Out] x/a + (2*b*ArcTanh[(a + b*Tan[(c + d*x)/2])/Sqrt[a”"2 - b~2]])/(a*Sqrt[a”2 -
b~2]*d)

Rule 3783

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (axSin[c + d*x])/b), x], x] /; FreeQl{a, b, ¢, d}, x
] && NeQ[a"2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + 2*b*xexx + ax
e"2*%x72), x], x, Tan[(c + d*x)/2]1/el, x1]1 /; FreeQl[{a, b, c, d}, x] && NeQ[
a~2 - b~2, 0]

Rule 618
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Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xa*c - x72, x], x], x, b + 2xcxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps

1
1 X f 1+asin(c+dx) dx
f dx==-— b

a + besc(c + dx) a a

2 Subst f 12;—xz dx, x, tan (%(c + dx)))

+5—+
TR

ad

dx, x, 2?(1 + 2tan (%(c + dx))

4 Subst, f(—
-4

2 tan(l
2btanh™! (b( b +ti/ﬂ£2T:z+dX))) J

a avVa? - b2d

Mathematica [A] time = 0.107481, size = 59, normalized size = 1.04

1 a+b tan(%(m—dx))
2btan™ | ———
Vp2—g2
AVbh2—42

a

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cscl[c + d*x])~(-1),x]

[Out] (c/d + x - (2*b*ArcTan[(a + bxTan[(c + d*x)/2])/Sqrt[-a~2 + b~2]]1)/(Sqrt[-a
T2 + b"2]x*d))/a
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Maple [A] time = 0.056, size = 70, normalized size = 1.2

) arctan (tan (1/2dx + ¢/2)) ) b . (1/2 2btan (1/2dx +¢/2) + 2 a)
- arctan
ad adV-a? + b? V—-a? + b?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*xcsc(d*x+c)),x)

[Out] 2/a/d*arctan(tan(1/2*d*xx+1/2%c))-2/d*b/a/(-a~2+b"2) " (1/2)*arctan(1/2*(2xb*t
an(1/2xd*x+1/2*c)+2%*a)/(-a~2+b~2)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(at+b*csc(d*x+c)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 0.521268, size = 525, normalized size = 9.21

a2 cos(dx+c)2—2 ab sin(dx+c)—a?-b2

5 (az 3 bz)dx + \/mb log ( (a2—2 bz) cos(dx+c)2+2 ab sin(dx+c)+a®+b%+2 (b cos(dx+c) sin(dx+c)+a cos(dx+c)) Vaz—bz) (a2 B bz)dx +

4

2 (a3 - ab?)d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*csc(d*x+c)),x, algorithm="fricas")

[Out] [1/2%(2%(a"2 - b72)*d*x + sqrt(a™2 - b~ 2)*b*xlog(((a”2 - 2xb~2)*cos(d*x + c)
T2 + 2xa*xbxsin(d*x + c) + a”2 + b72 + 2x(b*cos(d*x + c)*sin(d*x + c) + axco
s(d*x + c))*sqrt(a”™2 - b72))/(a"2*cos(d*x + c)~2 - 2xa*b*sin(d*x + c) - a2
- b72)))/((a”3 - a*xb"2)*d), ((a”2 - b~2)*d*x + sqrt(-a”2 + b~2)*b*arctan(-
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sqrt(-a”2 + b~2)*(b*sin(d*x + c) + a)/((a”2 - b™2)*cos(d*x + ¢))))/((a"3 -
a*xb”2)*d) ]

Sympy [F] time = 0., size = 0, normalized size = 0.

1
d
fa+bcsc(c+dx) *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*csc(d*x+c)),x)

[Out] Integral(1/(a + b¥csc(c + d*x)), x)

Giac [A] time = 1.45478, size = 104, normalized size = 1.82

dxdc 1 btan(% dx+§ c)
2 n{—+—Js n(b)+arctan]| ———————||b
et V2 eve
V—a2+4b24 a
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*csc(d*x+c)),x, algorithm="giac")

[Out] -(2*(pi*floor(1/2*(d*x + c)/pi + 1/2)*sgn(b) + arctan((b*tan(1/2xd*x + 1/2x%
c) + a)/sqrt(-a”2 + b~2)))*b/(sqrt(-a”2 + b"2)*a) - (d*x + c)/a)/d
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345 [y

a+b csc(x)

Optimal. Leaf size=61

a+b tan(g)

2 tanh™?
2b* tan (W) bx  cos(x)

2
IZZVIZZ — b2 a a

[Out] -((b*x)/a"2) - (2*b~2*ArcTanh[(a + b*Tan[x/2])/Sqrt[a”2 - b~2]])/(a~2xSqrt[
a”2 - b72]) - Cos[x]/a

Rubi [A] time = 0.106608, antiderivative size = 61, normalized size of antiderivative =
. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 11, Ll L

integrand size
0.546, Rules used = {3853, 12, 3783, 2660, 618, 206}

a+b tan(g)
Va2-p2 bx  cos(x)
22— 12 a2 a

212 tanh ™ (

Antiderivative was successfully verified.

[In] Int[Sin[x]/(a + b*Csc[x]),x]

[Out] -((b*x)/a"2) - (2%b~2xArcTanh[(a + b*Tan[x/2])/Sqrt[a~2 - b~2]])/(a~2*Sqrt[
a”2 - b72]) - Cosl[x]/a

Rule 3853

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.))"(n_)/(cscl(e_.) + (£_)*x(x_)I*x(b_.) + (
a_)), x_Symbol] :> Simp[(Cot[e + f*xx]*(d*Cscl[e + f*x])™n)/(axf*n), x] - Dis
t[1/(a*d*n), Int[((d*Cscle + f*x])~(n + 1)*Simp[b*n - a*(n + 1)*Cscle + f*x
] - bx(n + 1)*Csc[e + f*x]~2, x])/(a + b*Cscl[e + f*x]), x], x] /; FreeQ[{a,
b, d, e, f}, x] && NeQ[a"2 - b~2, 0] && LeQ[n, -1] && IntegerQ[2+n]

Rule 12
Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match

Qlu, (b )*(v_ ) /; FreeQlb, x]]

Rule 3783
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Int[(cscl(c_.) + (d_)*(x_)]*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (axSin[c + d*x])/b), x], x] /; FreeQl{a, b, ¢, d}, x
] && NeQ[a"2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1l/(a + 2*b*xexx + ax
e"2*%x72), x], x, Tan[(c + d*x)/2]1/el, x1]1 /; FreeQl[{a, b, c, d}, x] && NeQ[
a~2 - b~2, 0]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rubi steps
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b
f sin(x) = cos(x) f a+bcsc(x) dx

a + bcsc(x) T g a

1
_COS(JC) _ bf a+b csc(x) dx

a a

b d
bx  cos(x) f 1+—“m<x> *
- - +
a? a
2b) Subst d L x, b
b ontn S( wtan )
a? a
(4b) Subst f X, +2tan(2)
_b_x _cos(x)
a? a
> -1 ( +tan g
b 207 tanh ( Va2-p2 ) cos(x)

Mathematica [A] time = 0.0985496, size = 56, normalized size = 0.92

a+b tan(%)
Vp2—42
‘/bz_az

202 tan_l[

+ acos(x) + bx

22
Antiderivative was successfully verified.

[In] Integrate[Sin[x]/(a + b*Csc[x]),x]

[Out] -((bxx - (2*b~2*ArcTan[(a + b*Tan[x/2])/Sqrt[-a~2 + b~2]])/Sqrt[-a"2 + b~2]
+ ax*Cos[x])/a"2)

Maple [A] time = 0.061, size = 72, normalized size = 1.2

) 1 ) barctan (tan (x/2)) o b? . (1/2 2btan (x/2) +2 a)
- - arctan
a ((tan (x/2))* + 1) a? a2\ -a? + b2 V-a? + b?

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(sin(x)/(a+b*csc(x)),x)

[Out] -2/a/(tan(1/2*x)"2+1)-2/a"2*b*arctan(tan(1/2*x))+2*xb"2/a"2/(-a"2+b"2) " (1/2)
xarctan(1/2*(2xbxtan(1/2*x)+2x*a)/(-a"2+b"2) " (1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(at+bxcsc(x)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 0.531966, size = 520, normalized size = 8.52

a2 cos(x)?—2 ab sin(x)—a2-b2

2 (a4 - azbz)

2 . )
mbz log (_ (a2—2 bz) cos(x)*+2 ab sin(x)+a2+b2-2 (b cos(x) sin(x)+a cos(x))\/az—bz) _5 (112b _ b3)x 5 (a?) _ abz) cos (%) \/_—a

7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(atb*csc(x)),x, algorithm="fricas")

[Out] [1/2%(sqrt(a™2 - b~2)*b"2xlog(-((a”2 - 2%b~2)*cos(x)”2 + 2*axb*sin(x) + a™2
+ b72 - 2% (b*cos(x)*sin(x) + axcos(x))*sqrt(a™2 - b~2))/(a"2*cos(x)"2 - 2%
axbxsin(x) - a”2 - b72)) - 2*%(a"2*b - b~3)*x - 2%(a”3 - a*b~2)*cos(x))/(a"4
- a”2%b72), -(sqrt(-a”2 + b~2)*b"2*arctan(-sqrt(-a~2 + b~2)*(b*sin(x) + a)
/((a”2 = b™2)*cos(x))) + (a”2%b - b™3)*x + (2”3 - a*b™2)*cos(x))/(a”4 - a2

*xb~2)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f sin (x) i
a+bcsc(x)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(atb*csc(x)),x)

[Out] Integral(sin(x)/(a + b*csc(x)), x)

Giac [A] time = 1.45592, size = 104, normalized size = 1.7

X 1 btan(% x)+a )
2| {ﬁ + EJsgn (b) + arctan Tz b . )

Vo2 + 12,2 2 2
a* +b%a ¢ (tan(%x) +1)a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(at+b*csc(x)),x, algorithm="giac")

[Out] 2*(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((bxtan(1/2*x) + a)/sqrt(-a~2 +
b~2)))*b"2/(sqrt(-a”2 + b72)*a"2) - bxx/a"2 - 2/((tan(1/2*x)72 + 1)*a)
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346 M0 g

a+b csc(x)

Optimal. Leaf size=82

2b3 ; h_l a+b tan(g)
x (a2 + sz) . an 22 N bcos(x) sin(x) cos(x)
2a3 adVa? - b? a? 2a

[Out] ((a”2 + 2xb~2)xx)/(2*a"3) + (2*b~3*ArcTanh[(a + b*Tan[x/2])/Sqrt[a”2 - b~2]
1)/(a~3*Sqgrt[a”2 - b~2]) + (b*Cos[x])/a"2 - (Cos[x]*Sin[x])/(2*a)

Rubi [A] time = 0.261108, antiderivative size = 82, normalized size of antiderivative

. . b f rul
1., number of steps used = 7, number of rules used = 7, integrand size = 13, o e e

0.538, Rules used = {3853, 4104, 3919, 3831, 2660, 618, 206}

integrand size

_ btan(f)
203 tanh ™! [ L2
X (az + 2b2) . an ( Va2-p2 .\ bcos(x)  sin(x) cos(x)
243 B2 — 12 a? 2a

Antiderivative was successfully verified.

[In] Int[Sin[x]~2/(a + b*Csc[x]),x]

[Out] ((a”"2 + 2xb~2)*x)/(2*a"3) + (2*b~3*ArcTanh[(a + b*Tan[x/2])/Sqrt[a”2 - b~2]
1)/(a~3*Sqgrt[a”2 - b~2]) + (b*Cos[x])/a"2 - (Cos[x]*Sin[x])/(2*a)

Rule 3853

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.))"(n_)/(cscl(e_.) + (£_)*x(x_)I*(b_.) + (
a_)), x_Symbol] :> Simp[(Cot[e + f*xx]*(d*Cscl[e + f*x])"n)/(axf*n), x] - Dis
t[1/(a*d*n), Int[((d*Cscle + f*x])~(n + 1)*Simp[b*n - a*(n + 1)*Cscle + f*x
] - bx(n + 1)*Csc[e + f*x]~2, x])/(a + b*Cscl[e + f*x]), x], x] /; FreeQ[{a,
b, d, e, £}, x] && NeQ[a"2 - b~2, 0] && LeQ[n, -1] && IntegerQ[2+n]

Rule 4104

Int[((A_.) + cscl[(e_.) + (f_)*x(x_)I*(B_.) + cscl(e_.) + (£f_.)*(x_)]"2x(C_.
))*(cscl(e_.) + (f_)*(x_)I*(d_.))"(n_)*(cscl(e_.) + (£_.)x(x_)Ix(b_.) + (a
)7 (m_), x_Symbol] :> Simp[(A*Cot[e + f*x]x(a + b*Cscle + f*x])"(m + 1)*x(d
xCscle + fxx])™n)/(axf*n), x] + Dist[1/(a*d*n), Int[(a + b*Cscle + f*x]) mx
(d*Cscle + f*x])"(n + 1)*Simp[a*B*n - Axb*(m + n + 1) + a*x(A + A*n + C*n)*C
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scle + f*x] + Axbx(m + n + 2)*Cscle + f*x]~2, x], x], x] /; FreeQ[{a, b, d,
e, f, A, B, C, m}, x] && NeQ[a"2 - b"2, 0] && LeQ[n, -1]

Rule 3919

Int[(cscl(e_.) + (f_)*(x_)]*(@d_.) + (c_))/(cscl(e_.) + (f_)*(x_)]*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - axd)/a, Int[Cscl[e + f*x
1/(a + bxCscle + fxx]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*xc -
axd, 0]

Rule 3831

Int[csc[(e_.) + (f_.)*(x_)]/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a*Sinle + f*x1)/b), x], x] /; FreeQl{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2%e)/d, Subst[Int[1/(a + 2*b*e*xx + ax
e"2xx72), x], x, Tan[(c + d*xx)/2]1/el, x1]1 /; FreeQl[{a, b, c, d}, x] && NeQ[
a”2 - b~2, 0]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*c - x72, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rubi steps
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) (—2b+a csc(x)+b cscz(x)) sin(x)
f sin“(x) gy = _cos(x) sin(x) N f a+bcsc(x)
a + bcsc(x) 2a 2a

) f —a2-2b%—ab csc(x) d
_ bceos(x) B cos(x) sin(x) _ a+b csc(x) X

a? 2a 2a?
csc(x)
_ (a2 + 2b2)x N beos(x)  cos(x)sin(x) b f arbesc) ¥
243 a? 2a a®
b? L ix
(az + 2172) X bcos(x) cos(x)sin(x) f 142500
= + - -
2a3 a? 2a a®
2b?%) Subst ! dx, x, tan (> )
_ (az + 2b2) x .\ bcos(x)  cos(x)sin(x) ( ) f 1+ 2% 22 (2)
- — = % 3

(4172) Subst f (; dx, x 2 | 2tan (f)
-4

(612 + 2b2) X bcos(x) cos(x)sin(x)
+ -~ +
2a3 a2 2a a’

3,11 [UErtan(3))
~ (a2 + ZbZ)x . 2b” tanh ( Va2—p2 N beos(x)  cos(x)sin(x)

248 BVE2 - 12 a? 2a

Mathematica [A] time = 0.118575, size = 78, normalized size = 0.95

a+b tan( %)

Vp2-42
\/bZ_uZ

8p3 tanl[

+ 2a%x — a? sin(2x) + 4ab cos(x) + 4b%x

443

Antiderivative was successfully verified.

[In] Integrate[Sin[x]"2/(a + b*Csc[x]),x]

[Out] (2*a~2*x + 4*b~2*x - (8%b~3*ArcTan[(a + b*Tan[x/2])/Sqrt[-a~2 + b~2]])/Sqrt
[-a”2 + b™2] + 4xaxb*xCos[x] - a~2%Sin[2*x])/(4xa"3)

Maple [A] time = 0.072, size = 142, normalized size = 1.7

-2

2 9
% (tan (g))3 ((tan (g))z + 1) +2 - ((i:ji;g?i 1)2 - étan (;—C) ((tan (;-C))z + 1) +2 . ( b

(tan (/2))? +1)

+
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~2/(a+b*csc(x)),x)

[Out] 1/a/(tan(1/2*x)7"2+1) " 2*tan(1/2*x) "3+2/a"2/(tan(1/2*x)"2+1) "2*b*tan(1/2*x) "2
-1/a/(tan(1/2*x) ~2+1) "2xtan(1/2*x)+2/a"2/(tan(1/2*x) ~"2+1) “2xb+2/a~3*arctan(
tan(1/2*x))*b"2-2%b"3/a~3/(-a"2+b"2) ~(1/2) *arctan(1/2* (2*¥b*tan(1/2*x)+2*a)/
(-a~2+b"2)"(1/2))+1/2*x/a

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~2/(a+b*csc(x)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 0.540342, size = 644, normalized size = 7.85

COS(X)2+2 ab sin(x)+a2+b2+2 (b cos(x) sin(x)+a cos(x)) Va2—b2

(A 212 : 4, 292
o2 ) (a a“b )COS (x)sin (x) + (a + a“b” -2

az_ 2
Va2 - p2b3 log(( 20%)

2 (a5 - a3b2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~2/(atb*csc(x)),x, algorithm="fricas")

[Out] [1/2%(sqrt(a™2 - b~2)*b~3*log(((a~2 - 2*b~2)*cos(x)"2 + 2¥a*b*sin(x) + a~2
+ b™2 + 2% (b*cos(x)*sin(x) + a*cos(x))*sqrt(a™2 - b"2))/(a"2*cos(x)"2 - 2%a
*b*sin(x) - a™2 - b72)) - (a™4 - a"2*b"2)*cos(x)*sin(x) + (a4 + a~2*b"2 -
2*b~4)*x + 2%(a”3*b - axb”3)*cos(x))/(a”5 - a"3*b~2), 1/2*x(2*sqrt(-a”2 + b~
2)*b~3*arctan(-sqrt(-a”2 + b~2)*(b*sin(x) + a)/((a"2 - b™2)*cos(x))) - (a~4

- a"2*b"2)*cos(x)*sin(x) + (a”4 + a”2*%b"2 - 2*b"4)*x + 2x(a~3*b - a*b”3)*c
os(x))/(a”5 - a~3%b~2)]
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Sympy [F] time = 0., size = 0, normalized size = 0.

sin? (x) p
f a+bcsc(x) *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)**2/(at+b*csc(x)),x)

[Out] Integral(sin(x)**2/(a + b*csc(x)), x)

Giac [A] time = 1.38052, size = 151, normalized size = 1.84

b tan(% x)+a

X 1 3 3 2
Z(N{E_FEJSgn(b)-'_arCtan( V-a2+12 ])b (a2+2b2)x utan(%x) +2btan(%x) —atan(%x)+2b
- +

+
V_i2 + 223 243 ( (1 )2 )2 ,
tan 5 X +1|a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~2/(atb*csc(x)),x, algorithm="giac")

[Out] -2*x(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a"2 +
b~2)))*b~3/(sqrt(-a”2 + b~2)*a~3) + 1/2x(a”2 + 2xb"2)*x/a"3 + (axtan(1/2*x
)"3 + 2%bxtan(1/2*x) 72 - axtan(1/2xx) + 2*b)/((tan(1/2*x)"2 + 1)72*a~2)
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347  [n0 g

a+b csc(x)

Optimal. Leaf size=110

2b4 tanh_l a+b tan(;f)
_bx (a2 + 2b2) ) (2112 + 3b2) cos(x) B VaZ-p2 . bsin(x) cos(x) sin?(x) cos(x)
2a% 3a3 422 — 2 242 3a

[Out] -(b*(a"2 + 2*b~2)*x)/(2*a~4) - (2%b~4x*ArcTanh[(a + b*Tan[x/2])/Sqrt[a”"2 - b
~2]1)/(a~4*Sqrt[a”2 - b~2]) - ((2%¥a”2 + 3*b~2)*Cos[x])/(3*a~3) + (b*Cos[x]*
Sin[x])/(2*a"2) - (Cos[x]*Sin[x]~2)/(3*a)

Rubi [A] time = 0.398245, antiderivative size = 110, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 13, /e

0.538, Rules used = {3853, 4104, 3919, 3831, 2660, 618, 206}

integrand size

2b4 tanh_l a+b tan(;—c)
bx (a2 + 2b2) (Zaz + 3b2) cos(x) Va2-p2 N bsin(x) cos(x)  sin(x) cos(x)
2a* 3a3 N2 — 12 2a? 3a

Antiderivative was successfully verified.

[In] Int[Sin[x]~3/(a + bxCsc[x]),x]

[Out] -(b*(a”2 + 2*b~2)*x)/(2*a~4) - (2*b~4x*ArcTanh[(a + b*Tan[x/2])/Sqrt[a”"2 - b
~2]1)/(a"4xSqrt[a”2 - b~2]) - ((2*xa”2 + 3*b~2)*Cos[x])/(3*a~3) + (b*Cos[x]*
Sin[x])/(2%¥a~2) - (Cos[x]*Sin[x]~2)/(3*a)

Rule 3853

Int[(cscl(e_.) + (f_.)x(x_)1*x(d_.))"(n_)/(cscl(e_.) + (f_.)x(x_)]*x(b_.) + (
a_)), x_Symbol] :> Simp[(Cot[e + f*x]*(d*Csc[e + f*x])“n)/(axf*n), x] - Dis
t[1/(a*d*n), Int[((d*Cscle + f*x])~(n + 1)*Simp[b*n - a*(n + 1)*Cscle + f*x
] - bx(n + 1)*Csc[e + f*x]~2, x])/(a + b*Cscl[e + f*x]), x], x] /; FreeQ[{a,
b, d, e, f}, x] & NeQ[a"2 - b~2, 0] && LeQ[n, -1] && IntegerQ[2+*n]

Rule 4104

Int[((A_.) + cscl(e_.) + (£_)*(x )]1*(B_.) + cscl(e_.) + (£f_.)*x(x_)]1"2*(C_.
))*(cscl(e_.) + (f_)x(x_)I*(d_.))"(n_)*(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a
D)7 (m_), x_Symbol] :> Simp[(A*Cot[e + fxx]x(a + b*Cscl[e + f*x])"(m + 1)*(d
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*Cscle + f*x])"n)/(axf*n), x] + Dist[1/(axd*n), Int[(a + b*Cscle + f*x]) m*
(d*Cscle + f*x])"(n + 1)*Simp[a*B*n - Axb*(m + n + 1) + a*(A + A*n + C*n)*C
scle + f*x] + Axbx(m + n + 2)*Cscle + f*x]72, x], x], x] /; FreeQ[{a, b, d,
e, f, A, B, C, m}, x] && NeQ[a"2 - b2, 0] && LeQ[n, -1]

Rule 3919

Int[(cscl(e_.) + (£_.)*(x_)]1*(d_.) + (c_))/(cscl(e_.) + (£_)*x(x_)]*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - a*d)/a, Int[Cscl[e + f*x
1/(a + b*Cscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 3831

Intlcscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x )1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a*Sin[e + f*x])/b), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + 2*b*exx + ax
e~ 2%x72), x], x, Tan[(c + d*x)/2]1/e], x1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a“2 - b"2, 0]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2xcxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
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(—3b+2a csc(x)+2b CSCZ(x)) sinz(x)
[ ' cossin’w) | S T dx
a + bcsc(x) 3a 3a

(—2(2a2+3b2)—ab csc(x)+3b2 Cscz(x)) sin(x)

3 b cos(x)sin(x)  cos(x) sinz(x) f a+b csc(x) dx
B 242 3a 6a2
) ) —3b(a2+2b2)—3ab2 csc(x)
B (211 +3b )COS(X) N b cos(x)sin(x)  cos(x) sinz(x) N f a+b csc(x)
h 343 242 3a 6a3

csc(x)
b (a2 + 2b2) x (2a2 + 3b2) cos(x) . beos(x)sin(x)  cos(x) sin?(x) N bt f -

b (a2 + 2b2) x (2112 + 3172) cos(x) s bcos(x)sin(x)  cos(x) sin?(x) N

2a* - 343 2a? 3a at
B LI
b (112 + 2b2) x (2ﬂ2 + 31?2) cos(x) N beos(x)sin(x)  cos(x)sin?(x) N f 142500
2a* 343 2a? 3a at

(2°) Subst ( [ ==

2a4 3a3

242 3a

(4b3 ) Subst| [

b (a2 + 2b2) x (2a2 + 3b2) cos(x) . bcos(x)sin(x)  cos(x) sin?(x) ~

2a4 3a3

4 -1 b(
b(az + 2b2)x 2 tanh (

frian(3)

Va2-p2

) (202 + 317

242 3a

cos(x) N b cos(x) sin(x) ~ cos(x) Sinz(:

244 - 42 — p2

3a3 2a?

Mathematica [A] time = 0.237856, size = 98, normalized size = 0.89

—6bx (u2 + 2b2) -3a (3a2 + 4b2) cos(x) +

244 tan—l[

x
2
V242

a+btan(

)

+ 3a?bsin(2x) + a® cos(3x)

\/bz_az

1244
Antiderivative was successfully verified.

[In] Integrate[Sin[x]~3/(a + bxCsc[x]),x]

[Out] (-6*bx(a”2 + 2xb~2)*x + (24*b~4xArcTan[(a + b*Tan[x/2])/Sqrt[-a~2 + b~2]])/
Sqrt[-a”2 + b~2] - 3xa*(3*a”2 + 4xb~2)*Cos[x] + a~3*Cos[3*x] + 3*a~2*b*Sin[

2xx])/(12%a~4)

3a
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Maple [B] time = 0.066, size = 213, normalized size = 1.9

-3 4 2 2
e = S
a a3 ((tan(x/Z)) +1) a((tan(x/Z)) +1) a3 ((tan(x/2)) +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x) "3/ (a+b*csc(x)),x)

[Out] -1/a"2/(tan(1/2*x)~2+1) " 3*b*xtan(1/2*x) "5-2/a"3/(tan(1/2*x) "2+1) "3*b~2*tan (1
/2%x)"4-4/a/(tan(1/2*x) "2+1) "3*tan(1/2*x) "2-4/a"3/(tan(1/2*x) "2+1) "3*tan(1/
2%x) "2%b"2+1/a"2/ (tan(1/2*x) "2+1) "3*tan(1/2*x) *b-4/3/a/ (tan(1/2*x) ~2+1) "3-2
/a”~3/(tan(1/2%x) ~2+1) "3*b~2-1/a"2*b*arctan(tan(1/2*x))-2/a"4*arctan(tan(1/2
*x) ) *b~3+2*xb~4/a~4/(-a~2+b~2) ~(1/2) *arctan (1/2* (2xb*tan (1/2*x)+2*a)/(-a"~2+b

"2)7(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~3/(atb*csc(x)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 0.552073, size = 744, normalized size = 6.76

3 (—az 2t log (_ (u2_2 bz) cos(x)>+2ab sin(x)+22+b2—2 (b cos(x) sin(x)+a cos(x)) VaZ_bZ) o ([15 B El3b2) oS (x)3 +3 (ll4b _ azbg) cc
a2 cos(x)“=2 ab sin(x)—-a2—b?

6 (a6 - u4b2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~3/(a+b*csc(x)),x, algorithm="fricas")

[Out] [1/6%(3*sqrt(a™2 - b72)*b"4*xlog(-((a”2 - 2*b72)*cos(x)”"2 + 2*a*b*sin(x) + a
"2 + b72 - 2x(b*cos(x)*sin(x) + a*cos(x))*sqrt(a”2 - b~2))/(a"2*cos(x)"2 -
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2%axb*sin(x) - a”2 - b72)) + 2x(a”5 - a"3*b"2)*cos(x)”"3 + 3x(a"4*b - a~2*b”
3)*cos(x)*sin(x) - 3*(a”4*b + a~2*b~3 - 2*b"5)*x - 6*(a”5 - a*b”4)*cos(x))/
(a6 - a”4xb~2), -1/6*(6*sqrt(-a”2 + b~2)*b"4xarctan(-sqrt(-a~2 + b~2)*(b*s
in(x) + a)/((a"2 - b™2)*cos(x))) - 2*¥(a”5 - a"3*b"2)*cos(x)"3 - 3*x(a~4*b -
a~2%b"3)*cos(x)*sin(x) + 3*(a”4*b + a”2*%b"3 - 2*b”"5)*x + 6%x(a”5 - a*b”4)*co
s(x))/(a"6 - a~4*xb~2)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)**3/(atb*csc(x)),x)

[Out] Timed out

Giac [A] time = 1.4371, size = 201, normalized size = 1.83

. 1 btan(% x)+a 4 4
) nb?+ikgﬂm+aﬂmm’_T§3;'b @%+2bﬂx 3amanex)+6bﬁanex)+12ftm%%ﬂ

V=i + b2 24t Y
3 tan(i x)

5 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~3/(atb*csc(x)),x, algorithm="giac")

[Out] 2*(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((bxtan(1/2*x) + a)/sqrt(-a~2 +
b~2)))*b"4/(sqrt(-a”2 + b72)*a"4) - 1/2x(a"2xb + 2%b73)*x/a"4 - 1/3*(3*a*xb*
tan(1/2%x) "5 + 6*%b~2*tan(1/2*x) "4 + 12xa~2*xtan(1/2%x)"2 + 12%b~"2xtan(1/2*x)

72 - 3kaxbxtan(1/2*x) + 4*a”2 + 6*%b”"2)/((tan(1/2*x)"2 + 1)~3%a”3)
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348  [n0 g

a+b csc(x)

Optimal. Leaf size=144

5 1 a+b tan(%)
X (4a2b2 +3a* + 8b4) N b (2012 + 3b2) cos(x) (3a2 + 4b2) sin(x) cos(x) N 2b° tanh ( T2 N bsin?(x) cos(x)
8ad 3at 8a3 V2 — 12 3a?

[Out] ((3*a~4 + 4*a~2%b~2 + 8*b~4)*x)/(8*a~5) + (2*b~5*xArcTanh[(a + b*Tan[x/2])/S
grt[a™2 - b72]]1)/(a"5*xSqrt[a”2 - b72]) + (b*x(2*a”2 + 3*b~2)*Cos[x])/(3*xa~4)

- ((3*¥a”2 + 4*b~2)*Cos[x]*Sin[x])/(8%¥a"3) + (b*Cos[x]*Sin[x]"2)/(3*a"2) -

(Cos [x]*Sin[x]~3)/(4*a)

Rubi [A] time = 0.588463, antiderivative size = 144, normalized size of antiderivative

. . ber of rul
1., number of steps used = 9, number of rules used = 7, integrand size = 13, e -

integrand size
0.538, Rules used = {3853, 4104, 3919, 3831, 2660, 618, 206}

5 1 a+b tan(%)
x (4a2b2 +3a* + 8b4) . b (2:12 + 3b2) cos(x) (3112 + 4b2) sin(x) cos(x) N 2b° tanh ( V2 . bsin?(x) cos(x)
8ad 3at 8a3 V2 — 12 3a?

Antiderivative was successfully verified.

[In] Int[Sin[x]~4/(a + b*Csc[x]),x]

[Out] ((3*%a~4 + 4%a~2*%b~2 + 8%b~4)*x)/(8%a~5) + (2xb~5*ArcTanh[(a + b*Tan[x/2])/S
grt[a”2 - b°2]]1)/(a"5*Sqrt[a~2 - b~2]) + (b*(2*xa~2 + 3*b~2)*Cos[x])/(3*a"4)

- ((3*a”2 + 4xb~2)*Cos[x]*Sin[x])/(8*a~3) + (b*Cos[x]*Sin[x]~2)/(3*a"2) -
(Cos[x]*Sin[x]~3)/(4*a)

Rule 3853

Int[(cscl(e_.) + (f_.)*(x_)]1*(d_.))"(n_)/(cscl(e_.) + (£_)*x(x_)I*x(b_.) + (
a_)), x_Symbol] :> Simp[(Cot[e + fxx]*(d*Csc[e + f*x])~"n)/(a*xf*n), x] - Dis
t[1/(a*d*n), Int[((d*Cscle + f*x])"(n + 1)*Simp[b*n - a*x(n + 1)*Cscle + f*x
] - bx(n + 1)*Cscle + f*xx]~2, x])/(a + bxCscle + f*x]), x], x] /; FreeQ[{a,
b, d, e, £}, x] && NeQ[a"2 - b~2, 0] && LeQ[n, -1] && IntegerQ[2+n]

Rule 4104
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Int[((A_.) + cscl(e_.) + (f_)*(x )I*(B_.) + cscl(e_.) + (f_.)*(x_)]1"2%(C_.
M) *(cscl(e_.) + (£_)*(x_ )I*(d_.))"(n )*(cscl(e_.) + (f£_)*x)I*(_.) + (a
D)7 (m_), x_Symbol] :> Simp[(A*Cot[e + fxx]x(a + b*Cscl[e + f*x])"(m + 1)*(d
*Cscle + f*x]) n)/(axf*xn), x] + Dist[1/(a*d*n), Int[(a + b*Cscl[e + f*x]) mx
(dxCscle + fxx])~(n + 1)*Simp[a*B*n - Axb*x(m + n + 1) + ax(A + Axn + C*n)*C
scle + f*xx] + A*bx(m + n + 2)*Csc[e + f*x]~2, x], x], x] /; FreeQ[{a, b, d,
e, £, A, B, C, m}, x] && NeQ[a"2 - b2, 0] && LeQ[n, -1]

Rule 3919

Int[(cscl(e_.) + (f_.)*(x_)1*(@d_.) + (c_))/(cscl(e_.) + (£_)*x(x_)I*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - axd)/a, Int[Cscl[e + f*x
1/(a + bxCscl[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 3831

Int[csc[(e_.) + (f_.)*(x_)]/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a*Sin[e + fx*x])/b), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)])~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + 2*b*exx + ax
e"2xx72), x], x, Tan[(c + d*xx)/2]1/el, x1]1 /; FreeQl[{a, b, c, d}, x] && NeQ[
a2 - b~2, 0]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xa*c - x~2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] Il LtQ[b, 0])

Rubi steps
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(—4b+3u csc(x)+3b cscz(x)) sin3(x)
f sin4(x) Iy = _cos(x) sin3(x) N f a+b esc(x) dx
a+ bcsc(x) 4a 4a
- = f (—3(3u2+4b2)—ub csc(x)+8b? cscz(x)) sinz(x) dx
_ bcos(x) sin”(x) ~ cos(x) sin”(x) _ a+b csc()
342 4q 1242

(—8b(2a2+3b2)+a(9a2—4b2) csc(x)+3b(3¢

(3512 + 4172) cos(x) sin(x) N b cos(x) sin?(x) _ cos(x) sin’(x) N f

— a+b csc(x)
Bl 8a’ 3a? 4q 2443
-3(3a%+4a?l

3 b (2ﬂ2 + 352) cos(x) (30 + 4b2) cos(x) sm(x) beos(x)sin®(x)  cos(x) sin®(x) f
B 3a4 8as 342 4q

(3a4 + 4a%V? + 8b4) x b (2a2 + 3b2) cos(x) (311 + 4b2) cos(x) sm(x) b cos(x) Sinz(x) cos(
= + —

8ad 3a4 8ad 342

(3a4 + 4a%V? + 8b4) x b (2a2 + 3b2) cos(x) (311 + 4b2) cos(x) sm(x) b cos(x) sinz(x) cos(

= +
8a° 3a 843

342

(3a4 + 4a%V? + 8b4) x b (2a2 + 3b2) cos(x) (3a + 4b2) cos(x) Sln(x) b cos(x) sin?(x) _ cos(

= +

8a° 3a4 8a3

3a2

(3a4 + 4a%b? + 8b4) x b (2a2 + 3b2) cos(x) (Ba + 4b2) cos(x) sm(x) beos(x) sin?(x)  cos

= +
8a® 3a 8a3

5 1 b( +tan(§))
(3114 + 4a2%b? + 8b4) X 2b° tanh (
= + +

342

Vo2 ) b (2&12 + 3b2) cos(x) (3a2 + 4b2) cos(x) sin(

8a® V2 — 12 3at

Mathematica [A] time = 0.315207, size = 129, normalized size = 0.9

a+b tan(%)
Vp2—g2
,/bz_az

19265 tan_l{
48a%b%x — 24a%b? sin(2x) + 24ab (3a2 + 4b2) cos(x) —

8a’

J — 8a3b cos(3x) + 36a*x — 24a* sin(2x) + 3a*:

96a°
Antiderivative was successfully verified.

[In] Integrate[Sin[x]"4/(a + b*Csc[x]),x]

[Out] (36*a~4*x + 48xa”2*b~2*x + 96*b~4*x - (192*b~5*ArcTan[(a + bxTan[x/2])/Sqrt

[-a”2 + b~2]])/Sqrt[-a”2 + b~2] + 24*a*xbx(3*a”2 + 4*b~2)*Cos[x] - 8*a~3*bxC
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0s[3*x] - 24%a~4%xSin[2*x] - 24*%a~2%b~2xSin[2*x] + 3*a~4*Sin[4x*x])/(96%a"5)

Maple [B] time = 0.079, size = 405, normalized size = 2.8

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~4/(a+b*csc(x)),x)

[Out] 3/4/a/(tan(1/2%x)72+1) 4*tan(1/2*x)~7+1/a~3/(tan(1/2*xx) ~2+1) “4xtan(1/2*x)"7

*b"2+2/a"4/ (tan(1/2*x) "2+1) “4xb~3*xtan(1/2*x) "6+1/a"3/(tan(1/2*x) "2+1) "4*tan
(1/2%x)"5%b"2+11/4/a/(tan(1/2*x) "2+1) “4xtan(1/2*x) "5+4/a~2/ (tan(1/2*x) "2+1)
“4xtan(1/2*x) “4*xb+6/a"4/ (tan(1/2*x) ~2+1) "4*xtan(1/2*x) ~4*b~3-1/a~3/ (tan(1/2*
x)"2+1) "4xtan(1/2*x) "3*%b"2-11/4/a/(tan(1/2*x) ~2+1) “4*tan(1/2*x) "3+6/a"4/(ta
n(1/2%x) "2+1) “4xtan(1/2*x) "2*b~3+16/3/a"2/(tan(1/2*x) ~2+1) “4*xtan(1/2*x) ~2*b
-3/4/a/(tan(1/2*x) "2+1) “4xtan(1/2*x)-1/a"3/(tan(1/2*x) "2+1) “4xtan (1/2*x) *b"
2+4/3/a"2/ (tan(1/2*xx) ~2+1) “4xb+2/a~4/ (tan(1/2*x) ~2+1) “4*xb~3+2/a"5*arctan(ta
n(1/2*x))*b~4+3/4/a*xarctan(tan(1/2*x))+1/a"3*arctan(tan(1/2*x))*b~2-2*xb~5/a
~5/(-a"2+b"2) " (1/2)*arctan(1/2* (2*¥b*xtan(1/2*x)+2*a)/(-a~2+b"2)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~4/(atbxcsc(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 0.581091, size = 909, normalized size = 6.31

1 ,—az T log (a2_2 bZ) cos(x)2+2 absin(x)+a2+b%+2 (b cos(x) sin(x)+a cos(x)) Vaz_bZ) _g (a5b B a3b3) oS (X)3 43 (3 2 + 12

a2 cos(x)2—2 absin(x)—a2-b?

24 (a7 — a5V
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~4/(at+bxcsc(x)),x, algorithm="fricas")

[Out] [1/24*%(12xsqrt(a”2 - b~2)*b~5xlog(((a”2 - 2%b~2)*cos(x) 2 + 2*axb*sin(x) +
a”2 + b72 + 2x(bxcos(x)*sin(x) + a*cos(x))*sqrt(a”2 - b~2))/(a"2*cos(x)"2 -
2%a*xb*sin(x) - a”2 - b72)) - 8+(a”b*b - a"3*b"3)*cos(x)"3 + 3*%(3*a”6 + a~4

*b~2 + 4*a"2xb"4 - 8%b"6)*x + 24x(a"b*b - ax*b~5)*cos(x) + 3*x(2*x(a”6 - a~4x*b
“2)*cos(x)73 - (5*a”6 - a~4*b"2 - 4*a”2*b"4)*cos(x))*sin(x))/(a”7 - a~5*b"2

), 1/24%(24xsqrt(-a”2 + b~2)*b~5*arctan(-sqrt(-a~2 + b~2)*(b*sin(x) + a)/((

a2 - b™2)*cos(x))) - 8*(a"b*b - a~3*b"3)*cos(x)"3 + 3*%(3*¥a"6 + a”4*b"2 + 4
*a”"2%b"4 - 8*b~6)*x + 24%(a”5*b - axb”"b)*cos(x) + 3x(2*%(a”6 - a"4xb”~2)*cos(
x)73 - (5*%a”6 - a”4%b~2 - 4*a”2*b"4)*cos(x))*sin(x)) /(a7 - a“5xb”2)]

Sympy [F] time = 0., size = 0, normalized size = 0.

sin? (x) P
f a+ bcsc(x) *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)**4/(atb*csc(x)),x)

[Out] Integral(sin(x)**4/(a + b*csc(x)), x)

Giac [A] time = 1.38791, size = 340, normalized size = 2.36
btan(% x)+a 7

SR — 27 |Is5 1
4%LH+ZFQNM+ammn[VﬁAH]} (3a* +4a20% + 81*)x 9d%m%§ﬂ
- + +

Vi + a5 8ad

7
+12ab?tan (% x) +24 b3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~4/(atb*csc(x)),x, algorithm="giac")

[Out] -2x(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a”2 +
b~2)))*b75/(sqrt(-a”2 + b72)*a”5) + 1/8%(3*a”4 + 4*a~2xb”2 + 8%b~4)*x/a"5
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+ 1/12%(9*%a~3*tan(1/2*x) "7 + 12%axb™2%tan(1/2*x)77 + 24*xb~3*tan(1/2*x)"6 +
33*a”3*xtan(1/2*x) "5 + 12*a*xb~2*tan(1/2*x)”5 + 48*a~2xb*xtan(1/2*x)"4 + 72*xb~
3xtan(1/2*x) "4 - 33*a”3xtan(1/2%x)”3 - 12*axb”2*xtan(1/2*x)"3 + 64*a”2xb*tan
(1/2%x)72 + 72*%b"3*tan(1/2*x) "2 - 9*a~3*tan(1/2*x) - 12*axb~2xtan(1/2*x) +
16*a”2%b + 24*b~3)/((tan(1/2%x)72 + 1) 4xa~4)
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349 [ ———dx

(a+b csc(c+dx))?
Optimal. Leaf size=108

2b (2a2 - bz) tanh ™! [ W

22d (az _ b2)3/2 ad (az - bz) (a +besc(c +dx)) @

b? cot(c + dx) x

a+b tan(%(c+dx)) )

[Out] x/a”2 + (2xbx(2*a”~2 - b~2)*ArcTanh[(a + b*Tan[(c + d*x)/2])/Sqrt[a”2 - b~2]
1)/(@ 2%(a”2 - ©72)7(3/2)*d) - (b~2*Cot[c + d*x])/(ax(a™2 - b~2)*dx(a + b*C
sclc + dxx]))

Rubi [A] time = 0.171399, antiderivative size = 108, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 12, L

integrand size
0.5, Rules used = {3785, 3919, 3831, 2660, 618, 206}
a+b tan(%(cﬂix))
Vi
2d (a2 _ b2)3/2 ad (a2 - b2) (a +besc(c + dx)) @

2b (2112 - bz) tanh™*
b? cot(c + dx) x

Antiderivative was successfully verified.

[In] Int[(a + b*Csclc + d*x])~(-2),x]

[Out] x/a"2 + (2%b*(2*a”2 - b~2)*ArcTanh[(a + bxTan[(c + d*x)/2])/Sqrt[a”2 - b~2]
1)/(@2x(a"2 - b72)7(3/2)*d) - (b"2*Cotlc + d*x])/(a*x(a”2 - b"2)*d*(a + b*C
sclc + d*x]))

Rule 3785

Int[(cscl(c_.) + (d_)*(x_)]*(_.) + (a_))"(n_), x_Symbol] :> Simp[(b~2x*Cot
[c + d*x]*(a + b*Csc[c + d*x])"(n + 1))/(axd*(n + 1)*(a"2 - b"2)), x] + Dis
t[1/(ax(n + 1)*x(a”2 - b72)), Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a”™2 - b
“2)*x(n + 1) - axbx(n + 1)*Csclc + d*x] + b™2x(n + 2)*Csc[c + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Intege
rQ[2x*n]

Rule 3919
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Int[(cscl(e_.) + (£_.)*(x_)]*(d_.) + (c_))/(cscl(e_.) + (f_)*x(x)]1*x(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - axd)/a, Int[Cscl[e + f*x
1/(a + bxCscle + f*xx]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*xc -
axd, 0]

Rule 3831

Int[csc[(e_.) + (f_.)*(x_)]/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a*Sinle + f*x]1)/b), x], x] /; FreeQl{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2%e)/d, Subst[Int[1/(a + 2*b*e*xx + ax
e"2*%x72), x], x, Tan[(c + d*x)/2]/el, x1]1 /; FreeQl[{a, b, c, d}, x] && NeQ[
a~2 - b"2, 0]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*c - x72, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rubi steps
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—a2+b2+ab csc(c+dx)
f 1 dx = — b2 COt(C + dx) _ f a+b csc(c+dx) dx
(@+besclc+dv)? g (az - bz) d(a + b csc(c + dx)) a (az - bz)
_x b? cot(c + dx) _ (b (zaz B bz)) f % dx
a> g (a2 - bz) d(a + bcsc(c + dx)) a2 (u2 - bz)
2 _ 2 1
_x b? cot(c + dx) ~ (Za b )f1+w ax
g (a2 - b2) d(a + bcsc(c + dx)) a2 (a2 - bz)
1 1
o P cot(e + dx) ) (2 (2a2 _ bZ)) Subst (f m dx, x, tan (E(C + da
S g (az - bz) d(a + besc(c + dx)) a2 (a2 - bz) d
4(2a% - 1)) Subst | [ ——— dx,x, 2 + 2tan
(4( g
_x b? cot(c + dx) _4(1_b_2)_x
S g (az - bz) d(a + besc(c + dx)) a2 (a2 - bz) d
b( £ +tan l(c+clx)))
2b (242 - b?) tanh ™ M
_x, ( ! ) o ( Va?-b? ] ~ b? cot(c + dx)
- a? 22 (a2 _ b2)3/2 d a (a2 - bz) d(a + besc(c + dx))

Mathematica [A] time = 0.455729, size = 139, normalized size = 1.29

a+b tan(%(ﬁdx))
2b(b2—2a2) tan~! —Vrz (a+b csc(c+dx)) )
csc(c + dx)(asin(c + dx) + b) [ - " 2)3/2 n “l;bfz;((:::)x) + (c + dx)(a + besc(c + dx))
-a

a%d(a + b csc(c + dx))?

Antiderivative was successfully verified.

[In] Integrate[(a + b*Csclc + d*x])~(-2),x]

[Out] (Csclc + d*x]*((a*xb~2xCot[c + dxx])/((-a + b)*(a + b)) + (c + d*x)*(a + b*C
sclc + d*x]) - (2xbx(-2%xa"2 + b~2)*ArcTan[(a + b*Tan[(c + d*x)/2])/Sqrt[-a”

2 + b"2]]*(a + b*Csclc + d*x]))/(-a"2 + b™2)"(3/2))*(b + a*Sin[c + d*x]))/(
a~2xdx(a + b*Csclc + dx*xx])~2)
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Maple [B] time = 0.093, size = 247, normalized size = 2.3

arctan (tan (1/2 dx + ¢/2)) s btan (1/2dx + ¢/2) 5
da? d ((tan (1/2dx +¢/2))* b+ 2atan (1/2dx + ¢/2) + b) (a2 = 12)  ad ((tan (1/2dx +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(atb*xcsc(d*x+c))”2,x)

[Out] 2/d/a"2*arctan(tan(1/2*xd*x+1/2%c))-2/d*xb/(tan(1/2*xd*x+1/2*%c) " 2*xb+2*a*xtan(1/
2%d*x+1/2%c)+b) /(a"2-b"2) *tan (1/2*d*x+1/2%c)-2/d*b"2/a/ (tan(1/2*d*x+1/2%c) "~
2*%b+2xa*xtan (1/2*xd*x+1/2*c)+b)/(a”2-b"2)-4/d*b/(a"2-b"2) /(-a"2+b~2) ~(1/2) *ar
ctan(1/2* (2xbxtan (1/2xd*x+1/2*c)+2*xa)/(-a”~2+b~2)~(1/2))+2/d*b~3/a"2/(a"2-b~
2)/(-a"2+b"2) " (1/2)*arctan(1/2* (2*¥b*tan (1/2*xd*x+1/2*xc)+2*a) /(-a~2+b"2) ~(1/2

))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*csc(d*x+c))~2,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 0.563269, size = 1076, normalized size = 9.96

2 (u5 -2a%h + ab4)dx sin (dx +¢) + 2 (a4b —2a%h3 + b5)dx + (2 a?b? - b* + (2 a3b - ab3) sin (dx + c))\/az —b?log (

2 ((a7 - 2a%h? + a3b4)d sin (dx +¢) + (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*csc(d*x+c))~2,x, algorithm="fricas")

[Out] [1/2%(2x(a”5 - 2*a~3*b"2 + a*xb”4)*d*x*sin(d*x + c) + 2*%(a"4*b - 2%a~2%b~3 +
b~B)*d*x + (2*%a”2*%b"2 - b74 + (2%a”3*%b - axb”3)*sin(d*x + c))*sqrt(a”2 - b
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~2)*log(((a”™2 - 2xb~2)*cos(d*x + c)”2 + 2%axb*sin(d*x + c) + a”2 + b™2 + 2%
(b*cos(d*x + c)*sin(d*x + c) + axcos(d*x + c))*sqrt(a”2 - b72))/(a"2*cos(d*
X + ¢)72 - 2*%axb*sin(d*x + ¢c) - a”2 - b72)) - 2*x(a"3*b"2 - a*b~4)*cos(d*x +
c))/((a”7 - 2*%a”5*b”2 + a~3*b"4)*d*sin(d*x + c) + (a"6*xb - 2*xa~4*xb"3 + a~2
*b~5)*d), ((a”h5 - 2*a"3*b"2 + a*b”4)*d*x*sin(d*x + c) + (a”4*xb - 2*a~2xb~3

+ b7B)*d*xx + (2*%a”2*%b"2 - b74 + (2%a”3*%b - axb”3)*sin(d*x + c))*sqrt(-a”2 +
b~2)*arctan(-sqrt(-a”"2 + b"2)*(b*sin(d*x + c) + a)/((a”2 - b~2)*cos(d*x +

c))) — (a"3*b"2 - a*xb”4)*cos(d*x + c))/((a”7 - 2*%a”"5xb"2 + a~3*b"4)*d*sin(d
*x + ¢c) + (a"6*xb - 2*xa~4xb~3 + a~2%b~5)*d)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f ! 5 dx
(a + besc(c + dx))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*csc(d*x+c))**2,x)

[Out] Integral((a + b*csc(c + d*x))**x(-2), x)

Giac [A] time = 1.38376, size = 213, normalized size = 1.97

V-a24p2
4_ 212\ -2+ p2 2
(a a<b ) ac+b (a3—ab2)(btan(%dx+%c) +2atan(%dx+%c)+b)

d

dete 1 btan(% dx+%c)+a

2(2a2b—h3) n{ﬁ+§Jsgn(b)+arctan _— 2 (abt 1d 1 b2
(ﬂ al’l(z x+z C)+ ) dx+c
B

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*csc(d*x+c))”2,x, algorithm="giac")

[Out] -(2*%(2*a"2%b - b~3)*(pi*floor(1/2*(d*x + c)/pi + 1/2)*sgn(b) + arctan((b*ta
n(1/2xd*x + 1/2*c) + a)/sqrt(-a”2 + b~2)))/((a"4 - a"2xb"2)*sqrt(-a”2 + b~2

)) + 2*(axbxtan(1/2*d*x + 1/2%c) + b72)/((a”3 - a*b~2)*(bxtan(1/2*d*x + 1/2

*Cc) 72 + 2%axtan(1/2%d*x + 1/2%c) + b)) - (d*x + c)/a"2)/d
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350 [ ————dx

(a+b csc(c+dx))3
Optimal. Leaf size=170
a+b tdn(%(c+dx))
Va2—i2 b? (5112 - 2b2) cot(c + dx) b? cot(c + dx)
24224 (a2 _ bz)z (a+besc(c +dy))  2ad (a2 - bz) (a+ besc(c +dx

b (—5a2b2 + 6a* + 2b4) tanh”™ [

a3d (a2 - b2)5/2

[Out] x/a"3 + (bx(6*%a"4 - 5*a”2*b~2 + 2+b~4)*ArcTanh[(a + b*Tan[(c + d*x)/2])/Sqr
t[a”2 - b72]]1)/(a"3*(a"2 - b~2)7(5/2)*d) - (b"2xCot[c + dxx])/(2*ax(a”2 - b
“2)*xd*(a + bxCsclc + d*x])~2) - (b72x(5*%a”2 - 2xb~2)*Cot[c + d*x])/(2%a~2x*(

a"2 - b"2)7"2xd*(a + b*Csclc + d*x]))

Rubi [A] time = 0.318968, antiderivative size = 170, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 12, e e .

0.583, Rules used = {3785, 4060, 3919, 3831, 2660, 618, 206}

integrand size

1
b(-5a20% + 6a* + 2b*) tanh ™ i
V22 b? (5a2 - 2b2) cot(c + dx) b2 cot(c + dx)
3d (a2 _ b2)5/2 2424 (a2 _ bz)2 (a+besc(c +dv))  2ad (az - bz) (a + besc(c + dx

Antiderivative was successfully verified.

[In] Int[(a + b*Cscl[c + d*x])~(-3),x]

[Out] x/a”3 + (b*(6*a”4 - 5xa”2*b~2 + 2*b~4)*ArcTanh[(a + b*Tan[(c + d*x)/2])/Sqr
t[a™2 - b72]])/(a”3*(a"2 - b"2)"(5/2)*d) - (b"2*xCot[c + d*x])/(2*¥ax(a"2 - b
~2)*d*(a + b*Csclc + d*x])"2) - (b™2*(5*a”2 - 2*xb"2)*Cot[c + d*x])/(2*a~2x*(

a~2 - b"2)"2xd*x(a + b*Cscl[c + d*x]))

Rule 3785

Int[(cscl(c_.) + (d_)*x_)I*(_.) + (a_))"(n_), x_Symbol] :> Simp[(b~2xCot
[c + d*x]*(a + b*Csc[c + d*x])"(n + 1))/(axd*x(n + 1)*(a"2 - b~2)), x] + Dis
t[1/(ax(n + 1)*(a"2 - b~2)), Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a”2 - b
“2)x(n + 1) - axbx(n + 1)*Csc[c + d*x] + b™2*(n + 2)*Csclc + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b72, 0] && LtQ[n, -1] && Intege
rQ[2+n]



254

Rule 4060

Int[((A_.) + cscl[(e_.) + (f_.)*x(x_)I*(B_.) + cscl(e_.) + (£f_.)*(x_)]"2x(C_.
M*(cscl(e_.) + (£_)*xDI*(b_.) + (a_))"(m_), x_Symbol] :> Simp[((A*xb~2 -
a*xbxB + a”"2+C)*Cot[e + f*xx]*x(a + b*Cscle + f*x])"(m + 1))/(a*xf*x(m + 1)*(a”
2 - b"2)), x] + Dist[1/(ax(m + 1)*(a”2 - b72)), Int[(a + b*Cscl[e + f*x]) " (m
+ 1)*Simp[A*(a”2 - b™2)*(m + 1) - a*(A*b - a*B + bxC)*x(m + 1)*Cscle + f*x]
+ (A*b™2 - a*b*B + a”2+C)*x(m + 2)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[{a,

b, e, £, A, B, C}, x] && NeQ[a"2 - b~2, 0] && LtQ[m, -1]

Rule 3919

Int[(cscl(e_.) + (f_)*(x_)]*(d_.) + (c_))/(cscl(e_.) + (f_)*(x_)]*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - axd)/a, Int[Cscl[e + f*x
1/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 3831

Intlcscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x)1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (axSinle + f*x1)/b), x], x] /; FreeQl{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + 2¥b*e*x + ax
e”2xx72), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b~2, 0]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x72, x], x], x, b + 2xcxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
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f —Z(az—b2)+2ub csc(c+dx)—b2 csc?(c+dx)

f 1 gy = b? cot(c + dx) (a+b csc(c+dx))?
X =" -
(a + b ese(c + dx)) 2a (a2 - bz) d(a + b csc(c + dx))? 2a (a2 - bz)
2(a2-12)" ~ab(4
o b2 cot(c + ) __ PR-w)eoterdy [T
2a (az - bz) d(a+besc(c+dx)) 22 (az -~ bZ)Z d(a + b csc(c + dx)) 242 (a2
X B2 cot(c + dx) B2 (502 - 20%) cot(c +dx)  (b(6a* =5
@ 2a(a? = 12)d(a+besc(c+ AP 2g2 (a2 - 12) d(a + besc(c +d)
4_g2
x B2 cot(c + dx) B2 (507 - 202) cot(c + dx) (6a* - 507
© 2 (az - bz) d(a +besc(c +dx)P o2 (az - b2)2 d(a + b csc(c + dx))
4_g2
3 1 _ b? COt(C + dx) ~ b? (5&2 - 2172) COt(C + dX) ~ (6& ba‘t
© 2 (“2 - bz) d(a +besc(c+dx)? 22 (a2 - b2)2 d(a + b esc(c + dx))
(2(6a* -5
_x b2 cot(c + dx) ) b? (5a2 - 2b2) cot(c + dx) N
@ 2q (ﬂz - bz) d(a+besc(c+dx)? g2 (a2 - bz)z d(a + b csc(c + dx))
b(f +tan 3 e+
b (6a* — 54262 + 2b*) tanh ™ | 22—
_x ( ) [ Va?-b? ~ b? cot(c + dx)
a’ P (a2 _ [92)5/2 d 2a (a2 - bz) d(a + besc(c + dx))?

Mathematica [A] time = 1.10303, size = 216, normalized size = 1.27

a+b tan(%(u

h2—g2

2 2 12 ) 2b(—5a2b2+6a4+2b4) csc(c+dx)(a sin(c+dx)+b)? tan_l[
5 d . d ) + b) _Sab (Zu -b )Cot(c+dx)(u sin(c+dx)+b) 3
csco(c + dx)(asin(c + dx DR DR (b2—a2)5/2

2a3d(a + b cse(c + dx))3
Antiderivative was successfully verified.

[In] Integratel[(a + b*Cscl[c + d*x])~(-3),x]

[Out] (Csclc + d*x]~2x(b + a*Sin[c + d*xx])*((axb~3*Cot[c + d*x])/((a - b)*x(a + b)
) - (3*a*xb~2x(2*%a"2 - b~2)*Cot[c + d*x]*(b + a*xSin[c + d*x]))/((a - b)~2x(a
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+ b)72) + 2x(c + d*x)*Cscl[c + d*x]*(b + a*Sin[c + d*x])~2 - (2%¥b*(6*a"4 -
5%a~2*b~2 + 2*¥b~4)*ArcTan[(a + b*Tan[(c + d*x)/2])/Sqrt[-a~2 + b~2]]*Csclc
+ d*x]*(b + a*Sin[c + d*x])"2)/(-a"2 + b"2)"(5/2)))/(2*xa"3xd*(a + b*Csc[c +

d*x])"3)

Maple [B] time = 0.115, size = 796, normalized size = 4.7

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*xcsc(d*x+c))”3,x)

[Out] 2/d/a"3*arctan(tan(1/2*xd*x+1/2*c))-4/d*axb”~2/(tan(1/2*d*xx+1/2%c) ~2*b+2*ax*ta
n(1/2xd*x+1/2*c)+b) "2/ (a"4-2*a"2*xb"2+b~4) *tan (1/2*d*x+1/2*c) "3+1/d/a*xb~4/ (¢t
an(1/2*d*x+1/2%c) “2+¥b+2*xaxtan (1/2*d*x+1/2*c)+b) "2/ (a"4-2*xa~2*b~2+b"4) *tan (1
/2*xd*xx+1/2*c) "3-10/d*a"2*b/ (tan(1/2*xd*x+1/2*c) ~2*xb+2*xa*xtan (1/2*d*x+1/2*c)+b
)"2/(a”4-2%a"2%b"2+b"4) *tan (1/2*d*x+1/2*c) "2-1/d*b"3/ (tan(1/2*xd*x+1/2*c) ~2%
b+2*xaxtan (1/2xd*x+1/2%c)+b) "2/ (a"4-2*a"2*xb"2+b~4) *tan (1/2*d*x+1/2*c) ~2+2/d/
a~2xb"5/ (tan(1/2*xd*x+1/2*c) "2*b+2*xa*xtan (1/2*xd*x+1/2*c)+b) "2/ (a"4-2*%a"2*xb" 2+
b~4)*tan(1/2*xd*x+1/2*c) "2-16/d*a*xb~2/ (tan(1/2*xd*x+1/2*c) ~2*xb+2*a*tan (1/2*xd*
x+1/2%c)+b) "2/ (a"4-2*a"2*%b"2+b~4) *tan (1/2*xd*x+1/2*c)+7/d/a*xb~4/ (tan(1/2*d*x
+1/2%c) "2*xb+2*xaxtan (1/2*%d*x+1/2*c)+b) "2/ (a~4-2*xa~2%b"2+b~4) *tan (1/2*xd*x+1/2
*c)-5/d*b"3/ (tan(1/2*xd*x+1/2xc) “2*b+2*a*tan (1/2*xd*x+1/2*c)+b) "2/ (a~4-2*a" 2%
b"2+b"4)+2/d/a"2*%b"5/ (tan(1/2*d*x+1/2*c) ~2xb+2*a*xtan (1/2*xd*xx+1/2*c)+b) "2/ (a
~4-2%a~2%b"2+b"4)-6/d*axb/ (a"4-2%a"2xb"2+b"4) /(-a"2+b"2) ~(1/2) *arctan(1/2x*(
2xbxtan (1/2*d*x+1/2*xc)+2*a) /(-a~2+b"2)~(1/2))+5/d/a*xb~3/(a~4-2*a~2*xb"2+b"4)
/(—a"2+b"2) " (1/2)*arctan(1/2*x (2xb*tan(1/2*xd*x+1/2*c)+2*a)/(-a"2+b"2) " (1/2))
-2/d/a~3*%b"5/(a"4-2%a"2*xb"2+b"4) / (-a"2+b"2) " (1/2) *arctan(1/2* (2xbxtan(1/2*d
*x+1/2%c)+2*a)/(-a"2+b"2) " (1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*csc(d*x+c))”3,x, algorithm="maxima")
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[Out] Exception raised: ValueError

Fricas [B] time = 0.645056, size = 1994, normalized size = 11.73

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*csc(d*x+c))~3,x, algorithm="fricas")

[Out] [1/4*(4*x(a"8 — 3*a~6%b~2 + 3*a"4*b"4 - a~2*b~6)*d*x*cos(d*x + c)~2 - 4*x(a”8
- 2%a"6*b”2 + 2*a"2*b"6 - b~8)*d*x - (6*%a”6*b + a"4*b~3 - 3xa"2%b~5 + 2%b”
7 - (6%a”6*xb - 5xa~4%b~3 + 2*a”2*b”5)*cos(d*x + ¢)72 + 2%(6*a”"b*b"2 - 5*a”3
*b~4 + 2%axb”6)*sin(d*x + c))*sqrt(a”2 - b~2)*log(((a”2 - 2*b~2)*cos(d*x +
c)"2 + 2xaxbxsin(d*x + ¢c) + a”2 + b™2 + 2% (b*cos(d*x + c)*sin(d*x + c) + ax
cos(d*x + c))*sqrt(a™2 - b72))/(a"2*cos(d*x + c)~2 - 2%axbxsin(d*x + c) - a
"2 - b72)) + 2x(5*xa"b*b~3 - 7*a~3*%b"5 + 2*axb”~7)*cos(dxx + c) - 2*%(4*x(a”7*b
- 3%a"5*%b"3 + 3*a~3%b”5 - axb~7)*d*x - 3*(2*%a"6*b"2 - 3*a~4*b"4 + a"2*xb"6)
¥cos(d*x + c))*sin(d*x + c))/((a”11 - 3*%a”"9*b~2 + 3*a”7*b~4 - a~5xb~6)*d*co
s(d*x + ¢c)”2 - 2x(a”10*b - 3*a"8*%b"3 + 3*a"6*xb”5 - a~4*b”7)*d*sin(d*x + c)
- (2”11 - 2*xa”9*%b"2 + 2*%a~5%b”"6 - a"3*b"8)*xd), 1/2*x(2*%(a"8 - 3*a~6*%b"2 + 3*
a~4*¥b"4 - a"2*b"6)*d*x*cos(d*x + ¢)72 - 2%(a”8 - 2*a"6*xb"2 + 2*%a"2*%b"6 - b~
8)xd*x - (6%a”6*xb + a~4*b~3 - 3*%a”2*b"5 + 2*%b~7 - (6*a"6xb - 5*xa”4*b"3 + 2%
a~2%b~B)*cos(d*x + c)72 + 2x(6*a"5*%b"2 - 5*a”3*b"4 + 2xaxb~6)*sin(d*x + c))
xsqrt(-a”2 + b~2)*arctan(-sqrt(-a”2 + b~2)*(b*sin(d*x + c) + a)/((a"2 - b~2
Yxcos(d*x + ¢))) + (5xa"5*b"3 - 7xa~3%b~5 + 2*a*b”7)*cos(d*x + c) - (4x(a”7
xb — 3%a"5%b~3 + 3%a”3*b"5 - axb~7)*d*x - 3% (2*%a"6%b"2 - 3*xa"4*xb~4 + a~2%b”
6)*cos(d*x + c))*sin(d*x + c))/((a”11 - 3*%a”~9%b~2 + 3*a”7*b~4 - a~5%b~6)*d*
cos(d*x + ¢c)72 - 2%(a”10*b - 3*a~8*b~3 + 3*a~6%b”5 - a~4*b”7)*d*sin(d*x + c
) — (a”11 - 2%a”9*b"2 + 2*a”"5*b"6 - a~3*b"8)*d)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f L 5 dx
(a + besc(c+ dx))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*csc(d*x+c))**3,x)
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[Out] Integral((a + b*csc(c + d*x))**x(-3), x)

Giac [A] time = 1.18064, size = 401, normalized size = 2.36

1 1
1 btdn(i dx+§ c)+a

41 £ 213 515\ | e 1| 3 3 2
(6a b-5ab"+2b )[n{ 27 T2 Jsgn(b)+arctan[ Va2 2 4a31? tan(% dx+% c) —ab* tan(% dx+% c) +104a*p tan(% dx+% c) +a23 tan(% dx
+
a” -2 a%b2+a3b*) V-a2+b2
( ) (a6—2 a4b2+a2b4)(b tan(1 d.

2
B d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*csc(d*x+c))”3,x, algorithm="giac")

[Out] -((6%a~4xb - 5xa~2xb~3 + 2*b~5)*(pi*floor(1/2x(d*x + c)/pi + 1/2)*sgn(b) +
arctan((b*tan(1/2*d*x + 1/2*%c) + a)/sqrt(-a”2 + b~2)))/((a"7 - 2*a~b*b”"2 +
a~3*b"4)*sqrt(-a”2 + b72)) + (4*a”3*b"2xtan(1/2xd*x + 1/2%c)”3 - axb~4x*tan(
1/2xd*xx + 1/2%c)”3 + 10*a~4xbxtan(1/2xd*xx + 1/2%c)”2 + a~2*b~3*xtan(1/2xd*x

+ 1/2*%c)”2 - 2*b"Bxtan(1/2*d*x + 1/2%c)”2 + 16*a”~3*b"2xtan(1/2*d*x + 1/2*c)

- T*xaxb " 4*xtan(1/2xd*x + 1/2%c) + 5*xa”2+%b”3 - 2*b~5)/((a"6 - 2*a~4*b"2 + a”
2+%b~4) * (bxtan(1/2*d*x + 1/2xc)~2 + 2*axtan(1/2*xd*x + 1/2*c) + b)~2) - (d*x

+ ¢c)/a"3)/d
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351 [ ———dx

(a+b csc(c+dx))?

Optimal. Leaf size=239

a+b tan( (c+dx))

1
2

b (~8a%b? + 7a2b* + 846 — 206 ) tanh™
(~8a ? v ) tan { Va2 ] P2 (-174%2 + 26a* + 6b*) cot(c + dx)

b? (8a2

- 312

a*d (a2 - b2)7/2

[Out] x/a"4 + (b*x(8*%a~6 - 8%xa~4*xb~2 + 7*a~2%b~4 - 2%b~6)*ArcTanh[(a + bxTan[(c +

d*x)/2]1)/Sqrt[a”2 - b~2]]1)/(a"4*x(a"2 - b~2)~(7/2)*d) - (b~2*Cot[c + d*x])/(
3*a*x(a”2 - b72)*xd*x(a + b*Csclc + d*x])~3) - (b™2x(8*a~2 - 3*b~2)*Cot[c + dx*
x])/(6*xa"2x(a”2 - b~2)"2*d*(a + b*Csclc + d*x])"2) - (b"2*x(26*%a"~4 - 17*xa~2%
b"2 + 6*xb~4)*Cot[c + d*x])/(6*a"3*(a"2 - b~2) 3*d*(a + b*Cscl[c + d*x]))

Rubi [A] time = 0.50425, antiderivative size = 239, normalized size of antiderivative =
number of rules

1., number of steps used = 8, number of rules used = 7, integrand size = 12,
0.583, Rules used = {3785, 4060, 3919, 3831, 2660, 618, 206}

integrand size

a+b tan(%(cﬂix))

b (-8a*b? + 7a2b* + 846 — 2b°) tanh™
(~8a 4 ¢ ) tan [ N ] P2 (-174%% + 26a* + 6b*) cot(c + dx)

b? (8a2

6a3d (a2 - b2)3 (a + besc(c + dx)) ) 6a%d (az - b2)2 (a

~ 3b%)

a*d (az - b2)7/2

Antiderivative was successfully verified.

[In] Int[(a + b*Cscl[c + d*x])~(-4),x]

[Out] x/a”4 + (bx(8%a~6 - 8*xa"4*xb"2 + 7*a"2%b~4 - 2%b~6)*ArcTanh[(a + bxTan[(c +

d*x)/2]1)/Sqrt[a~2 - b~2]1]1)/(a4*x(a”2 - b™2)"(7/2)*d) - (b~2*Cot[c + d*x])/(
3*ax(a”2 - b"2)*d*x(a + b*Csclc + d*x])"3) - (b~2*(8*a~2 - 3*b~2)*Cot[c + dx*
x])/(6xa"2x(a"2 - b~2)"2*d*(a + b*Csclc + d*x])"2) - (b"2x(26%a~4 - 17*a"2%
b~2 + 6*b~4)*Cot[c + d*x])/(6*a"3*(a"2 - b~2) 3xd*(a + b*Cscl[c + d*xx]))

Rule 3785

Int[(cscl(c_.) + (d_)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(b~2x*Cot
[c + d*x]*(a + b*Csclc + d*x])"(n + 1))/(axd*(n + 1)*x(a”2 - b"2)), x] + Dis
t[1/(ax(n + 1)*x(a”2 - b72)), Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a”™2 - b
“2)x(n + 1) - axbx(n + 1)*Csclc + d*x] + b™2x(n + 2)*Csclc + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Intege

6a3d (a2 - b2)3 (a + besc(c + dx)) 6a%d (a2 - b2)2 (a
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rQ[2x*n]

Rule 4060

Int[((A_.) + cscl(e_.) + (£_.)*(x )]1*(B_.) + cscl(e_.) + (£f_.)*x(x_)]1"2*(C_.
M*(cscl(e_.) + (£_)*(x_D)1*(b_.) + (a_))"(m_), x_Symbol] :> Simp[((A*xb~2 -
axb*¥B + a”"2*C)*Cot[e + f*x]*(a + b*Cscle + f*x])"(m + 1))/(axf*x(m + 1)*(a”
2 - b72)), x] + Dist[1/(ax(m + 1)*x(a”"2 - b72)), Int[(a + b*Cscle + f*x]) (m
+ 1)*Simp[Ax(a”2 - b™2)*(m + 1) - ax(Axb - a*B + bxC)*(m + 1)*Cscle + fx*x]
+ (A*b~2 - axb*B + a~2%C)*(m + 2)*Cscle + f*x]~2, x], x], x] /; FreeQ[{a,

b, e, £, A, B, C}, x] && NeQ[a"2 - b2, 0] && LtQ[m, -1]

Rule 3919

Int[(cscl(e_.) + (f_.)*(x_)]1*(d_.) + (c_))/(cscl(e_.) + (f_)*x(x_)]I*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - a*d)/a, Int[Cscl[e + f*x
1/(a + bxCscle + f*xx]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 3831

Int[csc[(e_.) + (f£_.)*(x_)]/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (axSin[e + f*x])/b), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1l/(a + 2*b*xexx + ax
e"2*%x72), x], x, Tan[(c + d*x)/2]1/el, x1]1 /; FreeQl[{a, b, c, d}, x] && NeQ[
a"2 - b~2, 0]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x°2, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 0])
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Rubi steps
—S(az—b2)+3ab cesc(c+dx)-2b2 csc?(c+dx)
f 1 dx = b? COt(C + dx) (a+b csc(c+dx))?
X =- -
(a + besc(c + dx)) 3a (a2 - bz) d(a + besc(c + dx))® 3a (az - bz)
6(a2-12)" ~2ab
b2 cot(c + dx) v (8a2 - 3b2) cot(c + dx) ) Sl ) 2t
3a (a2 - 12) d(a+ besc(c +dn)  gp2 (a2 - bz)2 d(a + besc(c + dx))?
b2 cot(c + dx) b? (8{12 - 3b2) cot(c + dx) b? (26{14 ~17a

3a (az - bz) d(a + besc(c +dx))®  ga2 (u2 _ b2)2 d(a +Dbesc(c +dx)? 63 (a2 _ bz)
x b? cot(c + dx) b (8a2 - 3b2) cot(c + dx) b? (26a* -
a* 3a(a? - b?)d(a+bescc+dx)®  gg2 (a2 - b2)2 da+bosc(c+dv)?  6a (a2 -

X b? cot(c + dx) b (8a% - 3b?) cot(c + dx) b (26a* -
a*  3q (a2 - bz) d(a+besce(c+dx)? g2 (a2 _ bz)z d(a+Dbesc(c+dv)?  6a3 (a2 _

x b? cot(c + dx) 8 (8&12 - 3b2) cot(c + dx) b? (26a4 -
a*  3q (az - bz) d(a+besc(c+dx))? g2 (a2 _ b2)2 d(a+Dbesc(c+dx)?  6a3 (a2 —

x b? cot(c + dx) B v? (8112 - 3b2) cot(c + dx) ) b? (26a4 -
at 3a (a2 - 172) d(a+besc(c+dx)®  gg2 (az - b2)2 d(a + besc(c+dx))? 643 (az -

1 b(%+tan(%(c+dx)))
b (8(16 — 8a4%h2 + 74214 — 2b6) tanh [W b2 cot(c + dx)

gt o (uz _ b2)7/2 d 3 (az - bz) d(a + besc(c

Mathematica [A] time = 2.09468, size = 279, normalized size = 1.17

6b(8a*b2-7
ab3(12a%-7b%) cot(c+dx)(asin(c+dx)+b)  ab?(-32a2b%+36a%+11b*) cot(c-+dx)(a sin(c+dx)+b)? (

3 .
csc’(c + dx)(asin(c + dx) + b) T DRETDR PR

6a*d(a + besc(c

Antiderivative was successfully verified.
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[In] Integrate[(a + b*Csclc + d*x])~(-4),x]

[Out] (Csclc + d*xx]~3*%(b + axSin[c + d*x])*((2*xaxb~4xCot[c + d*x])/((-a + b)*x(a +
b)) + (a*b~3*(12*a"2 - 7*b~2)*Cot[c + d*x]*(b + a*Sin[c + d*x]))/((a - b)~

2%(a + b)72) - (a*xb™2*x(36*a~4 - 32*¥a"2%b"2 + 11*b~4)*Cot[c + d*x]*(b + a*Si

nlc + d*x])"2)/((a - b)"3*(a + b)~3) + 6%x(c + d*x)*Csc[c + d*x]*(b + a*Sin[

c + d*x])"3 - (6*%b*x(-8*a”6 + 8*a~4%b”2 - T*a"2xb"4 + 2%b~6)*ArcTan[(a + b*T
an[(c + d*x)/2])/Sqrt[-a”2 + b~2]]1*Csc[c + d*x]*(b + a*Sin[c + d*x])~3)/(-a

"2 + b"2)7(7/2)))/(6xa"4xdx(a + b*Csclc + d*x])"4)

Maple [B] time = 0.147, size = 1912, normalized size = 8.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*csc(d*x+c))~4,x)

[Out] -46/d*a”2*b~3/(tan(1/2*d*x+1/2%c) " 2*xb+2*a*tan(1/2*xd*x+1/2*c)+b) "3/ (a"6-3*a”
4xb~24+3*%a"2*%b”"4-b"6) *tan (1/2*xd*x+1/2*c)-2/d/a"3*b~8/ (tan (1/2*d*x+1/2*c) ~2*b
+2*axtan (1/2xdxx+1/2*c)+b) "3/ (a~6-3*a"4*xb~2+3*a~2xb~4-b"6) *tan (1/2*xd*xx+1/2x%
c)"4-12/d/a"2xb" 7/ (tan(1/2*d*x+1/2%c) ~2xb+2*xaxtan (1/2*xd*x+1/2*c)+b) ~3/(a"~6-
3*a”4*xb"2+3*a"2*xb"4-b"6) ¥tan (1/2*xd*x+1/2*c) ~3+2/d/a"4*b"7/(a”"6-3*a"4*xb"2+3%
a~2xb~4-b"6)/(-a"2+b"2) " (1/2) *xarctan(1/2* (2xbxtan(1/2*d*xx+1/2*c)+2*a) /(-a~2
+b"2)"(1/2))-7/d/a"2x%b"5/(a"6-3*%a"~4*xb~2+3*a"2*xb~4-b"6) /(-a"2+b"2) " (1/2) *arc
tan(1/2* (2*%b*tan (1/2*xd*x+1/2xc)+2%*a)/(-a"2+b"2) ~(1/2))-104/3/d*a~4*b/ (tan (1
/2%d*x+1/2%c) " 2*xb+2*xaxtan (1/2*%d*x+1/2*c)+b) "3/ (a~6-3*a~4*xb~2+3*a"2*b"4-b"6)
*tan (1/2*%d*xx+1/2*c) ~3+17/3/d/a*b~6/ (tan(1/2*xd*x+1/2*c) ~2xb+2*a*xtan (1/2*xd*xx+
1/2%c)+b) "3/ (a~6-3*a”~4*xb"2+3*%a"2*xb~4-b"6)-2/d/a"3*%b"8/ (tan(1/2*d*xx+1/2%c) "2
*b+2*xaxtan (1/2*d*xx+1/2*c)+b) "3/ (a"6-3*a~4*b~2+3*a"2*b~4-b"6)-8/d/a*xb”6/(tan
(1/2xd*xx+1/2%c) “2*b+2*a*xtan(1/2*xd*x+1/2%c)+b) "3/ (a~6-3*a~4*b~2+3*a”~2*b~4-b"
6) *tan (1/2*xd*xx+1/2*xc) "2-4/d/a~3*b~8/ (tan(1/2*xd*x+1/2*c) ~2xb+2*a*xtan (1/2*d*x
+1/2*c)+b) "3/ (a"6-3*a~4*b"2+3*a"2*b"4-b"6) *tan (1/2xd*x+1/2%c) "2-28/d*a”3*b"~
2/ (tan(1/2*xd*xx+1/2*c) ~2xb+2*xaxtan (1/2*d*x+1/2*c) +b) "3/ (a~6-3*a~4*b~2+3*a" 2%
b~4-b~6)*tan(1/2*d*x+1/2%c) "4-11/d/a"2xb"7/ (tan(1/2*d*x+1/2*c) ~2*xb+2*a*tan (
1/2*xd*x+1/2*c)+b) "3/ (a"6-3*a"4*xb~2+3*a~2xb~4-b"6) *tan (1/2*xd*x+1/2*c) +4/d*a*
b~4/(tan(1/2*xd*x+1/2%c) ~2*b+2*a*tan (1/2xd*xx+1/2*c)+b) "3/ (a"6-3*a~4*xb~2+3*a”
2%b~4-b"6) *tan(1/2xd*x+1/2%c) ~“4+1/d/axb~6/ (tan(1/2*d*x+1/2*c) " 2xb+2*a*xtan (1
/2%d*x+1/2%c)+b) "3/ (a"6-3*a~4*xb"2+3*a"2*%b"4-b"6) *tan (1/2xd*x+1/2*c) ~4-1/d/a
~2%b" 7/ (tan(1/2*d*x+1/2*c) ~2*b+2*a*xtan (1/2*xd*x+1/2*c)+b) ~3/ (a~6-3*a"4*b~2+3
*a"2%b"4-b"6) *tan (1/2xd*x+1/2%c) ~5-76/d*a"3*b~2/ (tan (1/2xd*x+1/2%c) “2*b+2*a
*tan (1/2*d*x+1/2*c)+b) ~3/(a~6-3*a~4*b~2+3*a"2*b~4-b~6) *tan (1/2*%d*x+1/2%c) "2
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+2/d/a"4*arctan(tan(1/2*xd*x+1/2%c))+38/d*axb~4/ (tan (1/2*d*x+1/2%c) ~2xb+2*ax*
tan (1/2xd*x+1/2%c)+b) "3/ (a~6-3*a"4*xb~2+3*a~2*xb~4-b"6) *tan (1/2*xd*x+1/2*c) ~2-
8/d*xa~2xb/ (a”~6-3*a~4*b"2+3*%a"2xb"4-b"6) /(-a~2+b"2) ~(1/2) *arctan(1/2* (2xb*ta
n(1/2xdxx+1/2*c)+2*a)/(-a”"2+b"2) " (1/2))+8/d*b~3/(a"6-3*a"4*b~2+3*a~2*xb~4-b"~
6)/(-a~2+b"2) "~ (1/2)*arctan(1/2* (2*xbxtan(1/2*xd*x+1/2xc)+2*a)/(-a~2+b"2) "~ (1/2
))+26/d*b"5/ (tan(1/2*%d*x+1/2%c) ~2xb+2*axtan (1/2*d*x+1/2*c)+b) "3/ (a~6-3*a~4*
b~ 2+3*a"2*xb~4-b"6) *tan (1/2*d*x+1/2*c) ~3-26/3/d*a*b~4/ (tan(1/2*xd*x+1/2*c) ~2%
b+2*axtan(1/2*xdxx+1/2*c)+b) "3/ (a"6-3*a"4*xb~2+3*a~2*¥b"4-b"6)+2/d*b"5/(tan(1/
2%d*x+1/2%c) "2*xb+2*xaxtan (1/2xd*x+1/2*c)+b) "3/ (a"6-3*a"4*b~2+3*a~2*¥b~4-b"6) *
tan(1/2*xd*x+1/2%c) ~5+32/d*b"5/ (tan(1/2*d*x+1/2*c) ~2*b+2*a*tan (1/2*xd*x+1/2*c
)+b) "3/ (a"6-3*%a"4*xb"2+3*a"2%b"4-b"6) *tan (1/2*d*x+1/2*c) -6/d*a"2*b~3/(tan(1/
2xd*x+1/2%c) " 2¥b+2*axtan (1/2*xd*x+1/2xc)+b) "3/ (a"6-3*xa"4*b~2+3*a"2*¥b"4-b"6) *
tan(1/2*xd*x+1/2*c) ~"5-88/3/d*a~2*%b~3/ (tan(1/2*d*xx+1/2*c) ~2*b+2*a*xtan (1/2*d*x
+1/2*c)+b) "3/ (a"6-3*a~4*b~2+3*a"2*b"4-b"6) *tan (1/2xd*x+1/2%c) "3

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*csc(d*x+c))~4,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 0.777519, size = 3389, normalized size = 14.18

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*csc(d*x+c))~4,x, algorithm="fricas")

[Out] [1/12%(36%(a~10%b - 4*a~8%b~3 + 6*a”6*b~5 - 4%a~4*b~7 + a~2*b~9)*d*x*cos (d*
X + ¢c)72 - 2%(36%a”"9*%b"2 - 68%a"7*b~4 + 43*xa"5*b"6 - 11*a~3*b"8)*cos(d*x +
c)"3 - 12%(3*a~10*b - 11*a~8*b~3 + 14*a”~6*%b”5 — 6*%a~4*%b”7 - a”"2*b"9 + b~11)
*dxx — 3*%(24%a"8%b"2 - 16%a”6*b~4 + 13*xa"4*b"6 + a~2*%b"8 - 2xb~10 - 3*(8xa”
8*b~"2 - 8*a"6*xb"4 + Txa~4*b"6 - 2*%a”"2*b"8)*cos(d*x + c)”2 + (8*%a"9*b + 16x*a
“T*b"3 - 17*a”5*b"5 + 19%a~3*b”7 - 6*xaxb”9 - (8*%a"9%b - 8*xa~T7*b~3 + T7*xa~5x*b
“5 - 2*%a”3*b~7)*cos(d*x + c)”2)*sin(d*x + c))*sqrt(a”2 - b"2)xlog(((a”2 - 2
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*b"2)*cos(d*x + c)~2 + 2*axb*sin(d*x + c) + a”2 + b"2 + 2*x(b*cos(d*x + c)*s
in(d*x + c) + axcos(d*x + c))*sqrt(a”2 - b~2))/(a"2*cos(d*x + c)~2 - 2*axbx
sin(d*x + ¢c) - a”2 - b72)) + 12%(6*%a”"9*b"2 — 7*a"7*b~4 + 2*xa~3*b~8 - axb~10
Yxcos(d*x + c) + 6%(2%(a”11 - 4*a~9*b"2 + 6*a”7*b"4 - 4*a”"5*b"6 + a~3*b"8)*
dxx*cos(d*x + ¢c)”2 - 2%¥(a”11 - a”9*b"2 - 6*a”"7*b"4 + 14*a~5%b"6 - 11*a”~3*b~
8 + 3*axb”10)*d*x + 5*(4%a~8*b~3 - 7*a~6*b~5 + 4*a~4xb”7 - a”~2*b~9)*cos(d*x
+ c¢))*sin(d*x + c))/(3*(a”14*b - 4%a~12*xb”3 + 6*a~10*b”5 - 4*xa~8*b”7 + a”6
*b~9) *d*cos(d*x + ¢c)”2 - (3*xa~14%b - 11*a”12*b"3 + 14*a~10*b~5 - 6*a~8*b~7

- a"6xb"9 + a”4xb"11)*d + ((a”15 - 4*a~13%b"2 + 6*a~11%b"4 - 4*xa~9*%b"6 + a”
7xb~8) *d*xcos(d*x + c)”2 - (2”15 - a”13%b"2 - 6*a~11%b"4 + 14*a”~9%b"6 - 11x*a
“7T*b"8 + 3*a~5%b”"10)*d)*sin(d*x + c)), 1/6*(18*%(a"10%b - 4*a~8*b~3 + 6*xa~6*
b”"5 - 4*a”4*xb”7 + a~2*xb”9)*d*x*cos(d*x + c)"2 - (36%a”9*b"2 - 68*a~7*b"4 +
43%a”"5*b"6 - 11%a~3*b~8)*cos(d*x + c)”3 - 6%(3*xa”10%b - 11*a”8*b~3 + 14*a”6
*b”"5 — 6*%a"4x%b”7 - a”2*b”9 + bT11)*dxx - 3*(24*%a"8*b"2 - 16%a"6xb~4 + 13%a”
4%xb~6 + a~2%b”8 - 2*b"10 - 3% (8*%a"8*xb"2 - 8*a"6xb~4 + T7xa~"4*xb"6 - 2*%a~2%b”8
Yxcos(d*x + ¢c)72 + (8%a”"9*b + 16*a”~7*b~3 - 17*a”5%b"5 + 19*a”~3*b”~7 - Bxaxb”
9 - (8*%a"9%b - 8*a"7*b~3 + 7*a"5*b~5 - 2*a"3*b~7)*cos(d*x + c)"2)*sin(d*x +
c))*sqrt(-a”2 + b72)*arctan(-sqrt(-a”2 + b~ 2)*(b*sin(d*x + c) + a)/((a"2 -
b~2)*cos(d*x + c))) + 6*%(6%xa”9*%b”"2 - 7*a~7*b"4 + 2*%a”"3*%b"8 - axb”10)*cos(d
*¥x + ¢c) + 3x(2x(a"11 - 4*a”9%b"2 + 6*a"7*b"4 - 4*a”"5*b"6 + a~3*b~8)*d*x*cos
(d*x + ¢)72 - 2%(a”"11 - a”9%b"2 - 6*a”7*b"4 + 14*a"5xb"6 - 11*%a”~3*b~8 + 3*a
*b~10) *d*x + 5x(4*a”~8*b~3 - T7xa"6%b~5 + 4*a”4*b”7 - a"2*xb"9)*cos(d*x + c))*
sin(d*x + ¢))/(3*(a"14xb - 4%a~12%b~3 + 6*a”~10*b~5 - 4*a~8*b~7 + a~6*b~9)*d
*cos(d*x + ¢c)72 - (3*a"14xb - 11%a”12*%b"3 + 14*a~10*b"5 - 6%a~8*b~7 - a~6x*b
"9 + a”4xb"11)*d + ((a”15 - 4*a”~13%b"2 + 6*a~11%b"4 - 4*a”~9%b"6 + a~7*b"8)*
dxcos(d*x + c)”2 - (2”15 - a”13*%b"2 - 6*a"11*%b"4 + 14*xa~9*%b"6 - 11*a”~7*b"8
+ 3*%a~5*b~10) *d)*sin(d*x + c))]

Sympy [F] time = 0., size = 0, normalized size = 0.

1
Jﬁ 7 dx
(a + besc(c + dx))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*csc(d*x+c))**4,x)

[Out] Integral((a + bxcsc(c + d*x))**x(-4), x)
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Giac [B] time = 1.39036, size = 722, normalized size = 3.02

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*csc(d*x+c))~4,x, algorithm="giac")

[Out] -1/3%(3*(8*%a~6xb - 8*%a~4xb~3 + 7*a~2+b~5 - 2xb~7)*(pi*floor(1/2*(d*x + c)/p
i + 1/2)*sgn(b) + arctan((bxtan(1/2%d*x + 1/2%c) + a)/sqrt(-a”2 + b72)))/((
a”10 - 3*%a"8%b”2 + 3*a"6*xb"4 - a~4*b"6)*sqrt(-a”2 + b72)) + (18*a~5*xb~3*tan
(1/2%d*x + 1/2%c)”5 - 6*a”~3*b~5xtan(1/2*d*x + 1/2*c)”5 + 3*axb~7xtan(1/2*d*
X + 1/2*%c)”5 + 84*a~6*b"2*tan(1/2*xd*x + 1/2xc)~4 - 12*a"4*b"4*xtan(1/2*d*x +
1/2%c)~4 - 3*a~2+%b"6xtan(1/2xd*x + 1/2*c)~4 + 6xb~8*xtan(1/2*xdxx + 1/2%c)"4
+ 104*a”7*bxtan(1/2xd*xx + 1/2%c)”3 + 88*a”5xb~3*tan(1/2xd*x + 1/2%c)"3 - 7
8*a~3*b"5xtan(1/2xdxx + 1/2%c)~3 + 36*a*b”~7xtan(1/2xd*x + 1/2%c)”3 + 228*a”
6*%b~2*xtan(1/2*d*x + 1/2*%c)”~2 - 114*a~4xb~4*xtan(1/2*xd*x + 1/2%c)”2 + 24*a”2%
b"6xtan(1/2xd*x + 1/2%c)”2 + 12*b"8*tan(1/2*d*x + 1/2%c)”2 + 138*a”~5*b~3*ta
n(1/2xd*xx + 1/2%c) - 96*a”3*b " 5*xtan(1/2*d*x + 1/2%c) + 33*a*xb”7*xtan(1/2*d*x
+ 1/2*%c) + 26%a~4*xb”4 - 17xa”"2*b”6 + 6xb"8)/((a”9 - 3*a”~7*b"2 + 3*a~b*xb~4
- a”3*b76)*(bxtan(1/2xd*x + 1/2%c)~2 + 2*axtan(1/2xd*x + 1/2%c) + b)~3) - 3
*(dxx + c)/a"4)/d
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352  [————dx

345 csc(c+dx)

Optimal. Leaf size=31

—1 [ cos(c+dx)
5tan (—) X

sin(c+dx)+3

6d 12

[Out] -x/12 - (5%ArcTan[Cos[c + d*x]/(3 + Sin[c + d*x])])/(6%*d)

Rubi [A] time = 0.029382, antiderivative size = 31, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 12, e -

integrand size
0.167, Rules used = {3783, 2657}

—1 [ cos(c+dx)
stant ()

sin(c+dx)+3

6d 12

Antiderivative was successfully verified.

[In] Int[(3 + 5%Csclc + d*x])~(-1),x]
[Out] -x/12 - (5%ArcTan[Cos[c + d*x]/(3 + Sin[c + dx*xx])])/(6xd)

Rule 3783

Int[(cscl(c_.) + (d_)*(x_)I*(_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (a*Sinlc + d*x1)/b), x], x] /; FreeQl{a, b, c, d}, x
1 && NeQ[a™2 - b~2, 0]

Rule 2657

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{q = Rt[
a”2 - b™2, 2]}, Simp[x/q, x] + Simp[(2*ArcTan[(b*Cos[c + d*x])/(a + q + bx*S
in[c + d*x])]1)/(d*q), x1] /; FreeQ[{a, b, c, d}, x] && GtQ[2"2 - b~2, 0] &&
PosQ[al

Rubi steps
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1 x 1 1
f dxz———f dx
3+ 5csc(c + dx) 3 3J 1+ 2in(c+dv
5

-1 ( cos(c+dx)
X 5tan (3+sin(c+dx) )
12 6d

Mathematica [B] time = 0.0484721, size = 66, normalized size = 2.13
Z(Sin(%(c+dx))+cos(%(c+dx)))
cos(%(c+dx))—sin(%(c+dx))

6d

2(c + dx) —5tan™ [

Antiderivative was successfully verified.

[In] Integratel[(3 + 5*%Csclc + d*x])~(-1),x]

[Out] (2%(c + d*x) - 5*ArcTan[(2*(Cos[(c + d*x)/2] + Sin[(c + d*x)/2]))/(Cos[(c +
d*x)/2] - Sin[(c + d*x)/2]1)1)/(6%d)

Maple [A] time = 0.039, size = 36, normalized size = 1.2

2 ‘ ; dx+c 5 ; 5t dx+c +3
3darcan an 7 t5 6darcan4an 7 t5 1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3+5*csc(d*x+c)),x)

[Out] 2/3/d*arctan(tan(1/2*d*x+1/2*%c))-5/6/d*arctan(5/4*xtan(1/2*d*x+1/2%c)+3/4)

Maxima [A] time = 1.47446, size = 66, normalized size = 2.13

5 sin(dx+c) 3 sin(dx+c)
5 arctan (4(cos(dx+c)+l) + Z) — 4 arctan (cos(dx+c)+1)

6d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(3+5*csc(d*x+c)),x, algorithm="maxima")

[Out] -1/6x(5*arctan(5/4*xsin(d*x + c)/(cos(d*x + c) + 1) + 3/4) - 4*arctan(sin(d*
x + c)/(cos(d*x + ¢) + 1)))/d

Fricas [A] time = 0.492249, size = 89, normalized size = 2.87

5 sin(dx+c)+3
4 cos(dx+c)

4dx -5 arctan (
12d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5*csc(d*x+c)),x, algorithm="fricas")

[Out] 1/12*%(4*d*xx - 5*arctan(1/4*(5xsin(d*x + c) + 3)/cos(d*x + c¢)))/d

Sympy [F] time = 0., size = 0, normalized size = 0.

1
f dx
5c¢sc(c+dx)+3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5*csc(d*x+c)),x)

[Out] Integral(1l/(5*csc(c + d*x) + 3), x)

Giac [A] time = 1.44328, size = 66, normalized size = 2.13

3 cos(dx+c)+sin(dx+c)+3
dx + ¢ +10 arctan ( cos(dx+c)-3 sin(dx+c)—9)

12d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5*csc(d*x+c)),x, algorithm="giac")
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[Out] -1/12%(d*x + c + 10*arctan(-(3*cos(d*x + c) + sin(d*x + c) + 3)/(cos(d*x +
c) - 3%sin(d*x + ¢c) - 9)))/d
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353  [————dx

5+3 csc(c+dx)
Optimal. Leaf size=68
3log (sin (%(c + dx)) + 3 cos (%(c + dx))) 3log (3 sin (%(c + dx)) + cos (%(c + dx))) X

20d 20d *3

[Out] x/5 + (3*Log[3*Cos[(c + d*x)/2] + Sin[(c + d*x)/2]])/(20%d) - (3*Logl[Cos[(c
+ d*xx)/2] + 3*Sin[(c + dx*x)/2]1)/(20%d)

Rubi [A] time = 0.0390231, antiderivative size = 68, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 12, e T

integrand size
0.333, Rules used = {3783, 2660, 616, 31}

3log (Sin (%(C + dx)) + 3 cos (%(c + dx))) 3log (3 sin (%(c + dx)) + cos (%(c + dx))) X
20d ) 20d "5

Antiderivative was successfully verified.

[In] Int[(5 + 3*Cscl[c + d*x])~(-1),x]

[Out] x/5 + (3*Log[3*Cos[(c + d*x)/2] + Sin[(c + dx*x)/2]]1)/(20%d) - (3*Logl[Cos[(c
+ d*x)/2] + 3%Sin[(c + d*x)/2]]1)/(20%d)

Rule 3783

Int[(cscl(c_.) + (d_)*(x_)I*(_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (a*Sin[c + d*x1)/b), x], x] /; FreeQ[{a, b, c, d}, x
1 && NeQ[a~2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + 2¥b*e*x + ax
e”2xx”2), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a2 - b"2, 0]

Rule 616

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b72
- 4xaxc, 2]}, Distlc/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Distl[c/q,
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Int[1/Simp[b/2 + q/2 + c*x, x], x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[b~2 - 4xaxc] &% PerfectSquareQ[b~2 - 4*axc]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x] /; FreeQ[{a, b}, xl]

Rubi steps

1 x 1 1
f dx:———f dx
3

1 1
2t s (S )
ubs (f1+1;ﬁ+x2 X, X, tan 2(c+ x))

x_

-5 5d
1 1

X 3 Subst (f ; dx, x, tan (E(C + dx))) 3 Subst (f 31Tx dx, x, tan (%(c + dx)))
=—-- +

5 20d 20d

x 3 log (3 + tan (%(c + dx))) 3log (1 + 3tan (%(c + dx)))
57 20d ) 20d

Mathematica [A] time = 0.0468918, size = 67, normalized size = 0.99

4(c +dx) +3log (sin (%(c ; dx)) +3cos (%(c ; dx))) ~3log (3 sin (%(c + dx)) + cos (%(c ; dx)))
20d

Antiderivative was successfully verified.

[In] Integratel[(5 + 3*Cscl[c + d*x])~(-1),x]

[Out] (4*(c + dxx) + 3*Log[3*Cos[(c + d*x)/2] + Sin[(c + d*x)/2]] - 3*Log[Cos[(c
+ dxx)/2] + 3*Sin[(c + d*x)/2]])/(20%d)

Maple [A] time = 0.045, size = 53, normalized size = 0.8

2 dx ¢ 3 3 dx ¢
S_d arctan (tan (? + E)) - m In (3 tan (1/2dx + C/Z) + 1) + m In (tan (? + z) + 3)
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Verification of antiderivative is not currently implemented for this CAS.
[In] int(1/(5+3*csc(d*x+c)),x)

[Out] 2/5/d*arctan(tan(1/2*d*x+1/2%c))-3/20/d*1n(3*tan(1/2*d*x+1/2%c)+1)+3/20/d*1
n(tan(1/2*xd*x+1/2*%c)+3)

Maxima [A] time = 1.46285, size = 96, normalized size = 1.41

8 arctan (200 ) 3 Jog (200 g) 4 5 1o (0 5)

cos(dx+c)+1 cos(dx+c)+1 cos(dx+c)+1

20d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3*csc(d*x+c)),x, algorithm="maxima"

[Out] 1/20%(8*arctan(sin(d*x + c)/(cos(d*x + c) + 1)) - 3xlog(3*sin(d*x + c)/(cos
(d*x + c) + 1) + 1) + 3xlog(sin(d*x + c)/(cos(d*x + c) + 1) + 3))/d

Fricas [A] time = 0.496222, size = 144, normalized size = 2.12

8dx + 3 log (4 cos (dx +¢) + 3 sin(dx + c) + 5) — 3 log (-4 cos (dx + ¢) + 3 sin (dx + ¢) + 5)
40d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3%csc(d*x+c)),x, algorithm="fricas")

[Out] 1/40%(8*d*x + 3*log(4*cos(d*x + c) + 3*sin(d*x + c) + 5) - 3xlog(-4*cos(d*x
+ ¢c) + 3*xsin(dxx + c) + 5))/d

Sympy [F] time = 0., size = 0, normalized size = 0.

1
f30$0(€+dx)+5dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(5+3*csc(d*x+c)),x)

[Out] Integral(1/(3*csc(c + d*x) + 5), x)

Giac [A] time = 1.37382, size = 61, normalized size = 0.9

4dx+4c-3 log(|3 tan(%dx+ %c) +1|) +3 log(|tan(§dx+ %c) +3|)
20d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3%csc(d*x+c)),x, algorithm="giac")

[Out] 1/20%(4*d*x + 4*c - 3xlog(abs(3*tan(1/2xd*x + 1/2%c) + 1)) + 3x*log(abs(tan(
1/2xd*x + 1/2%c) + 3)))/d
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3.54 fcsc3(e + fx)(a + bescle + fx))™ dx
Optimal. Leaf size=274

2 2 m a+b csc(e+fx) i 11 31
\/E(a + b (m + 1)) cot(e + fx)(a + besce + fx)) —— ) Rl my5;

b2 f(m + 2)4/cscle + fx) +1

[Out] -((Cotl[e + f*x]*(a + b*Cscle + f*x])~(1 + m))/(b*f*x(2 + m))) + (Sqrt[2]*ax(
a + b)*AppellF1[1/2, 1/2, -1 - m, 3/2, (1 - Cscle + f*x])/2, (b*x(1 - Cscle

+ fxx]))/(a + b)]*Cot[e + fxx]*(a + bxCscle + f*x])™m)/(b"2%f*(2 + m)*Sqrt[

1 + Cscle + f*x]]*((a + bxCscle + fxx])/(a + b))"m) - (Sqrt[2]*(a”2 + b~2x*(

1 + m))*AppellF1[1/2, 1/2, -m, 3/2, (1 - Cscle + f*x])/2, (b*(1 - Cscl[e + £
*x]))/(a + b)]*Cot[e + fxx]*x(a + bxCscle + fxx])"m)/(b~2%f*(2 + m)*Sqrt[1 +
Cscle + f*x]11*((a + bxCscle + f*x])/(a + b)) m)

(1 _ CSC(E + fx)), b(l—csc(e+fx)))

a+b

Rubi [A] time = 0.34266, antiderivative size = 274, normalized size of antiderivative =
1., number of steps used = 8, number of rules used = 5, integrand size = 21, %ﬁi:ﬁs =
0.238, Rules used = {3840, 4007, 3834, 139, 138}
. —-m
\/E(az + b?(m + 1)) cot(e + fx)(a + bescle + fx))™ (%) F (%, %, —m; g; %(1 — cscle + fx)),

b2 f(m + 2)4/cscle + fx) +1

Antiderivative was successfully verified.

b(1-csc(e+fx)) )

a+b

[In] Int[Cscle + fx*x] 3*x(a + b*Cscle + f*x]) m,x]

[Out] -((Cotl[e + f*xx]*(a + b*Cscle + f*x])~(1 + m))/(bxfx(2 + m))) + (Sqrt[2]*ax(
a + b)*AppellF1[1/2, 1/2, -1 - m, 3/2, (1 - Cscl[e + £*x])/2, (b*x(1 - Cscle

+ f*x]))/(a + b)]1*Cot[e + f*x]*(a + b*Cscle + f*x])"m)/(b~2%f*(2 + m)*Sqrt[

1 + Cscle + f*xx]]*((a + bxCscle + fxx])/(a + b))"m) - (Sqrt[2]*(a”2 + b~2x*(

1 + m))*AppellF1[1/2, 1/2, -m, 3/2, (1 - Cscle + f*x])/2, (b*(1 - Cscl[e + £
xx]))/(a + b)]*Cot[e + f*xx]*(a + b*Cscle + f*x])"m)/(b™2xf*(2 + m)*Sqrt[1 +
Cscle + f*xx]]*((a + b*Cscl[e + f*x])/(a + b)) m)

Rule 3840

Int[cscl(e_.) + (£_.)*(x_)]173x(cscl(e_.) + (£_)*(x_)I*x(b_.) + (a_))"(m_),

x_Symbol] :> -Simp[(Cot[e + f*x]*(a + b*Cscle + f*x])"(m + 1))/ (bxfx(m + 2)
), x] + Dist[1/(bx(m + 2)), Int[Cscle + f*x]*(a + b*Cscle + f*x]) m*(b*(m +
1) - axCscle + f*x]), x], x] /; FreeQ[{a, b, e, £, m}, x] && NeQ[a"2 - b~2
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, 0] & 'LtQ[m, -1]

Rule 4007

Int[cscl(e_.) + (f_.)x(x_)I*(cscl(e_.) + (£_.)*(x_)]*(b_.) + (a_)) " (m_)*(cs
cl(e_.) + (£_)*(x_)I*(B_.) + (A)), x_Symbol] :> Dist[(A*b - a*B)/b, Int[C
scle + fxx]*(a + b*Cscle + f*x])™m, x], x] + Dist[B/b, Int[Cscle + fxx]*(a
+ b*Cscle + f*x])~(m + 1), x], x] /; FreeQ[{a, b, A, B, e, f, m}, x] && NeQ
[Axb - axB, 0] && NeQ[a"2 - b~2, 0]

Rule 3834

Int[cscl(e_.) + (f_.)x(x_)I*(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)) " (m_ ), x_
Symbol] :> Dist[Cot[e + f*xx]/(f*Sqrt[l + Cscle + fxx]]*Sqrt[l - Cscle + fxx
11), Subst[Int[(a + b*x) m/(Sqrt[1 + x]*Sqrt[l - x]), x], x, Cscle + fxx]],
x] /; FreeQ[{a, b, e, f, m}, x] && NeQ[a"2 - b2, 0] && !IntegerQ[2*m]

Rule 139

Int[((a_) + (b_.)*(x_)) " (m_)*((c_.) + (d_)*(x_))"(n_)*x((e_.) + (£f_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + fx*x) FracPart[p]/((b/(bxe - axf)) IntPart[p]*
((bx(e + fxx))/(b*e - axf)) FracPart[p]), Int[(a + b*x) mx(c + d*x) n*((b*e
)/ (bxe - axf) + (bxf*x)/(bxe - a*xf))p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b
xc - axd), 0] && !'GtQ[b/(b*e - axf), 0]

Rule 138

Int[((a_) + (b_.)*x(x_))"(m_)*((c_.) + (d_)*(x_)) " (n_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)~(m + 1)*AppellFi[m + 1, -n, -p, m + 2,
-((d*(a + b*x))/(b*c - axd)), -((fx(a + b*x))/(b*xe - axf))])/(bx(m + 1)*x(b/
(b*xc - a*d)) "n*x(b/(b*e - axf))"p), x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p},
x] && 'IntegerQ[m] &% !'IntegerQ[n] && !IntegerQ[p] && GtQ[b/(bxc - axd)
, 0] && GtQ[b/(bxe - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*e - c
xf), 0] && SimplerQ[c + d*x, a + b*x]) && !'(GtQ[f/(f*a - exb), 0] && GtQ[f
/(fxc - exd), 0] && SimplerQ[e + f*x, a + bxx])

Rubi steps
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f cscd(e + fx)(a + bescle + fx)" dx = bf (2 +m)

_cot(e + fx)(a + besc(e + fx)tHm N fcsc(e + fx)(b(1 + m) — acsc(e + fx))(

b2 + m)

__cot(e+ fx)(a+bescle+ fxytm a [ esc(e+ fx)(a + bescle + fx))*™ dx

bf(2+m)

b2(2 + m)

(a+bx)ltm

_ cotle+ f)a+ bescle + fr)t ) (acot(e + fx)) Subst (f N dx, x,

bf(2+m)

__cot(e+ fx)(a+bescle+ Fatem

B2f(2 + m)4/1 — cscle + fx)4/1 + cs

(a(—a —b)cot(e+ fx)(a+besc(e + fx)

bf 2+ m) *

P2FQ +m
11 1 3

1
__cot(e+ fx)(a+bescle+ Fx))ttm . V2a(a + b)F; (5; 5 L= 555 (1= csc

bf(2 +m)

Mathematica [F] time = 4.181, size = 0, normalized size = 0.

fcsc3(e + fx)(a + besc(e + fx))" dx

Verification is Not applicable to the result.

[In] Integrate[Cscl[e + fxx]~3*(a + b*Cscle + f*x]) m,x]

[Out] Integrate[Cscle + f*x]73*(a + b*Cscle + f*x])"m, x]

Maple [F] time = 0.309, size = 0, normalized size = 0.

f(csc (fx + e))3 (a + bcsc (fx + e))m dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*xx+e) 3% (at+b*xcsc(f*x+e)) "m,x)

[Out] int(csc(f*x+e) ~3*(atb*csc(f*x+e)) m,x)




Maxima [F] time = 0., size = 0, normalized size = 0.
m 3
f(bcsc(fx+e)+u) csc(fx+e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(fx*x+e) 3x(atb*csc(f*x+e)) m,x, algorithm="maxima")

[Out] integrate((b*csc(f*x + e) + a) mkcsc(f*x + e)73, x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((b csc (fx + e) + a)m csc (fx + 6)3 , x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) " 3*(atb*xcsc(f*x+e)) m,x, algorithm="fricas")

[Out] integral((bxcsc(f*x + e) + a) mxcsc(f*x + e)73, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a +besc (e + fx))m csc® (e + fx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)**3*(a+tbkcsc(f*x+e))**m,x)

[Out] Integral((a + bxcsc(e + fx*x))**m*csc(e + f*x)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.
f(bcsc (fx + e) + a)m csc (fx + 6)3 dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csc(f*x+e) 3*(atb*csc(f*x+e)) ™m,x, algorithm="giac")

[Out] integrate((b*csc(f*x + e) + a) mkcsc(f*x + e)73, x)
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3.55 fcscz(e + fx)(a + bescle + fx))™ dx
Optimal. Leaf size=220

V2a cot(e + fx)(a+bescle+ fx))" (M) Fyq (1‘ :

2727 ’2 2

bf+Jcscle + fx) +1

[Out] -((Sqrt[2]*(a + b)*AppellF1[1/2, 1/2, -1 - m, 3/2, (1 - Cscle + f*x])/2, (b
*(1 - Cscle + f*x]))/(a + b)]*Cot[e + fxx]*(a + bxCscle + f*xx])™m)/(bxf*Sqr

t[1 + Cscle + fxx]]1*((a + bxCscle + fxx])/(a + b))"m)) + (Sqrt[2]*axAppellF
1[1/2, 1/2, -m, 3/2, (1 - Cscle + f*x])/2, (b*x(1 - Cscle + f*x]))/(a + b)]1x*

Cotle + f*x]*(a + b*Cscle + f*x])"m)/(b*f*Sqrt[1 + Cscle + f*xx]]*((a + bx*Cs

cle + fxx])/(a + b))"m)

(1 —csc(e + fx)), ML(Z”X») \/E(a + b) cot

Rubi [A] time = 0.225604, antiderivative size = 220, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 4, integrand size = 21, e -

integrand size
0.19, Rules used = {3838, 3834, 139, 138}

a+b 2727 a+b

bf/csc(e + fx) +1

Antiderivative was successfully verified.

-m
V2acot(e + fx)(a+ bescle + fx)" (M) I, (1 Lo 220 = escle + f), w) V2(a + b) cot

[In] Int[Cscle + fxx] 2*x(a + b*Cscle + f*x]) m,x]

[Out] -((Sqrt[2]*(a + b)*AppellF1[1/2, 1/2, -1 - m, 3/2, (1 - Cscle + f*x])/2, (b
x(1 - Cscle + f*x]))/(a + b)]*Cot[e + fxx]*(a + bxCscle + fxx]) m)/(bxf*Sqr

t[1 + Cscle + f*x]]*((a + b*Cscle + f*x])/(a + b))"m)) + (Sqrt[2]*axAppellF
1[1/2, 1/2, -m, 3/2, (1 - Cscle + f*x])/2, (bx(1 - Cscle + f*xx]))/(a + b)]*

Cot[e + f*x]x(a + b*Cscle + f*x])"m)/(bxf*xSqrt[1 + Cscle + f*x]]*((a + bx*Cs

cle + fxx])/(a + b)) m)

Rule 3838

Int[csc[(e_.) + (f_.)*(x_ )] 2x(cscl(e_.) + (£_D)*xx)DI*xM_.) + (a))"(m_ ),
x_Symbol] :> -Dist[a/b, Int[Cscl[e + f*x]*(a + bxCscle + f*x])™m, x], x] + D
ist[1/b, Int[Cscl[e + f*x]*(a + b*Cscl[e + f*x])"(m + 1), x], x] /; FreeQ[{a,
b, e, f, m}, x] && NeQ[a"2 - b~2, 0]

Rule 3834
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Int[cscl(e_.) + (f_.)x(x_)1*(cscl(e_.) + (£_)*x(x_)1*(b_.) + (a_))"(m_), x_
Symbol] :> Dist[Cot[e + f*xx]/(fxSqrt[1 + Cscle + f*x]]*Sqrt[l - Cscle + f*x
11), Subst[Int[(a + b*x) m/(Sqrt[1l + x]*Sqrt[l - x]), x], x, Cscle + fxx]],
x] /; FreeQ[{a, b, e, £, m}, x] && NeQ[a"2 - b~2, 0] && !IntegerQ[2+*m]

Rule 139

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_)) " (n_)*((e_.) + (£_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + fx*x) FracPart[p]/((b/(bxe - axf)) IntPart[p]*
((bx(e + £*xx))/(b*e - axf)) FracPart[p]), Int[(a + bxx) m*(c + d*x) n*x((b*e
)/ (b*xe - axf) + (b*f*x)/(bxe - a*f))"p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pt, x] & !'IntegerQ[m] && !IntegerQ[n] && 'IntegerQlp]l && GtQ[b/(b
*xc - axd), 0] && !1GtQ[b/(bxe - axf), 0]

Rule 138

Int[((a_) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*x(x_))"(m_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)~"(m + 1)*AppellFi[m + 1, -n, -p, m + 2,
-((d*(a + b*x))/(b*c - axd)), -((fx(a + b*x))/(b*xe - axf))])/(bx(m + 1)*x(b/
(bxc - a*d)) "n*x(b/(b*e - axf))"p), x] /; FreeQ[{a, b, c, d, e, £, m, n, p},
x] &% !IntegerQ[m] &% !IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(b*xe - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*xe - c
xf), 0] && SimplerQ[c + d*x, a + b*x]) && !'(GtQ[f/(f*a - exb), 0] && GtQ[f
/(fxc - exd), 0] && SimplerQ[e + f*x, a + bxx])

Rubi steps

fcsc(e + fx)(a+ besc(e + fx)tHm dx a fcsc(e + fx)(a+besc(e+ fx))"d

fcscz(e + fx)(a+bescle+ fx)"dx =

b b
cot(e + fx) Subst (f % dx, x, csc(e + fx)) (a cot(e + fx)) Subst (f
B bf/1 - cscle + fx)4/1 + cscle + fx) B bf+/1 - cscle+ f

a bx )m

(a cot(e + fx)(a + besce + fx))" (‘%)W) Subst [f (_\_/T_Ti«/_f_%

bf+/1 - cscle + fx)4/1 + csce + fx)

b(1-csc(e+fx))
5i 3 L= 2, (1 —csc(e + fx)), —b) cot(e + fx)(a

bf+/1 + csc(e + fx)

Vs bF: (33




Mathematica [F] time = 2.71815, size = 0, normalized size = 0.

fcscz(e + fx)(a + besc(e + fx))" dx

Verification is Not applicable to the result.

[In] Integrate[Cscle + f*xx]~2*(a + b*Cscle + f*x]) "m,x]

[Out] Integrate[Cscle + fxx]~"2x(a + bxCscle + f*x])"m, x]
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Maple [F] time = 0.247, size = 0, normalized size = 0.

f(csc (fx + e))z (a + besc (fx + e))m dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*x+e) 2*x(atb*csc(f*x+e)) " m,x)

[Out] int(csc(f*x+e) " 2*x(a+b*csc(f*x+e)) m,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f(bcsc(fx+e) +a)mcsc(fx+e)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 2x(atb*csc(f*x+e)) m,x, algorithm="maxima"

[Out] integrate((b*csc(f*x + e) + a) mkcsc(f*x + e)72, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((b csc (fx + e) + u)m csc (fx + e)z ,x)

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(csc(f*x+e) "2x(atb*csc(f*x+e)) ™ m,x, algorithm="fricas")

[Out] integral((bxcsc(f*x + e) + a) mxcsc(fxx + e)”72, x)
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Sympy [F] time = 0., size = 0, normalized size = 0.
f(u +besc (e + fx))m csc? (e + fx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)**2%(atb*csc(f*x+e))**m,x)

[Out] Integral((a + b*csc(e + f*x))**m*csc(e + f*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.
f(bcsc (fx + e) + a)m csc (fx + e)z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 2x(atb*csc(f*x+e)) m,x, algorithm="giac")

[Out] integrate((b*csc(f*x + e) + a) mkcsc(f*x + e)72, x)



283

3.56 fcsc(e + fx)(a + besc(e+ fx))" dx

Optimal. Leaf size=104

a+bcsc 0\ " 11 31
\/Ecot(e + fx)(a+bescle + fx)" (+T(b€+f)) Fq (E; YREY 5(1 - cscle + fx)),

fjescle+ fx)+1

[Out] -((Sqrt[2]*AppellF1[1/2, 1/2, -m, 3/2, (1 - Cscle + f*x])/2, (b*x(1 - Cscle
+ fxx]))/(a + b)]*Cot[e + fxx]*(a + bxCscle + f*x])"m)/(£*xSqrt[1 + Cscle +
fxx]]*((a + b*Cscle + f*x])/(a + b))"m))

b(1-csc(e+£x)) )

a+b

Rubi [A] time = 0.0738236, antiderivative size = 104, normalized size of antiderivative =
1., number of steps used = 3, number of rules used = 3, integrand size = 19, % =
0.158, Rules used = {3834, 139, 138}
a+b 0\ "L (11 3.1
V2 cot(e + fx)a +bescle + fx) (%ﬁ}”f’) r, (5; Lo 220 = escle + f),

f/cscle+ fx) +1

Antiderivative was successfully verified.

b(1-csc(e+fx)) )

a+b

[In] Int[Cscle + f*x]*(a + b*Cscle + f*x]) m,x]

[Out] -((Sqrt([2]*AppellF1[1/2, 1/2, -m, 3/2, (1 - Cscle + f*x])/2, (b*x(1 - Cscle
+ fxx]))/(a + b)]*Cot[e + fxx]*(a + bxCscle + f*x])"m)/(£*xSqrt[1 + Cscle +
fxx]]*((a + bxCscle + f*x])/(a + b)) m))

Rule 3834

Int[cscl(e_.) + (f_.)x(x_)1*(cscl(e_.) + (£_)*x(x_)1*(b_.) + (a_))"(m_), x_
Symbol] :> Dist[Cot[e + f*x]/(fxSqrt[l + Cscle + f*x]]*Sqrt[l - Cscle + fx*x
11), Subst[Int[(a + b*x) m/(Sqrt[1l + x]*Sqrt[l - x]), x], x, Cscle + fxx]],
x] /; FreeQ[{a, b, e, f, m}, x] && NeQ[a™2 - b~2, 0] && !IntegerQ[2+*m]

Rule 139

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_)) " (n_)*((e_.) + (£_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + fx*x) FracPart[p]/((b/(bxe - axf)) IntPart[p]*
((bx(e + £*xx))/(b*e - axf)) FracPart[p]), Int[(a + bxx) m*(c + d*x) n*x((b*e
)/ (bxe - axf) + (b*xf*x)/(b*e - a*xf))"p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, p}, x] && !IntegerQ[m] && !'IntegerQ[n] && !'IntegerQ[p]l && GtQ[b/(b
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xc — axd), 0] && !'GtQ[b/(bxe - axf), 0]

Rule 138

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)~"(m + 1)*AppellFi[m + 1, -n, -p, m + 2,
-((dx(a + b*x))/(b*xc - axd)), -((f*x(a + b*x))/(b*xe - axf))])/(bx(m + 1)*(b/
(bxc - a*xd)) nx(b/(b*e - a*xf))7p), x] /; FreeQl[{a, b, ¢, d, e, £, m, n, p},
x] && !'IntegerQ[m] && !'IntegerQ[n] &% !'IntegerQ[p] && GtQ[b/(b*c - a*xd)
, 0] && GtQ[b/(b*e - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(dxe - ¢
*f), 0] && SimplerQ[c + d*x, a + b*x]) && !(GtQ[f/(f*a - exb), 0] && GtQ[f
/(f*c - exd), 0] && SimplerQ[e + f*x, a + bxx])

Rubi steps
cot(e + fx) Subst f (atb)” dx, x,csc(e + fx)
fcsc(e + fx)(a +bescle+ fx))"dx = ( VT aviie )
f/1 = cscle + fx)4/1 + cscle + fx)
—m e )"
(Cot(e + fx)(a + besc(e + fx))" (_m%fe;fx)) ) Subst [f % dx,

fA/1—cscle+ fx)4/1 + cscle + fx)

\/EFl (1' L m; g 1(1 - csc(e + fx)), W) cot(e+ fx)(a+ besc(e +

2727 ' a+b

f4/1+csce+ fx)

Mathematica [F] time = 1.9129, size = 0, normalized size = 0.

fcsc(e + fx)(a + bescle + fx))"dx
Verification is Not applicable to the result.

[In] Integrate[Cscle + f*x]*(a + b*Cscle + f*x])"m,x]

[Out] Integrate[Cscle + f*xx]*(a + b*Cscle + f*x])"m, x]

Maple [F] time = 0.511, size = 0, normalized size = 0.

fcsc(fx+e) (a +bcsc(fx+e))m dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*x+e)*(atbxcsc(f*x+e)) " m,x)

[Out] int(csc(f*x+e)*(atb*csc(f*x+e)) m,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f(bcsc(fx+e) +a)mcsc(fx+e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)*(atbxcsc(f*x+e)) m,x, algorithm="maxima"

[Out] integrate((bxcsc(f*x + e) + a) mxcsc(f*x + e), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((b csc (fx + e) + a)m csc (fx + e) ,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)*(atbxcsc(f*x+e)) m,x, algorithm="fricas")

[Out] integral((bxcsc(f*x + e) + a) mxcsc(fxx + e), x)

Sympy [F] time = 0., size = 0, normalized size = 0.
f(a + bcesc (e + fx))m csc (e + fx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)*(atb*csc(f*x+e))**m,x)

[Out] Integral((a + b*csc(e + f*x))x*m*csc(e + f*x), x)
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Giac [F] time = 0., size = 0, normalized size = 0.
f(bcsc (fx+e) + a)m csc (fx+e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)*(atbxcsc(f*x+e)) m,x, algorithm="giac")

[Out] integrate((b*csc(f*x + e) + a) mkcsc(f*x + e), x)
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3.57  [(a+bescle+ fx))"dx

Optimal. Leaf size=14

Unintegrable ((a +bescle + fx)", x)

[Out] Unintegrable[(a + bxCscl[e + fx*x])"m, x]

Rubi [A] time = 0.0095191, antiderivative size = 0, normalized size of antiderivative =

. . ber of rul
0., number of steps used = 0, number of rules used = 0, integrand size = 0, T oo,

integrand size
Rules used = {}

f(a + besc(e + fx))" dx

Verification is Not applicable to the result.

[In] Int[(a + b*Cscl[e + f*x]) m,x]
[Out] Defer[Int] [(a + b*Cscle + f*x]) m, x]

Rubi steps

f(a + bescle + fx)"dx = f(a + besc(e + fx))"dx

Mathematica [A] time = 1.54628, size = 0, normalized size = 0.

f(a + besc(e + fx))™ dx

Verification is Not applicable to the result.

[In] Integrate[(a + b*Cscle + f*x]) m,x]

[Out] Integratel[(a + b*Cscle + f*x])"m, x]




Maple [A] time = 0.333, size = 0, normalized size = 0.

f(a+bcsc(fx+e))m dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atbxcsc(f*x+e)) m,x)

[Out] int((a+b*csc(f*x+e)) " m,x)
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Maxima [A] time = 0., size = 0, normalized size = 0.
m
f(bcsc(fx+e) +a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(f*x+e)) m,x, algorithm="maxima"

[Out] integrate((b*csc(f*x + e) + a)”m, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

integral ((b csc (fx + e) + a)m,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(f*x+e)) m,x, algorithm="fricas")

[Out] integral((bxcsc(f*x + e) + a)’m, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

f(u + bcesc (e + fx))m dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*csc(f*x+e))**m,x)

[Out] Integral((a + b*csc(e + f*x))**m, x)

Giac [A] time = 0., size = 0, normalized size = 0.
m
f(bcsc(fx+e) +a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(f*x+e)) m,x, algorithm="giac")

[Out] integrate((b*csc(f*x + e) + a)”m, x)
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3.58  [(a+bcescle+ fx))"sin(e + fx)dx
Optimal. Leaf size=21

Unintegrable (sin(e + fx)(a+besce + fx)", x)

[Out] Unintegrable[(a + bxCscle + f*x]) m*Sin[e + fx*x], x]

Rubi [A] time = 0.0318065, antiderivative size = 0, normalized size of antiderivative =

. . ber of rul
0., number of steps used = 0, number of rules used = 0, integrand size = 0, oo,

integrand size
Rules used = {}

f(a + besce + fx))" sine + fx) dx

Verification is Not applicable to the result.

[In] Int[(a + b*Cscl[e + f*x]) m*Sin[e + fx*x],x]
[Out] Defer[Int] [(a + b*Cscle + f*x]) m*Sin[e + f*xx], x]

Rubi steps

f(a + besc(e + fx))"sin(e + fx)dx = f(a + besce + fx))"sine + fx) dx

Mathematica [A] time = 6.05511, size = 0, normalized size = 0.

f(a + besc(e + fx))" sine + fx)dx

Verification is Not applicable to the result.

[In] Integrate[(a + b*Cscle + f*x]) m*Sin[e + f*x],x]

[Out] Integrate[(a + b*Cscle + f*x]) m*Sin[e + f*xx], x]
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Maple [A] time = 0.257, size = 0, normalized size = 0.

f(a +bcsc(fx+e))msin(fx+e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*csc(f*x+e)) mxsin(f*xx+e),x)

[Out] int((a+b*csc(f*x+e)) m*sin(f*x+e),x)

Maxima [A] time = 0., size = 0, normalized size = 0.
f(bcsc (fx + e) + a)m sin (fx + e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(f*x+e)) m*sin(f*x+e),x, algorithm="maxima"

[Out] integrate((b*csc(f*x + e) + a) mksin(f*x + e), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

integral ((b csc (fx + e) + a)m sin (fx + e) , x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(f*x+e)) m*sin(f*x+e),x, algorithm="fricas")

[Out] integral((bxcsc(f*x + e) + a) mxsin(fxx + e), x)

Sympy [A] time = 0., size = 0, normalized size = 0.
f (u + bcesc (e + fx))m sin (e + fx) dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*csc(f*x+e))**mxsin(f*x+e) ,x)

[Out] Integral((a + b*csc(e + f*x))**m*sin(e + f*x), x)

Giac [A] time = 0., size = 0, normalized size = 0.

f(bcsc(fx+e) +a)msin(fx+e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(f*x+e)) mksin(f*x+e),x, algorithm="giac")

[Out] integrate((b*csc(f*x + e) + a) m*sin(f*x + e), x)
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3.59  [(a+bcescle+ fx))"sin’(e + fx)dx
Optimal. Leaf size=23

Unintegrable (sinz(e + fx)(a + besc(e + fx))", x)

[Out] Unintegrable[(a + b*Cscle + f*x]) m*Sin[e + f*x]~2, x]

Rubi [A] time = 0.040237, antiderivative size = 0, normalized size of antiderivative = 0.,

. . ber of rul
number of steps used = 0, number of rules used = 0, integrand size = 0, /e o0,

integrand size
Rules used = {}

f (a+bescle + fx)" sin(e + fx)dx

Verification is Not applicable to the result.

[In] Int[(a + b*Cscle + f*x]) m*Sin[e + fx*xx]~2,x]
[Out] Defer[Int][(a + b*Cscle + f*x]) m*Sin[e + f*x]~2, x]

Rubi steps

f (a+bescle + fx)" sin(e + fx)dx = f (a+bescle + fx)" sin(e + fx) dx

Mathematica [A] time = 5.90403, size = 0, normalized size = 0.

f(a + bcescle + fx)™ sin2(e + fx)dx

Verification is Not applicable to the result.

[In] Integrate[(a + b*Cscl[e + f*x]) m*xSin[e + f*x]~2,x]

[Out] Integrate[(a + b*Cscle + fx*x]) m*Sin[e + f*x]~2, x]
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Maple [A] time = 0.567, size = 0, normalized size = 0.

f(a +besc (fx + e))m (sin (fx + e))2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+bxcsc(f*x+e)) m*sin(f*x+e)”~2,x)

[Out] int((atb*csc(f*x+e)) mxsin(f*x+e) 2,x)

Maxima [A] time = 0., size = 0, normalized size = 0.
m 2
f(bcsc(fx+e)+a) Sin(fx+e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(f*x+e)) m*sin(f*x+e)”2,x, algorithm="maxima")

[Out] integrate((b*csc(f*x + e) + a) mxsin(f*x + e)”2, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

integral (—(cos (fx + 3)2 - 1)(b csc (fx + e) + a)m, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(f*x+e)) mksin(f*x+e) 2,x, algorithm="fricas")

[Out] integral(-(cos(f*x + e)”2 - 1)*(b*csc(f*x + e) + a)"m, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*csc(f*x+e))**mksin(f*x+e)**2,x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.
f(bcsc (fx + e) + a)m sin (fx + e)z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(f*x+e)) m*sin(f*x+e)”2,x, algorithm="giac")

[Out] integrate((b*csc(f*x + e) + a) mksin(f*x + e)~2, x)
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative [result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
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22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68

If [LeafCount [result]<=2*LeafCount [optimal],
IIA" s
uBn] s
||Cl|:| s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICII s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)
(¥1 = rational functionx)

(¥2 = algebraic functionx)

(¥3 = elementary functionx)

(¥4 = special functionx)

(x5 = hyperpergeometric function*)

(*6 = appell functionx)

(¥7 = rootsum functionx)

(¥8 = integrate functionx*)

(*9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expnl ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
I1f [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],6]],
If [Head [expn]===RootSum,
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Apply[Max, Append [Map [ExpnType,Apply[List,expnl],7]1],
If [Head [expn]l===Integrate || Head[expn]===Int,

Apply [Max, Append [Map [ExpnType, Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshlIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
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GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
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if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_ count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print ("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
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print("result do not contain complex, this assumes optimal do not

as well");
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#

# is_contains_complex(result)

# takes expressions and returns true if it contains "I" else false
#

#Nasser 032417
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is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

hyperpergeometric function
= appell function

= rootsum function

= integrate function

= unknown function

H OHF H OH HF OH OH H H H H
© 00 N O O WN -
I

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn, 'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
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elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,1ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.

#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
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leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

304

4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
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if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True

else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type (expn, ' " ")

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, '**~ ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
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return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):

ml = max(map(expnType, list(expn.args)))

return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,

return max(7,ml)
elif str(expn).find("Integral") != -1:

ml = max(map(expnType, list(expn.args)))

return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count(result)
leaf_count (optimal)

leaf _count_result
leaf_count_optimal

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

(#Dec 24, 2019. Nasser: Ported original Maple grading function by




© 0NN s W N

W oW W NN NN NN NN NN e e e e e e
K B S © © 9 S G K @ B B S © ®© N O 0 A W o = o

33
34
35
36
37
38
39
40
41
42
43
44
45
46
47

307

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def tree(expr):
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

def leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(l.35xlen(flatten(tree(anti))))=",round(1.35*len(
flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's

def is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False
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def is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch', 'sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin','fresnel_cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):
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return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],

Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],
Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
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else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
else:
return max(3,expnType (expn.operands() [0]),expnType (expn.operands()
[1])) #max(3,expnType (expn.operands() [0]),expnType(expn.operands () [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)
return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf_count_result
leaf_count_optimal

leaf count(result)
leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)
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expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"
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